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ADVERTISEMENT. 



Lacboix'b Algebra has been in use in the French schools for 
a considerable time. It has been approved by the best judges, 
and been generally preferred to the oiher elementary treatises, 
which abound in France. The following translation is from the 
eleventh edition, printed at Paris in 1815. No alteration has 
been made from the original, except to substitute Enghsh instead 
of French measures in the questions, where it was thought neces- 
sary. When there has been occasion to add a note by way 
of illustration, the reference is made by a letter or an obelisk, 
the author's being always distinguished by an asterisk. 

In this third edition examples are introduced of the leading sec- 
tions of the work, selected principally from the celebrated collection 
of Meier Hirsch, and intended as an exersise for the learner. 

Camhridge, JVovemher, 1830. 
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ELEMENTS OF ALGEBRA. 



Preliminary Remarks upon the Transtf ton f torn intkmetic to Alge- 
bra — Eiplanation and Lie of ilgehiatc Sigfis 

1 It (luist Inie b en iLfinil oJ in llie Elanentary Treatise of 
Aiillmelii. lint tlicie aiciiii) quc'ilions, ihe solution of which 
ih composed of tuo piil'j , lie jl e hiving for ils objpct to find 
lo which of the four lundimental rules the determination of the 
unknown number by meins ol the numbeis ^i;en belongs, and 
the oibei the apj licition of these iuIls fh'^ hist part, inde- 
pendent of the imnner of wiit n^ numbeis, or of the system of 
notaton, consists entirely in the develojiemenl ol the consequences 
nhich lesilt d TLCtlj oi indicclly Iroin the enuncntion, or from 
the maanei m »hch that which is enunciated connects the num- 
bers given Willi the numbeis requiied that i to '■-ij, from the 
rulations whcli it cstihlshes between tlie'-e numbers If these 
relations ire not complicated, we cm for ifie most pait find by 
simple reasoning ihe vilue of the unknown numbers Tn order 
to this it IS necessiiy to analyze the conditions, which nre in 
volved in ih relations enunciated, bj i educing thorn lo -i course 
of eqmvilent e\pie»siois of whi(.h ihe list ou^ht to be one of 
the following , tite unknown quantity equal to the sum or the differ 
ence, or ihe pi oduct, or tlie quotient, of such and such magnitudes 
This will be rendered plainer bj an e\ample 

To duide a gnennuntber into tuo suck parti that the first shall 
exceed the second by a given difference. 

In order to ibis we would observe 1., that, 

The greater part is equal to the less added to the given excess, anil 
that by consequence, if ihe less be known, by adding to it this 
excess we have the greater ; 2., that, 
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The greater added to the less forms the number to he divided. 

Substituting in tliis last proposition, instead of the words, the 
greater part, the equivalent expression given above, namely, the 
less part added to the given excess, we find that 

The less part, added to the given excess, added moreover to the 
less part, forms the number to be divided. 

But the language may be abridged thus, 

Tvrice the less part, added to the given excess, forms the number 
to be divided ; 
whence we infer, that, 

Tvdce the less part is equal to the number to be divided diminished 
by the given excess ; 
and titat, 

Once the less part is equal to half the difference betiietn the num 
her to he diiided and the giien eiccss 

Or, which IS the same thmg, 

The less part ts equal to half the number to le diiuled dmin- 
tshed by half the given eveess 

The proposed question then is resolved smce to obtain tho 
parts sought it is sufficient to perforin operations piiiely arith- 
metical upon the giien numbers 

If, for example, the number to be divided were 0, and the 
excess of the gieater aboie thu lesa 'i, the less part would be, 
according to the above rule, equal to f IBS'* =, or ^, or 2, and 
the greater, bemg composed of the less plui the excess 5, would 
be equil to 7 

2 The reasoning, which is so simple in the above problem, 
but which becomes veij complicated in others, consists in gen- 
eral of a certain number ol expressions, such as uddcd to, dimm 
tshed by, u equal to, S^c often repeited These expressions 
relate to the operations b) which the magnitudes, tint enter into 
the enunciation of the question, are connected amon., themseh es, 
and It is evident, that the expressions might be abridged by 
representing each of them by a sign This is done in the follow- 
ing mtnner 

To denote addition we use the sign -f-, which aignifie', plus 

For subtraction we use the sign — , which signifies minus 

For multiplication we use the sign X , which signifies multi 
plied by. 

To denote that two quantities are to be divided one by the 
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other, we place thu second under the first with a straight line 
between them ; ^ signifies 5 divided by 4, 

Lastly, to indicate that two qiianlities are equal, we place be- 
tween them ihe sign :^, which signifies equal. 

Tliese abbreviations, although very considerable, are slill not 
sufficient, for we are obliged often to repeat the nvmber to be 
divided, the number given, the less pari, the number sought, &c. by 
which the process is very much retarded. 

With respect to given quantities, the expedient which first 
offers itself is, to take for representing ihem determinate num- 
bers, as in arithmetic; but this not being possible with respect to 
the unknown quantities, the practice has been to substitute in 
their stead a conventional sign, which varies as occasion re- 
quires. We have agreed to employ the letters of (he alphabet, 
generally using the last ; as, in arithmetic, we put r for the fourth 
term of a proportion, of which only the three first are known. 
It is from the use of these several signs that we derive the 
science of Algebra. 

I now proceed by means of them to consider the question 
stated above (l). I shall represent the unknown quantify, or 
the less number, by the letter x, for example, the number to be 
divided and the given excess by the two numbers 9 and 5 ; the 
greater number, which is sought, will be expressed by x -}• b, 
and the sum of the greater and less by x -{- b~{- x; we have 
then 

x + b + x^Q; 
but by writing 2 x for twice the quantity x, there will result 
2 j^ -1-5 = 9. 

This expression shows that 5 must be added to the number 
2 a! to make 9, whence we conclude that 
2x = 9~ 5, 
or that 2^z=4, 

and that lastly a; = | = 2. 

By comparing now the import of these abridged expressions, 
which I have just given by means of the usual signs, with the 
process of simple reasoning, by which we are led to the solution, 
we shall see that tlie one is only a translation of the other. 

The number 2, the result of the preceding operations, will 
answer only for the particular example which is selected, while 
the course of reasoning considered by itself, by teaching us, that 
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the less part is equal to half the number to he divided, minus half 
the given cj:cess, leniers it evident, that the unknown number is 
composed of the nuifihers given, and furnishes a ndo by the aid 
of which we can resolve ali the particular cases comprehended 
in the question. 

The superiority of this method consists in its having reference 
to no one number in particular j the numbers given are used 
throughout, without any change in the language by which they 
are expressed ; whereas, by considering ibe numbers as determi- 
nate, we perform upon tliem, as we proceed, all the operalions 
which are represented, and when we have come to the result, 
there is nothing to show how the number 2, to which we may 
arrive by any number of different operations, has been formed 
from the given numbers 9 and 5. 

3. These inconveniences are avoided by using characters to 
represent the number to be divided and tiie given excess, that 
are independent of every particular value, and with which we 
can therefore perform any calculation. The letters of the alpha- 
bet are well adapted to this purpose, and the proposed question 
by means of them may be enunciated thus. 

To divide a given number repreiented by a into two such parts 
that the greater shall have with respect to the less a given cr cess 
represented by b. 

Denoting always the less by v ; 

The greater will be expressed by ^ -|- ^ J 

Their sum, or the number to be divided, will be equal to 
x + x + b,or2 3: +b; 

The first condition of the question then will give 
2x-\-b=a. 

Now it is manifest that, if it is necessary to add to double of 
X, or to 2a, the qmnlilj h m order to make the quantity a, it 
wdl follow from this, that it is necessary to diminish a by & to 
obtam 2 j, and that conspquenti) 2 a; =^ a — 6, 

We conclude then that half of 2 a; or 3^ = „ — s* 

This last re'iuli, being translated into ordinary language, by 

substituting the words and phr-ises denoted by the letters and 

signs which It contains, gives the rule found before, according to 

which, in order to obtain ikt lesi of two parts sought we subtract 
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from half of the number to he divided, or from ^ half of the given 



Knowing the less part, we have the greater by adding to the 
less liie given excess. This remark is sufficient for effecting the 
soluiion of the question proposed ; hut Algebra does more ; it 
furnishes a rule for calculating the greater part without tlie aid of 
the Jess as follows ; 

^ — ^ being the value of this, augmenting it by the excess h, 
we have for the greater part ^ — n + ^- ^ow ^ — ^ -\- b shows 
that after having subtracted from ^ the half of i, it is necessary 
to add to the remainder the whole of b, or two halves of b, 
which reduces itself (0 augmenting.^ by the half of 6, or by ^. 

It is evident (heu that ^ — o "^ ^ becomes a "I" 5 ' ^"*' ^y trans- 
lating this expression wc learn, that of the two parts sought the 
greater is equal to half of the number to he divided plus half of 
ike given excess. 

In the particular question which I first considered, (he num- 
ber to be divided was 0, the excess of one part above the other 
5; in order to resolve it by the rules to which we have just 
arrived, it will be necessary to perfonn upon the numbers 9 and 5, 
the operations indicated upon a and b. 

The half of 9 being |- and that of 5 being 4, wo have for the 
less part 

1 — 1^1=2, 
and for the greater 

A 1 hive denoind m the abo\L the If s if (1 e two parts by x, 
and 1 have deduced iron it the a;reatcr If t were required to 
find dupctlj this last, it should be observed that representing it 
by X, the other will be a; — b, si ice we pi-is from the greater to 
the le';s bj subtracting the evcess of the fii=l above the second ; 
the number to be divided wdl then be expressed bj a:-\-x — 6, 
or bj 2 1 — h and we haie consequently -J i — h =. a. 

This rtsult mikes it eiident thit 2 c e\ceeds the quantity a 
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by the quantity h, and tliat consequently 2 x = a-^b. By 
taking the half of 2 a; and of the quantity which is equal to it, we 
obtain for the value of x 

.=| + |, 

which gnes the same rule is the above foi determining the 
greater of the tno pnrls sought 1 will not stop to deduce from 
jt the e\preasion for the •smaller 

The same relation bot«ecn the numbeis ^Hcn and the num- 
bers requiied maj be enunciated in many difleient wajs. That 
which his led to the preceding result is deduced aUo from the 
folio wmg enunciation 

Knoutng thf sum a of two numbers and their difference}), to Jind 
each of those numbers , since, la other woids, the number to be 
divided IS the sum of the two numbers sought, and iheir differ- 
ence IS the excess of the greatet aboie the less The ciiange in 
the terms of the enunciation being niijilied to the lules found 
above, we haie 

The less of two numbers sought is equal to half oj the sum 
minus half of the difference. 

The greater is equal to half pf the sum plus half of the difference. 

5. The following question is similar to the preceding, but a 
little more comphcated. 

To divide a given number into three such parts, thai the excess 
of the mean above the least may be a given number, and the excess 
of the greatest above the mean may be another given number. 

For the sake of distinctness 1 mil first give determinate values 
to the known numbers. 

I will suppose that ihe number to be divided is 230 ; 
that the excess of the middle part above the least is 40 ; and 
liiat of the greatest above the middle one is GO. 

Denoting the least part by x, 
the middle one will be the least plus 40, or a: + 40, and the 
greatest will be the middle one plus 60, or a; 4- 40 -|- 60. 

Now the three pacts taken together must make the number to 
be divided ; whence, 

x + a^-]-40-l-a;-i-40-|-60 = 230. 

If the given numbers be united in one expression and the un- 
known ones in another, x is found three times in the result, and 
for the sake of conciseness we write 

3x+ 140 = 230. 
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But since it is necessary to add 140 to triple of x to make 230, 
It follows, that by taking 140 from 230 we have exactly the 
triple of X, or 

3^ = 230 — 140, 
01- 3 a: := 90, 

whence it foilows that 

a; — y — 30. 

By adding to 30 the excess 40 of the middle part above the 
least, we have 70 for the middle part. 

By adding to 70 the excess 60 of the greatest above the mid- 
dle part, we have 130 for the greatest. 

6. 'f the known numbers were different from (hose which I 
have used in the enunciation, we sliould still resolve the question 
by following Ihe coarse pursued in the preceding article, but we 
should be obliged to repeat all the reasonings and all the opera- 
tions, by which we have arrived at the number 30, because there 
is nothing to show how ibis number is composed of 230, 40, 
and 60. To render the solution independent of the particular 
values of numbers, and lo show how the value of the unknown 
quantity is fixed by means of the known quantities, I will enun- 
ciate the problem thus ; 

To divide a given numher a into three such parts, that the excess 
of the middle one above the least sJutllbe a given number b, and the 
excess of the greatest above the middle one shall be a given number c. 

Designating as above by x the unknown quantity, and making 
use of the common signs and the symbols a, b, c, which repre- 
sent the known quantities in the question, the reasoning already 
given will be repeated. 

The least part = x 
the middle part rz; a; -j- 6, 
the greatest ;= a> -f- i -|- c, 

and the sum of these three makes the nnraber to be divided ; 
hence, 

x-\-x-\-b'j-x-{-b-{-c^a~ 

This expression, which is so simple, may be still further 
abridged ; for since it appears that x enters liiree times into the 
number to be divided and h twice, instead oi x -\- x -^ x, 1 shall 
write 3 X, and instead of -\- b -\-b,l shall write -f 2 6, and it will 
become 

3x + 2b + c = a. 
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From (his last expression it is evident, that it is necessary to 
add lo triple the number represented by x, double the Dumber 
represented by b, and also the number c, in order to make the 
number a; it follows tlien, that if from llie number a we lake 
double the number h and also the number c, we shall have exactly 
the triple of x, or that 

^x = a — 2b — c. 
; being one (bird of three times x, we thence conclude 
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middle part above the least, and also the excess of the greatest above 
the middle part, and take a third of the remainder. 

If we apply this rule, we shall determine, by ilie simple opera- 
lions of arithmetic, the least part. The number to be divided 
being for example 230, one excess 40, and liie other 60, if we 
subtract as in the preceding article twice 40, or 80, and CO from 
230, there will remain 90, of which the third part is 30, as we 
have found already. 

If the number to be divided were 520, one excess 50, and the 
other 120, we should subtract twice 50, or 100, and 120 from 
520, and there v;ould remain 300, a third of which or 100 would 
be the smallest part. The others are found by adding 50 to 100, 
which makes 150, and 120 more to this, which makes 270, so 
that the parts souglit would be 

100, 150, 270, 
and their sum would be 520, as the question requites. 
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It is because the resulls in algebra are for the most part only 
an indication of the operations lo lie performed upon numbers 
in order to find others, that tliey are called in general formulas. 

This quesiion, allhougli more complicated than that of article 
I., may still be resolved by ordinary language, as may be seen 
in the following tabic, where against each step is placed a transla- 
tion of it into algebraic characters. 



To divide a number into three such parts, that the excess of 
the middle one above the least shall be a given number, and the 
excess of the greatest above the middle one shall be another given 
number. 



By common language. By algebraic characters. 

Let the number to be divid- 
ed be denoted by a. 
The excess of the middle part 

above the least by b. 

The excess of the greatest 

above ihe middle one by c. 
The least part being x. 

The middle part will be the f 
east, plus the excess of the > The middle part will be x-{-b. 
nean above the least. S 



The greatest part will be the "] 
middle one, plus the excess of " 
the greatest above the middle 
one. The three parts will to- 
gether form the number pro- 



The greatest will be j? -f" ^ + f • 



Whence the least part, pbs~l 
the least part, plus the excess 
of the middle one above the 
least, plus also tlie least part, i Whence 
plus the excess of the nMdle }-x-]-a: + b -^ x-\-h + c= a 
one above the least, plus the 
excess of the greatest above 
the middle one, will be equal | 
to the number to be divided. J 
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3^4-26 + c = 



10 

Whence three times the least ~ 
pan, plus twice the excess of 
the middle part above the 
least, plus also the excess of 
the greatest above the middle 
one, will be equal to the num- 
ber to be divided. 

Whence three limes the feast' 
part wili be equal to the num- 
ber to be divided, minus twice 
the excess of the middle part 
above the least, and minus j 
also the excess of the greatest 
above the middle one. J 

Whence in fine, the least part" 
will be equal to a third of 
what remains after deducting 
from the number to be divid- 
ed twice the excess of the mid- 
dle part above the least, and 
also the excess of the greatest 
above the middle one. 

7. The signs mentioned in article 2. are not the only ones 
used in algebra. New considerations will give rise to oihers, 
as we proceed. It must have been observed in article 2. that 
the multiplication of x by 2, and in articles 5. and 6. that of x by 
3 and that of h by 2, is denoted by merely writing the figures 
before ihe letters x and h without any sign between them, and I 
shall express it in this manner hereafter; so that a number 
placed before a letter is to be considered as multiplied by the 
number represented by that letter, 5 ir, 5 «, Stc. signify five times 

a;, five times a, Sic. | a' or -^-j 8ic. signifies -J of x, or three times 

a> divided by 4, &c. 

In genera!, multiplication will be denoted by writing the fac- 
tors in order one after the other without any sign between them, 
whenever it can be done without confusion. 

Thus the expressions a x,h c, &c. are equivalent to a X a^, 
J X c, &c., but we cannot omit the sign when numbers are con- 
cerned, for then 3x5, the value of which is 15, becomes 35. In 
this case we often substitute a point in the place of the usual 
sign, thus, 3 . 5. 
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a is the second mfiither. 

The quaniiiies, which compose a member, when they are sepa- 
rated by the sign -f- or — , are called terms. 

Thus, the first member of the equation 2x -\-b ^a contains 
two terras, namely, 2 x and -j- b. 
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The equsUon } X -\- 1 =z 8 X — 12 has two terras in each of 
its members, namely, 

5 » and + 7 in the first, 
8 X and — 12 in tlie second. 

Although I have tiiken al random, and to serve for an exam- 
ple merely, the equation 5a;-)-7:=8a^ — 12, it is to be consid- 
ered, as also every other of which I shall speak hereafter, as 
derived fiom a pioblem, of which we can aluais find ihe enun- 
ciation by translating the proposed equation into common lan- 
guage. This under cousidctalion becoiies, 

To find a number x such, that by adding 7 (o J \, the sum iJiall 
he equal to 8 timea K minus \Z 

Also the equation fl r -f- 6 c — cv=^ac — h x, m which the 
letters a, b, c, are considntd as representing knoivn quamities, 
answers to the lollowmg question , 

To find a number ■% such, that multiplying %t by a given nvmber a, 
and adding the product of two given numhersh and c, and subtract- 
ing from this sum the product of aguen, number c by ihe number x, 
we shall haie a result equal to theproduci of i/te numbers a and c, 
dimtntshed by that of the numbers b and x 

It js by exercising one's self frequently m transhting questions 
from oidinary lanf,inge into that ol alK;ebra, and fiom algebra 
iDlo ordinal) langua^L, that one becomes icquainted Hilh this 
science, the difhcult) of which consiils almo=t entneSy in the 
perfect underslinding of the s gns and the m inner of u-iiUj, them 

To deduce from an equation the value of the unknown quan- 
tity, or to obtain this unknown quantity bj itself in one member 
and ill the known quantities in the other, is c died resolving the 
equation 

As the different questions, wh ch are solved bj nlgebra, lead 
to equations more or less compounded, it is usual to dinde them 
into several kinds or degrees I shall begin with equations o^ the 
first degree Under this denomination are included those equa- 
tions in ttbich the unknown quintities are neither mulliplied by 
themselves nor into each otbei 

Of the resolution of Equations of the Fmt Degiei, having but one 
unknoun quantity 
9. We have already seen that to resolve an equation is to 
arrive al an expression, in which the unknown quantity aione in 
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1 By dd d b 1 j 

a + x = b~x. 

2. By addition, subtraction, and nui! tip lie at! on, as in the 
equations, 

7a; — 5= 12 + 4^, 
ax — b = cx+d. 

3. Lastly, by addition, subtraction, multiplication, and division, 
as in tlie equations, 

■ "i + c.-^^-^ + e. 

The u kn n ] y f d 1 dd nd subtrac- 

tions, h d I k q 1 y collecting 

togeth b II 1 11 'found; and 

for t! 1 [ y k 1 n pose a term 

from o b 1 I 

10 F [.I n 1 i n 

7 - ^] +1 
it is necessary to tianspose 4 r Ironi the second member to the 
fi adi — Sfmlfim! the second. 

In d h b u 1 by 11 g + 4 a; in the 

d m mb d i bj 1 q y 4 nd we must 

mkl 1 fUfimmbto preserve 

h q 1 y f h mb 1 — 4 a: in the 

fimmbwhl! — 5 — 1 d have 

7 __.5_4 —12 
T 1 — n h fi mb , ml subtraction 

of 5 units, or in other words, to augment tbis member by 5 units; 
to preserve the equality then we must increase the second mem- 
ber by °5 units, or write -]- 5 in ibis member, which will make 
it 12 + 5 ; we have then 

7a^ — 4a;=:12-|-5. 
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By performing the operations indicated there will result the 
equation 3xr=L 17. 

From this mode of reasoning, which may be applied to any 
exaiiiplB whatever, it is evident, that to cancel In a member a 
term affected with the sign -j-, which of course augments this 
member, it is necessary to subtract the term from tlie other 
member, or lo write it with the sign — ; that on the contrary 
when the term to be effaced has the sign minus, as it diminishes 
the member to which it belongs, it is necessary to augment the 
other member by the same term, or to write it with the sign -|- ; 
whence we obtain this general rule ; 

To transpose any term whatever of an equation from one mera- 
her to the other, it is necessary to effiiee it in the member where it w 
found, and to write it in the other with the contrary sign 

To put this rule in practice, we must be i in m nd lliat the 
first term of each member, when it is precede! by no s^i is 
supposed to have the sign plus. Thus, in tnnspo ng the term 
ca: of the literal equation ax — b = ex -\- d from the second 
member to the first, we have 

ax — b — cx^d; 
transposing also — b from the first member to the second, il 
becomes 

11. By means of this rule, wo can unite together in one of the 
members all the terms containing the unknown quantity, and in 
the otiier al! the known quantities; and under this form the 
member, in which the unknown quantity is found, may always 
be decomposed into two factors, one of which shall contain only 
known quantities, and the oilier shall be the unknown quantity by 
itself. 

This process suggests itself immediately, whenever the pro- 
posed equation is numerical and contains no fractions, because 
then all the terms involving the unknown quantity may be re- 
duced to one. If ws have, for example, 

10a; + 7a; — 2a;^25 + 7, 
by performing the operations indicated in each member, we shall 
have in succession 

nx — 2x = 32, 
\5x — 32; 
and i5 X IS resolved into two factors 15 and x ; we have then 
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the unknown factor x by dividing the number 32, which is equal 
to the product 15 x by the given factor 16, thus, 
a; = H- 
Tliis resolution is effected in like manner in the literal equations 
of (lie form 

ax = hc; 
because the term a x signifies the product of n by a; ; we hence 
conclude, that 



Let tliere be the equation 

ax — hx-\-<:x^ac — be, 
which contains three terms involving the unknown quantity. 
Since ax,h V, c z, repiesenlthe pioducts rusppctivelj of x by the 
qmntities a, b, and c, the e\piession ax — 5 a -f- c a> translated 
into ordniary language is rendeied •\s follows. 

From X taken first, so many times as there are timis in a, sui- 
tract so many times x as there ate umis tn b, and add to the result 
the same quanltty x, tahen so many ftmes as there are units in c. 

It follows then on the whole, that the unknown quantity x is 
taken so man\ times as there are unils m tlie Jifftience of the 
numbers a and h, auirmentpd by the numbei c thit is to say, so 
nmn} limes as is denoted by ihe uumbei a — 6 + cj ihe two 
factors oi the fiist member are iherefoie a — b -}- e and x; we 
have then 



From this reasoning, which may be applied to every other ex- 
ample, it is evident, that after collecting together into one member 
the different terms containing the unknoKn qvantity, the factor, 
by wkkk the unknown quantity is multiplied, is composed of all those 
quantities by which it is separately multiplied, arranged with their 
proper signs, and the unknown quantity is found by dividing all the 
terms of the known member by the factor which is thus obtained. 

According to this rule, the equation ax — 3x =: be gives 



Also the equation x -\- ax =: c — tfis reduced to 
c — d 
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for It rs necessary to observe that the letter cc, taken singly, 
must be rpgaiiled is mulliplied b\ one It is be-sides minifest, 
xhs\ m s -{• a X, the uikiown qnnU(\ j' is con aiiied once more 
than in a x, and is conseq lenliy multiplied bj 1 -f- a 

12 It IS evident ihit il there be a fictor, niiich is common to 
all the terms of in equation, it ma) be dropped without destroy- 
ing the equality of the mo e\pre';sions since it is merely dmding 
bj the sime numbei ill the parts of the two quantities, which are 
bj supposilion eqinl to each other 

Let there be, lor example, the equation 

Gal'X—'JbLd= l2bdx-{-lbabc, 
I observe in the tirst place, thit the numbers G, 9, 12 and 15 are 
divisible by 3, and by suppiessing tins laclor, I merely lake a 
third part of all the quantities which compose the equation. 
I have after this reduction, 

2abx — 3bcd — 4bdx+5abe. 
I observe, moreover, that the letter b, combined in each term as 
ft multiplier, is a factor common to all the terms j by cancelling it 
the equation becomes 

2a.x — 3cd = 4dx + 5ae. 
Applying the rules given in articles 10. and 11., I deduce suc- 
cessively 

2 ax — 4dx=i5ae+3ed, 
— 5<"-+3c'/ 
'^" Za~4d 

13 I now proceed to equations, the terms of which have dm 
sors These maj be sohed b) the preceding rules wheiever 
the unknown quant ty docs not entei mto (he denominators , 
but It iS often more simple to ledoce ill tlie terms to the same 
denomiiiaior which may then be CTncclled 

Let there be, ior examjile, the equation 

- + ..- + 0-- 

Arilhmetic furnishes rules for reducing fractions to the same 
denominator, and for converting whole numbers into fractions of 
a given kind. [Arith. 79, 69.) Let all the terms of the pro- 
posed equation he transformed by these rnles into fractions of 
the same denominator, beginning with the fractions, which are 
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I convert them by the first of the ruJes cited into the following ; 
5XTX2:r 3x7xiT 3x5 x5t: 

3X5X7' 3x5x7' 3x5x7' 

Since, for converting the whole numbers 4 and 12 into fractions, 
notJiing more is necessary than to multiply them by the common 
denominator of the fractions, namely, 3x5X7; we have 
3X5X7X4, 3X5X7X12. 

By placing all these terms in order in the proposed equation, it 
will become 

5x7x2g , 3X5X7 X4 
3X5X7 "t" 3X5X7 

«X5x5t 



-3X3X7^ 3X5X7 3x5x7' 

The denominator may now be cancelled, since by doing it we 
only multiply all the parts of the equation by this denominator 
(^rt(A. 54), which does not destroy the equality of the members. 
It will become then 

5X7X2^+3X5X7X4 
= 3X7X4a^+3x5x7X 12— 3X0X5 37, 
or 70 r + 420 — Six-\- 1260 — 75 v, 

an equation without a denominator fiom which ue deduce the 
\aiue of X by the preceding rules 

It is evident fiom inspection, as also from the meie apphca 
tion of the arithmetical rules referred to, that in the above ope- 
ration Ihe numerators of each fraclton must he mulUjpbed by tkeprO' 
duct of the denominators of all the others, the wliole numbers by the 
product of all the denominators , then no account need be taken of 
the common denommaiors of the Jractions thus obtained 

The equation 70a; + 420= 84a; + 1260 — 75^ becomes 
successively 

70j'-t-75cc — 84a;= 1260 — 420, 
61 j; = 840, 

X = Vt = l-J t 
The same process is applicable to literal e j it be ig 

observed, that it is necessary only to indicate ! e multi] 1 cat o s 
which are actually performed when numbers are concerned 
Lei there be, for example, the equation 

b ^ e ^ h ' 

we deduce from it 

eA X ax~bekXc — bhxdx-\-heX fg, 
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a result which may be more simply expressed by placing ifie 
factors of each product one after the other without any sign be- 
tween lliem, according to the method given in article 7. ; and by 
arranging the letters in alphabetical order, they are more easily 
read ; it then becomes 

aehx — bcek^: hdhx + t efg, 
from which is deduced 

aehx—hdk:x:=ibtfg-{-hceh, 

befg + hcck 
and X =^ — '^ , , • 

a Eft — bah 

14. Although no general and exact rule can be given for 
forming the equation of any ((uestion whafever ; there is, not- 
withstanding, a precept of extensive use, which cannot fail to 
lead to the proposed object. It is this. 

To indicate by the aid of algebraic signs upon the knoum qvan- 
tities represented either by numbers or letters, andupon the unknown 
quantities represented always by letters, the same reasonings and 
the same operations, which it would have been necessary to perform 
in order to verify the values of the unknown quantities, had they 
been known. 

in making use of Ibis precept, it is necessary, in the fiist place, 
to determine with care what are the operations which are con- 
tained in the enunciation of the question, either directly or by 
implication ; but this is the very thing which constitutes the diffi- 
culty of putting a question into an equation. 

The following examples are intended to illustrate the above 
precept. I have taken the two first from among the questions 
which are solved by arithmetic, in order to show the advantage of 
the algebraic method. 

(I.) Lei there be two fountains, the first of which running for 2^h. 
fills a certain vesiel, and the second fills the same vessel by running 
S^h.; what time will be employed by both the fountains running 
together in filling the vessel ? 

If the time were given, we should verify it by calculating the 
quantities of water discharged by each fountain ; and adding (hem 
together we should be certain, that they would be equal to the 
whole content of the vessel. 

To form the equation we denote the unknown lime by x, and 
we indicate upon w the operations imphcd hy the question ; but 
in order to render tlic solution independent of the given num- 
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h dh bdglp whfo 
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i 1 > d h 

Tl fi r 1 1 1! fll mb f 1 de- 

d by w U d 1 g 1 ] y of 

p 1 bj 1 f d 1 (J I) a 

mb f b II f 1 1 q y X \- 

{Arith. 53). 

Tbe second fountain, whicb will fill the same vessel in a num- 
ber of hours described by h, will discharge into it in one hour a 
quantity of water expressed by the fraction ^, and consequent- 
ly in a number x of hours, it will furnisli the quantity ^ X ti 



The whole quantity of water then furnished by the two fountains, 
will be 

^ + ?' 
and this quantity must be equal to the content of (he vessel, 
which was considered as unity ; we have then tbe equation 

5 + 1 = '- 
This equation reduced by the foregoing rules, becomes 

— "^ 

The last formula gives this simple rule for resolving every 
case of the proposed question. 

Divide the product of tke numbers, which denote the times em- 
ployed hy each fountain in fdhtig the vessel, by the sum. of these 
numbers ; tke quotient expresses the lime required by both the foun- 
tains running together to fill tke vessel. 

Applying this rule to the particular case under consideration, 
we have 

2^ + 3i = | + V^ V+ V=.V. 
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whence a; = 2| z= |. 

(2.) iei & lea number to be divided into three parts, Trnmng 
among themselves the same ratios as the given numbers m, n, and p. 

It is evident (liat tlie verification of tbe question would be as 
follows ; 
denoting the 1st part by x, we have 

m : w : : a^ : the 2d part = — , (Jlrith. 1 IC.) 

m : j> : ; a: : the 3d part = — ; 

the three parts added together mast make the numher to be 
divided. We have then llie equation 

By reducing all tlie terms to the denominator m, it hccomes 
and we deduce h-om this 

Tliis result is nothing more nor less tlian an algebraic expres- 
sion of (Ae ride of Fellowship {Arith. 324); for by regarding 
the numbers m, n, p, as denoiing the slocks of several persons 
trading in company, m~\-n-\~p is the whole stock, a the gain 
to be tiivided, anil the equation 



M + B+jJ 

shows that a share is ohlainid by multiplying the eoi responding 
slocJc into tlie whole gain, and dtudmg the product by t/te sum of 
the stocks; which reduced to a pioportion, becomeu 
the whole stock a particular stock 
: : the whole gain the particular ^am 

15. To form an equation from the following question, re- 
quires an attention to some things, which hav e not yet been con- 
sidered. 

A fisherman, to encourage kn, son, promise;, htm 5 centbfor each 
throw of the net in which he shall take any fish, but the son, on the 
other hand, is to remit to the father 3 cents for each unsuccessful 
throw. After 12 throws thefatktr and the son settle their account, 
and the former is found to oue the latter 28 cents fVhat urns the 
nun^er of successful throws of tht net 
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If we represent this number by x., llie number of unsuccessful 
ones will be 12 — i , and if these numbers weie i^iven, we should 
venfj ihem by miihipljinj; 5 tents bj ihe firsi, lo obtain what 
tile fnther was bound to piy the son, and 3 cents by the second, 
to Bnt! tthdt the son engiged to leturn to the father The first 
number ouglit to exceed the second by 28 cents, which the 
father owed the son 

We hiie for the first number a; times 5 cents, or 5x With 
respect to the second, tiiere is some difticulij Hov\ are we to 
obtiin the product of 3 by 12 — x"^ If instead of a: we had a 
given numlier, we should first perform the subtraction indicated, 
and then multiply 3 by the remainder, but tlio cannot be done 
at present, nnd we must endeavour to peilorm the m u 1 tip iici lion 
before the subtiaction, or at least, to give the expression an 
entire algebnic form, simihr to that of Ltjuations that are readily 
solved 

Witii a httle attention we shill see, that by nking 12 times 
the number three, we repeat tiie numbei 3 so many times too 
much, as tiieie are units m tlie number i, by which we ought 
first to have dimmished the multiplier 12, so that the true pro- 
duct will be 36 diminished by 3 taken x times, or 3 i, 
or more simply i30 — 3 i 

This Lonclusion miy be vpufied by givm:^ to j a numerical 
value If, for example, i were eriiial to b, we should haie 3 to 
be taken 12 times — "^ limes, ind, if we neglect — Stiiips,we 
should make the result S times the numbei 3 too much, the 
true product then will he 

3 X 12 — 3 X S = 36 — 24 = 12. 
This result agrees witii that which would arise from first sub- 
tracting 8 from 12 ; for then 

12 — 8 ^4, and 3 X 4= 12. 
This being admhted, since the money due from the father to the 
son is expressed by bx, and that which tiie son owes the father 
by 36 — 3 X, the second number must be subtracted from the 
first in order to obtain tiie remainder 28 ; but here is another 
difiiculty; how shall we subtract 30 — 3 a; from 5 a:, without 
having first subtracted 3 x from 36 ? 

We shall avoid this difiiculty by observing, that if we neglect 
the term — 3 x, and subtract from 5x the entire number 36, we 
shall have taken necessarily 3 x loo much, since it is only what 
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remains after having diminished 36 by 3 a' thai is to be ubt t 
ed from 5 r ; so that ihe difference ^x — 30 ought to be au 
mented by 3r in order to form tbe quantity Uiat should an 
after having taken from 5 j: the number denoted by 36 — 3 
This quantity will then be 

5a;— 36 -f- 3 v, 
and we have the equation 

5 a^ _ 30 -j- 3 r — 2S, 
which becomes successively 

8 a' — 36 = 28, 
85^ = 28 + 36, 
8 a^ = 64, 
a; = V — 8. 
There have been then 8 successful throws of the net and 4 
unsuccessful ones. 
Indeed 8 throws at 5 cents a tbro\v give 40 cents, 
4 throws at 3 cents a tlirow give 12 

difference 2S 

as required by the conditio is of the queslLon 

To render the solutLoi general let a represent the '.um given 
by the father to the son for each successful thiow of the net, and 
6 the sum returned bj the son for eich unsuccessful one and c 
the total number of throws nnd d the sum receiied on the iiliole 
by tlie son If e be f u( e ]uai lo the number of successh 1 throws, 
c — c will e'Kpress the number of un uccesslul ones , each throw 
of the formei kind being worth to the son a sum a t throws 
would be worth a X ^ or aj; and the iinsncce'isfu! throws would 
be worth to the father the sum h multiplied by the number c — w 

The reasoning b) which wehive found the i arts of the pro 
duct of 3 by 12 — x, apphes eqmllj lo ihe genera! case If we 
neglect in the first place — t m forming the product i c of 6 by 
the whole of c the sum b will be repealed c times too much and 
consequenil) the true pioduct will be / 1. — / t 

In order to subtract this product from the sumo a: it is neces- 
sary to observe as in the numerical example, that if we subtract 
the whole of the quaniit) ir we take the quantil) l> c too much, 
by which the former out,ht lo have been first diminished and 
that consequently the true remainder is not merel) a i — be, hut 
ax — hc-{-bx. 
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As this sum is equal to d, we have the equation 
ax — be + bx = d, 
which gives 

ax + bx = d+bc, 
_d + bc 

As this general formula indicates what operations are to be 
performed upon the numbers a,b,c,d, in order to obtain the 
unknown quaatity a;, we may reduce it to a rule, or carefully 
write instead of the letters a,b,c,d, the numbers given. This 
last process is called svbstilvtwg the values of the given quanti- 
ties, or putting the formula into numbers. Applying here those of 
the foregoing example, as we have 

_ 28 + 3 X 12 , 
^~ 5-f-3 ' 
by performing the operations indicated, it becomes 
_ 28 + 36 _ 64 _ 



Methods for performing, as far as is possible, the Operations indi- 
cated upon Quantities that are represented by Letters. 

IC. FaoM the preceding question it is evident, that in certain 
cases a multiplication indicated upon the sum or difference of 
several quantities is made to consist of several partial multipli- 
cations; and in art. 11. we have exactly the reverse, by resolv- 
ing the quantity ax — bx -{-ex, which represents the result of 
several multiplications, followed by additions and subtractions, 
into the two factors a — 6 -f- c and x, which indicate only a sin- 
gle multiphcatlon preceded by addhion and subtraction. The 
reasoning pursued in these two circumstances will suggest rules 
for performing, upon quantities represented by letters, operations 
which are called algebraic multiplication and division, from the 
analogy which they have with the corresponding operations of 
arithmetic. 

We have also by the same analogy two algebraic operations, 
which bear the names of addition and subtraction, in which the 
object is to unite several algebraic expressions in one, or to take 
one expression from anotlier. But these operations, like the 
preceding, differ from those of arithmetic in tliis, that their 
results are, for the most pan, ODiy indications of the operations 
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to be performed , they jiresent only a transformation of the 
operations oiiginallj mihcated into others, which produce the 
same effect All that is done, n eithei to snnphfy the expres- 
sions, or to gne them i pioper form fji exhibitm^ the conditions 
that ire to he fulfilled 

Iq order to exphin these ojeratnn'i, we give the inniL of 
simple quantities to those which consist on!\ of one term, as 
■^2a, — Sab he , btnomtals to ihose n Inch consist of two, as 
a _[_ Ji a — 6i 5a — 2i, 8ic , irmomials to those which con=ist 
of till ee tei ms , quadnnomiah to those which coi sist of four terms, 
and polynomiak to those which consist of more than four terms. 
It may be observed also, that we call polynomials campound quanti- 
ties. 

Of the Addition of Algebraic (Quantities. 

17. The addition of simple quantities is performed by writing 
them one after the other, with the sign + between them ; thus, a 
adiled to h is expressed by a -\- b. But when it is proposed to 
add together several algebraic expressions, we aim at (ho same 
time to simplify the resuh by reducing it to as small a number 
of terms as possible by uniting several of the terms in one. 
This is done in articles 2. and 5. by reducing the quantity a; + x 
to 2 x, and the quantity r + ^ + ^ to 3 ■<■■ tt can lake place 
only with respect to quantities expressed by the same letters, 
and which are for this reason called similar quantities. A itleral 
quantity that is repeated any number of limes is regarded as a 
unit; it is thus, that the quantities 2 o and 3 a considered as two 
and three units of a particular kind, form when added 5 n or 5 
units of the same kind. Also 4 « 6 and 5ab make 9ab. 

In this case, the addition is performed with respect to the 
figures which precede ihe literal quantity, and which show liow 
many times it is repealed. These figures are called eocffieients. 
The coefficient then is the multiplier of the quantity before which 
it is placed, and it must be recollected, that when there is none 
expressed, unity is understood ; for 1 a is tlie same as a. 

18. When h is proposed to unite any quanlities whatever, as 

4 K + 5 i and 2 c + a (?, 
the sum total ought evidently to be composed of alt the parts 
ioined together ; we must write ihen 

4a+56-|-2c + 3</. 



y Google 



Addition of Algebraic ^^nliites, 25 

If we have on the contrary 

4a + 56 and 2c — 3d, 
the sign — must be retained in the sum, to mark as subtractive 
the quantity 3 d, which, as it is lo be taken from 2 c, rnusl neces- 
sarily diminish by so much the sum formed by uniting 2 c with the 
first of the quautiiies proposed ; we have ihen, 
ia+ 5b + 2c~3d. 

From these two examples it is evident, that ire algebra the addi- 
tion of polynomiali is performed Sy vmiing in order, one after the 
other, the quantities to be added with their proper signs, it ftetng- 
observed thai the terms which have no sigris before them are consider- 
ed as having the sign -}-. 

The above operation is, properly speaking, only an indication 
by which the union of two compound quantities is made to con- 
sist in the addition and subtraction of a certain number of simple 
quantities ; but, if the quantities to be added contained similar 
terms, these terms might be united by performing the operation 
upoii their coefficients- 
Let there be, for example, the quantities 
4a4-95 — 2 c, 
2« — 3c4-4rf, 
76+ c — e; 
the sum indicated would be, according to the rule just given, 
4a-|-96~2c4-2o— 3c + 4d-|-76-f-c — e. 

But the terms 4 a -|- 2 a, being formed of similar quantities, 
may be united iu one sum equal to G a. 

Also the terms -\-9b -\-7b give + 16 b. 

The terms — 2 c and — 3 c, being both subtractive, produce 
on the whole the same effect as the subtraction of a quantity 
equiil to their sum, that is to say, as the subtraction of 5 c ; and 
as by virtue of the term -\-c, we have another pari c to be added, 
there will remain therefore to be subtracted only 4 c. 

The sum of the expressions proposed, then, will be reduced to 
6a 4- 166 — 4c-!- *d — e. 

The last operation exhibited above, by which all similar 
terms are united in one, whatever signs they have, is called 
reduction. It is performed by taking the sum of similar quantities 
having the sign +, that of similar quantities having the sign — , 
and subtracting the less of the two sums from the greater, and 
giving to the remainder the sign of the greater. 

Alg. 4 
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It is to be remarked, that reduction is applicable to all algebraic 
operations. 

The following examples of addition, with their answers, are 
intended as an exercise for the learner, 
(f.) To add the quantities 

7TO-I- 3„_14^-i-17r 
3a + 9m— Uni-l- 2r 
5p —4m+ 8 k 
lln ~2b—m—r + s. 



Answer, 7m+3n— 14j?+I7r+3((-}-9n— llm+Sr+Sp— 4m+8» 
+ 11» — 2J — m — r + s. 
By making the reduction, this quantity becomes 

— 9m + 31 « — !)/> +18 r + aa — 26 + s, 
or 31 n— Om— 9p+ 18r + Sa—2b+s, 

by beginning with the term having the sign +. 
(2.) To add the quantities 
nhc-i-4ad—8ac + 5cd 
8ac+ 7hc—2ad + 4mn 
2cd — 3ab+5ac + an 
9an — 2bc — 2ad-i-licd. 



Ubc + 4ad — 8ac + ecd-\-8ac+7bc~'2ad + 4mn 
2cd~3ab -{-5ac+ an + 9 an — 2bc — 2ad-{-dc<l. 
By reducing Ibis quantity it becomes 

lQbc + bac+ 12cd-\-4mn~3ab + lQan. 

Of the Subtraction of Algebraic Quantities. 

20. The subtraction of single quantities, according lo esiab- 
lished usage, is represented by placing the sign — between the 
quantity to be subtracted, and that from which it is to be taken ; 
b subtracted from a is written a — 6- 

When the quantities are similar, the subtraction is performed 
directly by means of the coefficients. 

If 3 « be subtracted from 5 a, we have for a remainder 2 a. 

With regard to ihe subtraction of polynomials, it is necessary 
to distinguish two cases. 

(1.) If the terms of the quantity to be subtracted have each the 
sign +, we must clearly give to each the sign — , since it is 
required to deduct successively all the parts of the quantity to be 
subtracted. 
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If for example, from 5a — 96 + 2cwe would take 
2d + 3e+4f, 
we must write 5 a — Qh -f- 2 c — 2d — 3e — 4/. 

(2.) If any of the terms of the quantity to be subtracted have 
the sign — , we must give (hem the sign plus. Indeed, if from 
the quantity a we would take /) — c, and should first write a — b, 
we should (hus diminish a by the whole (juantiiy b ; but the sub- 
traction ought to have been performed after having first dimia- 
ished 6 by the quantity c; we have taken therefore this last 
quantity ton much, and it is necessary to restore it with the sign -f-, 
which gives for the true result a — b + c. 

This reasoning, which may be appNed to all similar cases, shows 
that the sign — of c must he changed into the sign -j- ; and by 
connecting this resuh with the preceding, we conclude that (Ae 
iubiraciion of algebraic qvanltdes is performed hy writing them, in 
order after the quantities, from which they are to be taken, having 
first changed the signs -f- i»(o — ond the signs — into -f-. 

After this rule has been applied, the quantities are to be reduc- 
ed when they wi!! admit of it, according to the precept given in ar- 
ticle 19., as may be seen in the following examples; 

(1.) To subtract from 17o-(-2»(— Ob~4c + 25d 
the quantity 51 a — 27 6-|-lic — 4d. 

Resuh na-{-2m — 9b —4c + 2^d 

— !}la + 27b — -[lc-^4d. 
When reduced it becomes 

— 34(X-J- 2 m -f- 18 6 — I5c + 27d, 
or rather 2m — 34a -|- 185— I5e-f-27rf. 

(2.) To subtract from 5ac — 8'ab+9b c —4am 

the quantity Sam — 2ab + 11 a c — led. 



Result 5 ac —8ab+ 6 c — 4am 

— Sam+2ab — llac-j-Tcd, 
Reduced it becomes 

— 6ac — 6a&-l-9fic— ]2am-|-7crf, 
or 9bc—6ac—Gab—12am+7cd. 

Of the Multiplication of Algebraic ^antities. 
21. So far as letters are considered as expressing the numeri- 
cal values of the quantities for which they stand, multiplication 
in algebra is to be regarded like multiplication in arithmetic. 
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{^^ritk. 21, 66.) Thus, to multiply & by h is to compound with 
the quantity represented by a another quantity, in the same inanner 
as the quantity represented by b is with unity. 

We have already explained in articles 3. and 7. the signs used 
to indicate multiplication; and the product of a by & is express- 
ed by a X />, or by a • 6, or lastly by a h. 

We have often occasion to express several successive multipli- 
cations, as that of a by b, and tliot of the product a i by c, also 
that of this last product by d, and so on. In this case, it is evi- 
dent, that the last result is a niimber having for factors the num- 
bers a, b, c, d, [Arith. 22) ; and to give a general expression of 
this method v>e indicate the product hj writing titt Jactors compos- 
ing it in order, one after the other, without any sign between them ; 
we have accordingly the expression ah cd. 

Reciprocally every expression, such as ahcd formed of several 
letters written in order one after the other, designates always the 
product of the numbers represented by these letters. 

I have already availed myself of this method, in which the nu- 
merical coefticionis are also included, since they are evidently fac- 
tors of the quantity proposed. Indeed 15 abed, designating the 
quantity o 6 c <J taken fifteen times, expresses likewise the product 
of the five factors 15, a, b, c, d. 

It follows from this, that in order to indicate the multiplication 
of several simple quantities, such as 4 aba, ^def 3 m n, it is 
necessary to write the quantities in order, one after the other, with- 
out any sign between tliem, and it becomes 
Aabcbdef^mn; 
but since, as is shown in arithmetic, (art. 82.) the order of the fac- 
tors of a product may be changed at pleasure without altering the 
value of this product, we may avail ourselves of this principle, to 
bring together the numerical factors, (he multiplication of which is 
performed by the rules of arithmetic ; to express then this product, 
as indicated in the order 4 . 5 . 3 a 6 e rf efm n, we multiply togelli- 
er the numbers 4, 5, 3, which give simply 
QOabcd efm, n.* 

• As the use of algebraic symbols abridges very much tlie demon- 
stration of this proposition, I liave thought it proper to suggest here 
a method by these symbols. 

If we write the product a 6 c rf e/ as follows, abcXdcXf,znd 
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23. The expression of the product may be much abridged 
when it contains equal factors. Instead of writing several times 
iu order, the letter which represents one of the factors, it need 
be written only once with a number annexed, showing how 
many times it ought to have been written as a factor ; but as 
this number indicates successive multi plications, it ought to be 
carefully distinguished from a coefficient, which indicates only 
additions. For this reason, it is placed on the rigjit of (he letter 
and a little higher up, while a coefficieni is always placed on the 
left and on the same line. 

AgreeabJy to this method, the product of a by «, which would 
be indicated, according to article 21., by a a, becomes a^. The 
2 raised, denotes that the number, designated hy the letter a, is 
twice a factor in the expression, to which it belongs. It ought 
not to be confounded willi 2 a, which is only an abbreviation of 
a -\-a. To render evident the error, which would arise from 
mistaking one for the other, it is sufficient to substitute numbers 
instead of the letters. If we have for example a = 5, 2 a would 
become 2 . 5 = 10, and o^ = a X « — 5 ■ 5 = 25. 

Extending this method we should denote a product in which a 
is three times a factor by writing a^ Instead of o a a; also o^ 
represents a product in which a is five times a facter, and is 
equivalent to aaaaa. 

24. The products formed in this manner by the successive 
muki plications of a quantity, are called in general powers of that 
quantity. 

The quantity itself, as o, is called the first power. 

The quantity muiii plied by itself, as a a, or «^, is the second 
power. It is called also the square. 

The quantity multiplied by iiself twice in succession, as a a a, 
or fl*, is the third power, and is called also the cube.* 

change liie order of the factors of the product lo ed instead of de, 
(Arith. 22,) it becomes abcX edxf ef abcedf. It is evident 
that we may, by analyzing the product differently, produce any 
change which we wish in the order of the factors of the product in 

• The denominations square and cube refer to geometrical con- 
siderations. They interrupt the uniformity in the nomenclature of 
products formed by equal factors, and are very improper in algebra. 
But they are frequently used for the sake of conciseness. 
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In genera], any power whatever is designated by the number 
of eijual faclors from which it is formed j a^ or a a aaa is tlie 
'Jifih power of a. 

I take the number 3 lo illustrate these denominations, and I 
have 

1st. power 3 

2d. 3.3= 9 

3d. 3.3.3= 9.3 = 27 

4lh. 3.3.3.3 = 27.3 = 81 

5lh. 3 . 3 . 3 . 3 . 3 = 81 . 3 = 243 

&c. 
The number which denotes ibe power of any quantity is called 
the exponent of \bis qnaniiiy. 

When the exponent is equal to unity, it is not written ; thus a 
is the same as a\ 

It is evident then, that (o Jind the power of any number, H is 
necessary lo multiply this number by itself as many limes less one, 
as there are units in the exponent of the power. 

25. As the exponent denotes the number of equal factors, 
which form tlie expression of which it is a pari, and as the pro- 
duct of two quantities must have each of these quantities as fac- 
tors ; It follows thai the expression a\ in which a is five times a 
factor, multiplied by a^, in which a is three times a factor, ought 
to give a product in which a is eight times a factor, and con- 
sequently expressed by a^ and that in general the product of two 
powers of the same number ought lo have for an exponent the sum 
of those of the muUiplicand and multiplier, 

26. Il follows from this, that when two simple quantities have 
common letters, we may abridge the expression of the product of 
these quanfiiies hy adding together the ecrponents of such letters of 
the multiplicand and multiplier. 

For example, the expression of the product of the quantities 
a' li^ c and a^ b^ (^ d, which would be a^ b^ c a'' h^ c^ d, by the 
foregoing rule, art. 21., is abridged ly collecting togeliicr the 
factors designated by the same letter, and 
a^n^b^b^cc'd, 
becomes a^ h^ c* d, 

by writing a^ instead of a® a* 

l^ instead of h^ i^ 
c' instead of c (H or of c' iP. 
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27. As we disiinguish powers by the number of equal factors 
from which they are formed, so also we denote any products by 
the number of simple factors or firsts wliicli prodLiee them ; and 
I shall give to these expressions the name of degrees. The pro- 
duct n' i^ c, ^for example, will be of the sixth degree, because it 
contains six simple factors, viz ; 2 factors a, 3 factors 6, and 1 
factor c. It is evident that the factors a, h, and c, here regarded 
as firsts, are not so, except with respect to algebra, which does 
not permit us to decompose them ; they may, notwithstanding, 
represent compound numbers, but we here speak of them only 
with respect to their general import.* 

The coefficients expressed in numbers are not considered in 
estimating the degree of algebraic quantilies ; we have regard only 
to the letters. 

It is evident (21, 35,) that when we multiply two simple quan- 
tities the one by the othtr, the nuuiber ivhicii marks the degree 
of the product is ihe sum of those which mark the degree of each 
of the simple quantilies. 

28, The multipliGation of compound quaulilies consists in that 
of simple quantilies, each term of the multiplicand and multiplier 
being considered by itself; as in arithmetic we perform the 
operation upon each figure of the numbers which wo propose 
to multiply. (Arilh. 33.) The particular products added to- 
gether make up the whole product. But algebra presents a 
circumstance which is not found in. numbers. These have no 
negative terms or parts to be subtracted, the units, tens, hun- 
dreds, &c. of which they consist, are always considered as 
added together, and it is very evident, that the whole product 
must be composed of the sum of the products of each part of 
the multiplicand by each part of the multiplier. 



• We apply the term dimensions, generally, lo what I have here 
called degrees, in conformity to the analogy already pointed out in 
the note lo page 29. This example sufficiently proves the absurdity 
of the ancient nomenclature, borrowed from the circumstaace, that 
the products of 2 and 3 factors, measure respectively the areas of the 
surfaces and the bulks of bodies, the former of which have two and 
the latter three dimensions ; but beyond this limh the correspond- 
ence between the algebraic expressions and geometrical figures fails, 
as. extension can have only three dimensions. 
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The same is true of literal expressions when all the terms are 
connected together by the sign -|-. 

The product of a-\-b 

tDuhiplied by c 



d b d by 
1 1 pi d 
1 b Th 


1 
Id 
P 


plj (, 1 1 of ll,= mullipCcand by 
h 1 two particular products 
1 m when the multiplicand 


If 1 m 1 pi 
1 1 p d 
1 pi d by I 
Th p d f 
m I pi d by 


d 


] 1 f ral terms, it is niaoifest 
p f ! of the products of the 
f 1 m 1 il . 



. ( ac-\-hc 

for by multiplying first a -|- 6 by c, we obtain ac -\-h c, then by 
multiplying a-\-b hy the second term d of the multiplier, we 
have ad-\'hd, and the sum of the two results gives 

ac-^bc-\-ad-^bd 
for the whole. 

29. When the multiplicand contains parts to be subtracted, 
the products of these parts by the multiplier must be taken from 
the others, or in other words, have the sign — prefixed to ihem. 
For example, 

the product of a — h 

multiplied by c 



for each time that we take the eniire quantity a, which was to 
have been diminished by b before llie muhiphcaiion, we lake the 
quanltty h loo much ; the product a c (herefore, in which the 
whole of n is taken as many limes as is denoted by (he number 
C, exceeds (he product sought by the quantity h, taken as many 
times as is denoted by the number c, that is by llie product 6c; 
we ought then to subtract b c from a c, which gives, as above, 
ac — be. 
The same reasoning will apply to each of the parts of the mul- 
tiplicand, that are to be subtracted, whatever may he the num- 
ber and wha(ever may he that of the terms of the muhiplier, pro- 
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v[(!ed ihey all ha^e the sign -[- Recollecting that the terms 
which have no sign are considered as having the sign -[-, we see 
bj ihe exanijiles, that the teims of the mulliphcand affected by 
the s gii + give a pioduct affcc'ed hj the =ign +, while those 
which ha\e the sign — giie one having the sign— It follows 
Irom ihi^, thit when the muhtpher has the sign +, the product has 
thb same stgn as the corresponding pari of the multiplicand 

30 The contrary takes place when the multipher contains 
parts to be subtracted , the products arising from these parls 
must be put down with a sign, contrary to that which tbey 

uld 1 Id by he above rule. This may be shown by the 
f 11 pi 

L hen 1 pi dbe a — b 

and he n I pi c — d 

1 1 II 1, ( ac — b c 

1 p 1 "lib j_„j+ji, 

f 1 e p 1 of b muhiplicand, by the first term of the mul- 

jl 11 b by be last example o c — 6 c; but by taking the 

1 1 { f h multiplier instead of c diminished by d, we 

k 1 qnya — iso many limes too much as is denoted 

by I n b (? o that the product ac — be exceeds that 

gi 1 J 1 e p d ct of a — b by d. Now this last is, by what 
1 b n ] a I — bd, and in order to subtract it from the 
first it IS necessary lo change the signs (20). We have then 
ac — be — ad-\-bd for the result required. 

31. Agreeably to the above examples, we conclude, that the 
multiplication of polynomials is performed by multiplying succes- 
sively, according to the rules given for simple quantities (2 1 — 26), 
all the terms of the multiplicand by each term of the multiplier, 
and by observing that each particular product must have the same 
sign, as the corresponding part of the muhiplicand, when the mul- 
tiplier has the sign +, and ike contrary sign when the individual 
multiplier has the sign — . 

If we develope the difierent cases of this last rule, we shall find, 

(I.) That a term having the sign -j-, multiplied by a term hav- 
ing the sign -|-, gives a product having the sign -J- ; 

(2.) That a term having the sign — , multiplied by a term hav- 
ing the sign -|-, gives a product which has tiie sign — ; 

(3.) That a term having the sign -j-, multiplied by a term hav- 
ing the sign — , gives a product which iias the sign — j 
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(4.) That a term having the sign — , multiplied by a term hav- 
ing the sign — , gives a product which has the sign -f-- 

it is evident from this (able, that when Ike muhipKcand and 
multiplier have the same sign, the product has the sign -\-, and 
that u-ken they have different signs, the jproduct has the sign — . 

To facilitate llie practice of the muiiiplication of polynomials 
I have subjoined a recapitulation of the rules lo be observed. 

(1.) To determine the sign of each particular product according 
to the rule just given ; this is the rule for the signs. 

(3.) To form the coefficients by taking the product of those of 
each multiplicand and mviliplier (22) ; this is the rule for the co- 
efficients, 

(3.) To write in order, one after another, the different letters 
contained in each multiplicand and multiplier (21) j this is the 
rule for ihe fetters. 

(4.) To give to the letters, common to the multiplicand and mul- 
tiplier, an exponent equal to the sum of the exponents of these let- 
ters in ihe multiplicand and multiplier (25) ; this is the rule for 
the exponents. 

32. The example below will illustrate all these rules 
Multiplicand 5 a* —2a^b-\-4a^b^ 
Multiplier 0= _ 4 a^ ft ^ 2 ft3 

Several 
products. 

Result reduced 5d'—22a%+12a^lr'—6a''b^~4a%^+Ba%K 

The first line of the several products contains those of all the 
terms of ihe multiplicand by the first term a^ of ihe multiplier; 
this term being considered as having the sign -|-, the products 
which it gives have the same signs as the corresponding terms 
of the multiplicand (31). 

The first term 5 a* of the multiplicand having the sign plus, 
we do not write that of the first term of the product, which would 
be -|- ; Ihe coefficient 5 of a^ being mnhiphed by the coefficient 
1 of a*, gives 5 for Ihe coefficient of this product; the sum of 
the two exponents of the letter a is 4 -)- 3, or 7, the first term of 
the product then is 5 a'. 

The second term — 2 a^ 6 of the multiplicand having the sign 
— , the product has the sign minus ; the coefScient 3 of a' i mul- 
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tiplied by the coefficient I of a^, gives 2 for the coefficient of the 
product; the exponent of the letter a, common to the two terms 
ivhicii we multiply, is 3 -[- 3, or 6, and ive write after it the 
letter b, wliicli is found only in the multiphcand. The second 
term of liie product then is — 2 a'' b. 

Tfie third term 4" 4 a^ 6^ gives a product affected with the 
sign -f-, and by the rules applied to the two preceding terms, we 
find it to be -f- 4 a" h^. 

The second hne contains the products of all the terms of ibe 
muhipiicand by the second term — Aa'b of the multiplier. This 
last having the sign — , all the products wliich it gives must 
have the signs contrary lo those of the corresponding terms of 
the multiplicand ; llie coefficients, ihe letters, and the exponents 
are determined as in the preceding line. 

The third line contains the products of all the terms of the 
multiphcand by the third term 4-2 6^ of the multipher. This 
term having ilie sign -^j all die products which it gives have the 
same sign as the corresponding terras of the multiplicand. 

After having formed all the several products which compose 
the whole product, wc examine carefully this last, to see whether 
it does not contain similar terms ; if it does, we reduce tbem 
according to the rule (19), observing that two terms are similar, 
which consist of the same letters under the same exponents. In 
this example there are tliree reductions, viz; 

— 2 o^ 6 and — 20 a^ h, which give — 22 a^ S ; 
+ ^aH^^nA-ir Sn^fi^ which give + 13 a^i"; 

— IG a* b^ and + 10 a* P, which give —Go* b\ 

These reductions being made, we have for the resuU the last 
line of the example. 

See another example to exercise the learner, which is easily 
performed after what has been said. 
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33. From the manner of proceeding in multiplication, it is 
evident that if all the terms of the muiliplicand are of the same 
degree (27), and those of the mukiplier are also of the same 
degree, all (lie terms of the product will be of a degree denoted 
by the sum of the numbers, whicb mark tbe degree of the terms 
of each of tlie factors. 

In the first example, the multiplicand is of the fourth degree, 
the multiplier of the third ; and the product is of the seventh. 

In the second example, the multiplicand is of the sixth degree, 
the multiplier of the tiiird ; and the product is of the ninth. 

Expressions of the kind just referred to, the terms of which 
are all of the same degree, are called homogeneous expressions. 
The above remark, with respect to their products, may serve to 
prevent occasional errors, which one may commit by forgetting 
some of the factors in the several parls of the multiplication. 

34. Algebraic operations performed upon literal quantities, as 
ihey permit us to see how the several parts of the quantities 
concur to form the results, often make known some general pro- 
perties of numbers independent of every system of notation. 
The muhiplications that follow, lead to conclusions of the great- 
est importance, and of frequent use in the subsequent parts of 
this worli. 

a~h a+b 

a^+ab a' + ab 

— ah~b' -fa&4-6> 



" 4- 2 a J + i> 



a + b 



a= -j-2«" b + ab' 
+ a=b + 2ab^ +b = 



a^ 4-3a'6 + 3a6= + b=. 

It appears from the first of these products, that the quantity 
n -|- 6, multiplied by a — b, gives a' — b" ; whence it is evident 
that, if we multiply the sum of two numbers by their difference, the 
prodvet will be the difference of the squares of these numbers. 

If we take, for example, the sum 11 of the numbers 7 and 4, 
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and multiply it by the difference 3 of these numbers, the product 
3x 11, or 33, will be equal to the difference between 49, the 
square of 7, and 10, the square of 4, 

By the second example, in which a -{-b \s twice a factor, ive 
learn ; that the second power, or ike square of a quantiiy composed 
of two parts a and h contains the square of the first part, plus 
double the product of the first part by ike second, plus the square 
of the second. 

The third example, in wliich we have muhjphed the second 
power of a -|- t by the firsl, shows , ihit, the thud power or cube 
of a quantity composed of two parts contains ike cube of tke first, 
plus tkree times the square of tke Jiist multiplied by the second, 
plus three times the first multiplied by the square of the second 
plus tke cube of tke second. 

35. As we have often occasion to decompose o quantity into 
its factors, and as the algebraic opentions in. dispensed with, 
when it can be done, in order to e>hih]t the ioriiiaiion of the 
quantities to be considered, as diatjnctlj as possible, it is neces- 
sary to fix upon some signs proper to mdicaie mulliplicalion 
between complex quantities. 

We use indeed the marks of a parenthesis to comprehend the 
factors of a prodnct. The expression 

(5a*_3a»t>-i-i'} {i ab^ ^a rj + d') (i=— c=), 
for example, indicates the product of (he compound quantities 

ba'—Sa'b' +b\ 4a6^ — «c= -j-d', and i= — c=. 
Bars wei:e used formerly by some authors placed over the fac- 
tors thus, 



5 a* — 3a= i= 4-6' X 4 a 6^ — oc= + (1= X 6' — f' ; 
but as these may happen to be too long or too short, they are 
liable to more unceiiainly than the marks of a parenthesis, 
which can never admit of any doubt with respect to the quantity 
belonging to each factor. They have accordingly been preferred. 

Of the Division of Algebraic ^antilies. 

36. Algebraic division, hke division in arithmetic, is to be 
regarded as an operation designed to discover one of the factors 
of a given product, when the other is known. According to this 
definition, the quotient multiplied by the divisor must produce 
anew the dividend. 
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By applying what is here said to simple quantities we shall 
see by art. 21., that the dividend is formed from the factors of (he 
divisor and those of the quotient ; whence, % suppressing in ike 
dividend all the factors which compose the divisor, the result will lie 
the quotient sought. 

Lei [here he, for example, the simple qnanlily 72 a" 6' c= d to 
be divided by the simple qiiaulily Ora'Jc^; according to llie 
ride above given, we must suppress in the first of these quaiililies 
the factors of the second, which are respectively 

9, a', h, and c^. 
It is necessary then, in order that the division may be perform- 
ed, that these factors should be in the dividend. Taking them 
in order, we see in the first place that the coefficient 9 of the divi- 
sor, ought to be a factor of the coefficient 72 of the dividend, or 
that 9 ought lo divide 72 without a remainder. This is in fact the 
case, since 73 ^= 9 X 8. By suppressing then the factor 9, there 
win remain the factor 8 for the coefficient of the quotient. 

It follows moreover, from the rules of mulliplicalion (25), that 
the exponent 5 of the letter a in the dividend, is the sum of the 
exponents belonging to the divisors and quotient; this last ex- 
ponent therefore wili be the difference between the two others, or 
5 — 3:^2. Thus the letter a has in the quotient the exponent 
2. For the same reason, the letter b has in the quotient an expo- 
nent equal to 3 — 1, or 2. Tlie factor c' being common to the 
dividend and divisor is !o be suppressed, and we have 

Sa^ b= d 
for the quotient required. 

The same will apply to every other case ; we conclude theti, 
that, in order to effect the division of simple quantities, the course 
to be pursued is. 

To divide the coefficient of the dividend by that of the divisor; 

To suppress in the dividend the letters lohich are common to it 
and the divisor, when they have the same exponent; and when the 
exponent is not the same, to subtract the exponent of the divisor 
from that of the dividend, the remainder being the exponent to be 
affixed to the letter in the quotient ; 

To write in the quotient the letters of the dividend which are not 
in the dtvisor. 

37, Jf we apply the rule now given for obtaining the expo- 
nent of the letters of the quotient, to a letter which has the same 
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exponent in the dividend and divisor, we shall find zero to be 
the exponent whicli il ought to have in the quotient ; a' divided 
by a", for example, gives a". To understand what is the im- 
port of such an expression, it is necessRi-y to go back lo its ori- 
gin and to consider, that if we represent the quotient arising 
from the division of a quantity by itself, it ought to answer to 
unity, wliich expresses how many times any quantity is coniain- 
ed in itself. It follows from this, that ike expression a° is a sym- 
bol equivalent to unity, and may consequently be represented by 1. 
We may then omit writing the letters which have zero for their 
exponent, since each of them signifies nothing but unity. Thus 
a' bc^ divided by a^ be', gives a' b° c", which becomes a as is 
very evident by suppressing the common factors of the dividend 
and divisor. 

We see by this, that the proposition, every quantity which has 
zero for its exponent, is equal to 1, is nothing, properly speaking, 
but ihe explanation of a conclusion to wiiich we are brought by 
the common manner of writing the powers of quantities by ex- 
ponents. 

In order that the division may be performed, it is cecessary, 
1. that the divisor should have no letter which is not found in 
the dividend ; 2. that the exponent of any letter in the divisor 
should not exceed that of the same letter in the dividend ; 3. 
that the coefficient of the divisor should exactly divide that of 
the dividend. 

38. When these conditions do not exist, the division can only 
be indicated In the manner pointed out in the 2d article. SiiU 
we shouid endeavour to simplify the fraction by suppressing 
such factors, as are common to tlie dividend and divisor, if there 
are any such ; for [Anth. 57) it is manifest, that (he theory of 
arithmeiical fractions rests upon principles which are indepen- 
dent of ever)- particular value of their terms, and which would 
apply to fractions represented by letters, as well as to those wliich 
are represented by numbers. 

According to these principles, we in the first place suppress tlie 
numerical factors common to the dividend and divisor, and then 
the letters which are common to the dividend and divisor, and which 
have the same exponent in each. When the exponent is [not the 
same in each, vie subtract the less from the greater, and affix the 
remainder, as the exponent to the letter, which is written only in 
that term of the fraction which has the highest exponent. 
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Tlie I'oliowing example will illustrate liiis rule. 
Let 48 a ' 6 ' c' d be divided hy 64 a^ b^ c* e; the quotient can 
only be indicated in the form of a fraction 
i8 a' b^c^d 



6ia> b^c*e' 
But the coefficients 48 and 64 being divisible by IG, by sup- 
pressing this common factor, the coefficient of the numerator be- 
comes 3, and that of the denominator 4. The letter a having 
ihe same exponent 3 in the two terras of the fraction, it follows 
that a= is a factor common to the dividend and divisor, and may 
consequently be suppressed. 

To find the number of factors b common to the two (erms of 
the fraction, we must divide the higher h^ by the lower b^ ac- 
cording to the ride above given, and the quotient 6^ shows, that 
b^^^b^ X b". Suppressing then the common factor b^, there will 
remain in ihe numerator the factor &^. 

With respect to the letter c, the higher factor being c* of the 
denominator, if we divide it by c^ we shall decompose it into 
c" X C ^ and by suppressing the factor c' common to the two 
terms, this letter disappears from the mimerator, but will remain 
in the denominator with the exponent 2. 

Finally, the letters d and e will remain in their respective 
places, since, in the stale in which they are, they indicate no 
factor common to both. 

By lliese several operations the proposed fraction is reduced lo 

3b^d 

4c^e' 

and it is the most simple expression of the quotient, except we 

give numerical values to the letters ; in which case it might be 

further reduced by cancelhng the common factors as before. 

39. It ought to be remarked, that, if all the factors of the divi- 
dend enter into the divisor, which besides contains others pecu- 
liar to it, it is necessaiy after suppressing the former to put unity 
in the place of the dividend, as the numerator of the fraction. In 
this case indeed we may suppress all the terms of the 'numera- 
tor, or, in other words, divide the two terms of the fraction by 
the numerator ; but this being divided by itself must give unity for 
the quotient, which becomes the new numerator. 

Suppose, for example, the fraction 
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the factors 12, a,' b^, and c may be divided respeciively by ihe 
factors 4, «', 6, and c, or we may divide the two terms of the 
fraction by the nuraeralor 4 a' 6 c. Now the quanlity 4 a= 6 e, 
divided by itself, gives I for ihe quotient, and the quantity 
12 a= 6* c d, divided by the first, gives by the above rules 3 6= d ; 
the new fraction tljeu is 

1 
3 6^rf" 

40, It follows from the rules of multijili cation, that when a 
compound quantity is multiplied by a simple quanlity, this last be- 
comes a factor common to all the terms of the former. We may 
make use of (his observation to simplify fractions of which ilie 
numerator and denominator are polynomials, having factors that are 
common to all their terms. 

Let there be the expression 

9 o2 6 — 15 a^ c + 24 u3 ' 
by examining the quantity 6 a* — 3n^ 6c + I2o* c^, we see 
that the factor a^ is common to all the terms, since a* ^^ «^ x «*, 
and that, besides, 6, 3, and 12 are divisible by 3 ; so thai, 

&a* — 3a'bc+l2a'c^ =: 2a'' X 3a= — be X 3o = + 4c=X 3a'. 
Also the denominator has for a common factor 3a= ; for the 
factors a' and 3 enter into all the terms, and we have 
9a'6~15«'c + 24a==36x3a= — 5cX Stt^+Sa X3a'. 
Suppressing therefore the 3 a^ as often in the numerator as in 
the denominator, the proposed fraction will become 
2a' — be + 4 c''' 
3h~5c-i-8a " 

41. I pass now to the case where the numerator and denomina- 
tor are both compound, and in which one cannot perceive at first 
whether the divisor is or is not a factor of the dividend. 

As the divisor multiphed by the quotient must produce the 
dividend, it is necessary that this last should contain all the sev- 
eral products of each term of the divisor by each term of the 
quotient^ and, if we could find the products arising from each 
particular term of the divisor, by dividing them by this term, 
which is known, we should obtain those of the quotient, after the 
same manner as in arithmetic we discover all the figures of the 
quotient by dividing successively by the divisor the numbers, 
which we regard as the several products of this divisor by the 
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rule art. 31., for the quantity — 20 0*6, being regarded as a part 
of the product, having a sign contrary to that of the multiplicand 
5 a*, it follows that the inuhlplier must have the sign — . Divi- 
sion then being performed upon the simple quantities, — 20 a^ b 
and 5 a'', gives — ia'b for the second term of ttie qiiolienl. 
If now we multiply this by all the terras of the divisor, and sub- 
tract the product from the partial dividend, the remainder 
+ 10a*P — 4 a^ b'' -{- 8 a" b^ will contain only the products of 
the third &c. terms of the quotient- 
Regarding this remainder as a new dividend, its first term 
10 a'*b^ must be the product of the first term of the divisor by 
the third of llie quotient, and consequently this last is obtained 
by dividing the simple quantities, lOn^J^and H a\ the one by 
the other. The quotient 2 b^ being multiplied by the whole of 
the divisor furnishes products, the subtraction of which, exhausting 
the remaining dividend, proves that the quotient has only three 
terms. 

If the question had been such as to require a greater number 
of terms, they might evidently have been found like the preceding, 
and if, as we have supposed, the dividend has the divisor for a 
factor, the subtraction of the product of this divisor by the last 
term of the quotient ought always to exhaust the corresponding 
dividend. 

42. To facilitate the practice of the above rules ; 

(I.) We dispose the dividend and divisor, as for (he division of 
numbers, by arranging them with reference to some letter, thai is, 
by writing the terms in the order of the exponents of this letter, be- 
ginning with the highest; 

(2.) fVe divide the first term of the dividend by the first term 
of the divisor, and write the result in the jilace of the quotient; 

(3.) We multiply the whole divisor by the term of the quotient 
just found, subtract it from the dividend, and reduce similar terms ; 

(4.) We regard this remainder as a new dividend, the first term 
of which we divide by the first term of the divisor, and write the 
result as the second term of the quotient, and continue the operation 
till all the terms of the dividend are exhausted. 

Recollecting that when a product has the same sign as the 
muhiphcand, the multipher has the sign -f-, and, that when a 
product has the contrary sign to that of the muhiphcand, the 
multiplier has the sign — (31), we infer that, when the term of 
the dividend and the first term ofthedivisor have the same sign, the 
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quotient ought to have the sign -\-, and, if they have contrary signs, 
the quotient ought to have the sign — j this is the rule for the signs. 
The individual parts of the operation are performed by the 
rule for the division of simple quantities. 

We divide the coefficient of the dividend by that of the divisor ; 
this is the rule for the coefficients, 

We write in the quotient the letters common to the dividend and 
divisor with an exponent equal to the difference of the exponents of 
these letters tn the two terms, and the letters which lelong only to 
the dividend ; these are ihe rules for the letters and exponents. 
43. To apply these rules to the quantities, 

^a'—22a^b + na^b' —Ga'^b^ — Aa^ b'^ + Ba= b^, 
5a^ — 2a^S + 4a=6^ 
which have been employed as an example above, we place them 
as we place ihe dividend and divisor in arithmetic. 

Dividend. Divisor. 

5a-'^22a^b+l2a%''-~6a^b^—4a^b*-\-8a=b^ 5a'^~2a^b+Wh' 
■— 5o'+ 2a''b—4a^b^ quotient. 

■ (i'~4a=6+26 = 

Kem.—20a^b-\-3a^b^ — 6a^6=— 4a^t^+Sa=i^ 
-\.20a%~8a^l)^-\~l6a*b^ 

rem. +!0fl*6»— 4a^6-'+8a=&^ 



The sign of the first term 5 a' of the dividend being the same 
as that of 5 a'', the first term of the divisor, the sign of the quo- 
tient must be +, hut, as it is the first term, the sign is omitted. 

By dividing 5 a' by 5 a*, we have for the quotient a', which we 
write under the divisor. 

Multiplying successively tlie three terms of the divisor by the 
first term o' of the quotient, and writing the products under the 
corresponding terms of the dividend, the signs being changed to 
denote their subtraction (20), we have the quantity 

~6a'' + 2a^b—4a^b\ 
which with the dividend being reduced, we obtain for a remainder 
— 20 a^b -j-Sa^b' — 6 a*b^ —4 a' h" + 8 a^ b^. 

By continuing the division with this remainder, the first term 
— 20 a^ b, divided by 5 a* will give for a quotient 4a^b, this 
quotient having the sign — , as the dividend and divisor have 
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different signs. Multiplying it by all ilie terms of tlie divisor 

and changing the signs, we obtain llie quantity 

SOo^fi — 8on= -f lCan = , 

which taken with the dividend and reduced, gives for a remainder 

+ 10a*6= — 4a=6* + 8a>i^ 

Dividing the first leim of tlus new d udend 10«*5=, bj the 

first term, 5 o'', of the diUior and miilirpljmg thettlolt d viaor 

by the result +2 6', wi img the produc s under (he dmdend, 

the signs being charged, and making the reduction we find that 

nothing remains, wh ch shows tint + 2 b^ is the last term of the 

quotient sought. The quoirent therefore has Iwr Us expression 

44. ll is proper to remark here thnt in dni'iioii, the tnultiph 
cation of the dilTerent teims ol (he quotient bj the diviior often 
produces terms that are not lo be found in the dividend and 
which it is necessarj to divide by the fir^t teiin of the divisor 
These terras are such as dealtoj ihemsehes since the dividend 
has been formed bv the multiphcalion of the two factors, (bp 
quotient end the dinior See a lemarkahle evampie of these re 
ductions ; 

Let o^ — b" be divided by a — b. 

Division. Multiplication. 



„._J. |o-6 
— o'-}-n= hU^ + ali + b' 

+ a'b — l' 
— a'b+nb' 


o —b 

+ „. J_„6- 
+ ab' — b^ 


+ ab'—b' 
— ab' +b^ 


Result a' — b'. 





The first term n' of the dividend, divided by the first term a 
of the divisor, gives for the quotient a' ; mulliplying this quotient 
by the divisor, and changing the signs of the products, we have 
— fl' + n" 6; the first term — a= destroys the first term of the 
dividend, but there remains the term a' b, which is not found at 
first in the dividend. As it contains the letter a, we can divide 
it by the first term of the divisor, and obtain + a i. Muhiplying 
this quotient by the divisor, and changing the signs of the pro- 
ducts, we have — a' b + a b' ; the term — a' b cancels the one 
above it, but there remains the term + a h', which is not in the 
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dividend. This being divided by a gives for the quolleiit -{- 6" ; 
iniilliplying ihis quoiient by llie divisoi' and changing llie signs, we 
have — a !)^ +^'> 'be fiisl term — aO^ deslioys the first term 
of the dividend, and the second +6' destroys the other — 6'. 

The mechanical part of the operation will be belter understood, 
if we look for a moment at the multiplication of the quoiient 
a^ -{- a /> -\- 6^ by the divisor a — b. We see that all the terms 
reproduced in the process of dividing are those which destroy each 
other in the result of the multiplication. 

45. It sometimes happens that the quantity, with reference to 
which the arrangement is made, has the same power in several 
terms both of the dividend and divisor. In this case, the terms 
should be written in the same column, one imder the other, the 
remaining ones being disposed with reference to another letter. 

Let there be 
— a^6^ -\- b^ c* — a' C*— a^ + 2 a* c" +1^ + 26*0' + a" b*, 
to be divided by «= — b^ — cS. 

Arranging (he first of these quantities with reference to the 
letter a, we place in the same column the terms — a*b^ and 
-\-2 a" c' ; in another, the terms -j- «" b* and — a^ c^ j and in the 
last column, the three ierms -\~b^, ■^2b*c', -{- b^ d*, dispos- 
ing them with reference to the letter 6, as may be seen in the next 
page. 

The first term aP of the dividend being divided by the first 
term a' of the divisor, gives for the first term of the quotient 
— a* ; forming the products of ibis quoiient by all (he terms of 
the divisor, changing the signs of the products in order to sub- 
tract tliem from the dividend, and placing in the same column 
the terms containing the same power of a, we have, after the 
reduction of similar terms, the first remainder, which we take for 
the second dividend. 

The first term — 2a^6= of this new dividend, being divided 
by a", gives for the second term of the quotient — 2a^6'; form- 
ing the products of this quotient by all the terms of the divisor, 
changing the signs of the products to indicate their subtraction 
from the dividend, and placing in the same column the terms con- 
taining the same power of a, we have, after the reduction of simi- 
lar terms, the second remainder, which we take for the third 
dividend. 

The operation being continued in the same manner with the 
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second remainder and the following ones, we shall have three 
terms in the quotient. The last being mnltiplied by all ilie terms 
of the divisor, furnishes products which, being subtracted from 
the fourth reniainder, exhaust it entirely. As the division admits 
of being exactly performed, it follows, that the divisor is a factor 
of the dividend. 

— a^—aH" +a^b' + &« 

. ., + *° 



j_6=_c^ 



+ a 



1st. rem 


~2a^ 


J. +a'b-+ I' 




+ 


a 


c'—a'c' +24' c= 
+ b'c' 




-}-2a* 


h'—2an' 








~2a'b'c' 


2d rem. 


+ 


»' 


c'— a'b- +4« 

— 2o"4'c»+2J'c 

— o'C +b'c' 






a 


c= + a' b= c= 


3(1 rem. 






— a' b' + 4« 

— o"4>c- +%b-c- 

+ b-c' 
+ a- 6- —4' 

— 4"e" 


4th rein 






— «"4-e" +4'c' 
+ S-C' 











46. The form under which a quantity appears, will sometimes 
immediately suggest ihe factors into which ti may be decom- 
posed. If we have, for example, 

8a6_4(,3 62 _^ia=-{-2a'~b= +1, 
to be divided by 2 a' — J' + 1 ; as the divisor forms the three 
last terms of the dividend, it is only necessary to see if it is a fac- 
tor of the three first ; but these have obviously for a common fac- 
tor 4«=, for 8 d^ — 4a= 6= + 4a= =4 a" (2 a' 6^ + 1). 
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The dividend then may be represented by 

4a=(2a^~i' + I) _|. 2 a= — 6' + 1, 
or (2a=-6= + i){4«= + l) 

The divi'iion is performed at once by suppressing ihe factor 
2a^ — 6' + 1, equal to (he divisor, and the quotient will be 
4«=+l. 

After a httle practice, methods of this kind will readilj occur, 
by which algebraic operations are abridged. 

By frequent exercise in examples ol tins kind, the resolution of 
a quantity into its factors is at kngib easilj performed ; and it is 
often rendered \erj conspicuous, when, mstead of perloiming the 
operations represenled, they are only indicated 

Examples in Multiplication of Compound Quantities. 

1. (3a4-36 + 4c) XC3a + 36 — 4c) 

= 9a3+ l8ab-\-9b^-~-l6c'. 

2. (4a4-46 — 3c — 6rf)x(4o-|-4t4-3c4-6d) 

= m a^ + 32 ah + IG b^ — 9 c^ ~3(ic d — 36 ^. 

3. (^5a^ — 3ab + -7P)x (3« — t) 

= 15a»-.14aH + 24a6^ — 7 63. 

4. (5a6 + 3flc — 4ic) X (7 ai — 13 ac +26 c + (/) 

=:35a=62 — 69o^6c— iBab^ c + 5 abd—MoF(? 
-\-78ab(^+3acd—Sb^<?—4hcd. 

5. {a+b + c-\-d) X [a — b — c — d) 

^a'' — b'^ — 2bc — 2bd — <^ — 2cd — iP. 

6. (_2« + 36 — c^) X( — 3/-7a + c=) 

^6«/— 9 6/+3cV+14«'~21a6 + 5ac« 
+ 36c^ — c^. 

7. (3 a + 4 c — 5 rfj + (6 A — 7 n — ra) X (3 « + 4c 

_5d) — (66— 7m — Om) 

= 9a2 + 24ac — 30ad+16e^— 40crf + 25(? 

_ 36 ^2 ^ 34 J „ _ 49 „a ^ 72mt— 84n ro — 36 m^. 

Examples in Division of Compound Quantities. 

1. (4ac— 2a<ie)-i-2a = 3c — 2de. 

2. (8a3 — 6a6)^ — 2a=— 4a + 36. 

3. (a6 — «c)-H(6-c) = a. 

4. {ac-~hc-\-ad — bd)-^{a~l)=.c + d. 
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5. 4a^-\-6ah—4ax-\-9bx~15o;^)~{2a + 2x) 

= 2a-j-3t — 5*. 

6. (4jP + 4x'^ — 29x + 21)^{2xS) 

7. (SQ a^ — 12 ab + 4b^ — 3 b a c -+. I2b c + c^) -^{0 a 

— 2&~3c) 

= 6a~-2b — 3c. 

9. la'' — 9^b^—6ab(^~c^}^(a^~3ab — ^} 

— a^ + S(tb + <^. 

10. (64 a= + 64 J + ] 6 i^ — 9 d^ — 48 (i— 4) H- (8 a 

4.46 + 3(/+8) 

— 8a + 4i — Qd~e. 

11. (32aS + 65j_^f2a + 6) 

= U a^ — 8 a^ b + 4a^h^ — 2 aP + h\ 

12. (18n^ + 3aoi+42ac— 13 arf — 30 S^ + 124 ic 

+ 8 6 <i — 1 6 c= — 32 c rf) H- {6 a 4- 1 5 6 — 2c — 4</) 
= 3a~26 + 8c. 

Of .Algebraic Fractions. 
47. When we apply the rules of algebraic division to quanti- 
ties, of which the one is not a factor of the oilier, we perceive 
the impossibility of performing it, since in the course of the oper- 
ation we arrive at a remainder, (he firDt term of which is not 
divisible by that of the divisor. See an example ; 

— n' — ab^ \ a -\-b 



1st rem. a^ b — a6» -f 2 6' 

— 0=6 — i = 



— ab^ + b\ 
The first term, — a b^, of the second remainder cannot be divid- 
ed by a=, the first term of the divisor; so that the process is 
arrested at this point. We can however, as in arithmetic, annex 

to the quotient a -|- A the fraction —~rTi — i having tlje re- 

maioder for the numerator, and the divisor for the denominator ; 
BDd the quotient will he 
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It is evident, that the division must cease, when we come to a 
remainder, the first term of which does not contain the letter xoith 
reference to which the terms are arranged, or to a power inferior to 
thai of the same letter in the first term of the divisor. 

48. When the algebraic division of the two quaoiiiies cannot 
be performed, the expression of the quotient remains indicated 
under the form of a fraction, having the dividend for tlie nume- 
rator, and the divisor for the denominator ; and to abridge it as 
much as possible, we should see if the dividend and divisor have 
not common factors, which may be cancelled (38). But when 
the terms of the fraction are polynomials, the common factors are 
not so easily found, as when they are simple quanlities. They 
are in genera! to be sought by a method analogous to that, which 
is given in arithmetic for finding the greatest common divisor of 
two numbers. 

We cannot assign iho relative magnitudes of algebraic expres- 
sions, as we do not give values to the letters which they contain ; 
the denomination of greatest common divisor therefore, applied to 
these expressions, ought not to be taken altogether in the same 
sense as in arithmetic. 

In algebra, we are to understand by the greatest common divisor 
of two expressions, that which contains the most factors in all 
its terms, or wliich is of the highest degree (27). Its determina- 
tion rests, as in arifhmetic, upon this principle ; Every common di- 
visor to two quantities must divide the remainder after their division. 
The demonstration given in arithmetic (art. 61.) is rendered 
clearer by employing algebraic symbols. If we represent the 
common divisor by D, the two quantities proposed might be 
expressed by the products AD and BD, formed from the com- 
mon divisor and the factor by which it is multiplied in each of 
the quantities. This being supposed, if Q stands for the entire 
quotient, and R for the remainder resulting from the division of 
AD by BD, we have AD =BD X Q + fi {Aritk. 61) ; divid- 
ing now the two members of the equation by D, we obtain 

and since the first member, which in this case must be composed 
of the same terms, as the second, is entire, it must follow, that 

jj is reduced to an expression without a divisor, that is to say, 

that R is divisible by D. 
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According to this principle, we begin, as in arithmetic, by 
inquiring whether one of the quaniitiei w nol itself the divisor of the 
other; if the division cannot be exactly performed, we divide the 
first divisor hy the remainder, and so on ; and that remainder, 
which mil exactly divide the preceding, will be the greatest common 
divisor of the two quantities proposed. But it will be necessary, in 
the divisions indicated, to have regard to what belougs to the na- 
ture of algebraic quantities. 

We are not, in the first place, to seek a common divisor of two 
algebraic quantities, except when they have common letters ; and 
we most select from them a letter, wilh reference to which the 
proposed expressions are to be arranged, and that is to be taken 
for tlie dividend in which this letter has the highest exponent, the 
other being the divisor. 

Let there be the two quantities 

3„3_3a= b +a6" —6', 
4a^b~5ab= + b\ 
which are already arranged with reference to the letter a ; we 
take the first for the dividend, and the second for the divisor. 
A difficulty immediately presents itself, which we do not meet 
with in numbers, and this is, that the first term of the divisor 
will not exactly divide the first term of the dividend, on account 
of the factors 4 and b in the one, which are not in the other. But 
the letter b being common to all the terms of the divisor and nol 
to those of the dividend, it follows (40) that & is a factor of the 
divisor, and that it is not of the dividend. Now every divisor 
common to iwo quantities, can consist only of factors which are 
common to the one and to the other ; if then there be such a di- 
visor with respect to the two quantities proposed, it is to be looked 
for among the factors of the (juantity 4a= — & a b -^ b^ , v/hich 
remains of the quantity 4a^b — 5 a 6= + &^, after suppressing 
b ; so that the question reduces itself to finding the greatest com- 
mon divisor of the two quantities 

3a^~Sa'b +a5^— 6% 
4a'— ^ab +6^ 
For the same reason that we may cancel in one of the pro- 
posed quantities the factor b which is not in the other, we may 
likewise introduce into this a new factor, provided it is not a 
factor of the first. By this step, the greatest common divisor, 
which can consist only of terms common to both, will not be 
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afFected. Availing myself of this principle, I multiply the t{am- 
tity 3«' — 3a= & + nJ= — i' by 4, which is not a factor of 
the quaniity 4 n' — 5 a i -[- &" , in order to render the firet term of 
the one divisible by the first term of the other. 
I shall thus have for the dividend, the quantity 
\2a= — \2a^ b -\- Aab^ —Ab", 
for the divisor tlie quantity 

4a''—bah~\-b^, 
and the quotient will be 3 a. 

Miilli|)!ying the divisor by this quotient, and subtracting the pro- 
duct from the dividend, I have for a remainder 

3a= t + ni''— 4i'; 
a quantity which, according to the principle stated at the com- 
mencement of this article, must have wiih 4 a^ — 5 o 6 + 6' , the 
same greatest common divisor as the first. 

Profiting by the remarks made above, I suppress the factor b, 
common to al! the terms of this remainder, and multiply it by 4, 
in order to render the first term divisible by that of the divisor; I 
have then for a dividend, the quantity 

12 «= -[-4a6— 16S% 
and for a divisor, the quanlily 

4aa —bab +6" ; 
and the quotient thence arising is 3. 

Multiplying (he divisor by the quotient, and subtracting the pro- 
duct from the dividend, we obtain the remainder 

19a6— 19&=, 
and the question is reduced to finding ihe greatest common divisor 
to this quantity, and 

4a=— 6nS + i^ 
But the letter a, with reference lo wich the division is made, not 
being in the remainder, except of the first degree, while it is of 
the second degree in the divisor, it is this which must be taken for 
the dividend, and the remainder must be made the divisor. 

Before beginning this new division, I expunge from the divisor 
lOdJ — 19 6=, the factor 19 6, common to both ihe terms, and 
which is not a factor of the dividend ; I have then for a dividend, 
the quantity 

4a= — 5aJ + 6^ 
and for a divisor 

a — b. 
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The division leaves no remainder ; so that a — b is the greatest 
common divisor required. 

By retracing these steps, we may prove a posteriori, that the 
quantity a — b must exactly divide the two quantities proposed, and 
that it is the most compounded of those which will do it. la di- 
viding by n — b the two quantities proposed, 

3a^~3a'b-i-ab= — b', 4 a' 6 — 5a6= +&% 
we resolve them as follows ; 

(So- +S") (a-J), (4«J-J') {«-J). 
49. When the quantity, which we take for a divisor, contains 
several terms having the letter, wilh reference to which the 
arrangement is made, of the same degree, tliere are precautions 
to be used, without which the operation would not terminate. 
See an example of this. 
Let there be the quantities 

a^b-i-ac^—d\ ab — ac-l-d'; 

if we make the preparation as for common division, 

a^ b -\- ac" — d^ \ ab — ac-\- d' 

Rem. a^c-^a c^ — ad^ — d 

by dividing, first, a^ bby ah we I ave lor the quot eta i h 
plying the divisor hy this q ot ent i d subtract g tl e products 
from thb dividend, the rema der w 11 co ta n a ne v term n 
which a will be of the "secon 1 deg ee an elj c ar s " from 
the product of — ac hy a. TI u no ( ro"' ess Hs bee lale 
for by taking the remainder 

a' c-\- ac^ — ad^ — d^ 
for a dividend, and multiplying by b, lo render the division possible 
by a b, we have 

a^ bc'\-ahc' — ab d'' — Sd= | gh — ac-\-d^ 

— a° ic + a ^ c^ —aed^ ^| ac 

Rem.a^ c^ J^ab c^ —ac d^ — abd^ —bd'', 

and ihe term — ac produces still a term o= c', in which a is of 

the second degree 

To a\oid this inconvenience it must be observed that the 
divisor ab — ac+(f=^n(fi — i-)-\-d^, by uniting the terms 
ah — a cm one, and, lor the '■ake of shortening the operation, 
miking 6 — c = m we have foi the dinsoi am.-\-d , but then 
the whole dividend must be multiplied b) the f'ictor m to make 
a new dividend the first term of which may be divided by a m, 
the first term of the divisor , the operation then becomes 
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a^ hm-\-ac^ m — rf^ml am,-\- d^ 

— •a^ hm — ah d^ | ^6 -[- c^ 

1st rem. — abd^ +ae^m — d^ m 
— ac= m — c^ d^ 

2cl rem. — ahd^ — c^ d^ — d^ m. 
The terms involving o,^ ntivv disappear from the dividend, and 
there remain only the terms which have the first power of a. 
To malte tliese disappear, we first divide the term ac^ mhy am, 
and it gives for a quotient e= ; multiplying the divisor by this 
quotient, and subtracting the products from the dividend, we obtain 
the second remainder. Taking this second remainder for a new 
dividend, and suppressing the factor d", which is not a factor of the 
divisor, we have 

which being multiphed anew by m, becomes 

— abm—Cm — dm^ I a m + .?' 
-\- abm-^-bd" | — j"^ 

Rem. -\- b d^ — c^ m — dm^. 

The remainder bd^ — c= m — dm^ of this last division, not in- 
volving a, it follows, that if the proposed quantities have a common 
divisor, it is independent of the letter a. 

Having arrived at this point, we can continue the division no 
longer with reference to the letter a; but it will be observed, 
that if there be a common divisor, independent of a, to the quan- 
tities bd- — c= m — dm'' and am-\- d^, it must divide separately 
the two parts am and d" of the divisor; for if a quantity is arrang- 
ed with reference to the powers of the letter a, every divisor of 
this quantity, independent of a, must divide separately the quanti- 
ties multiplied by ihe different powers of this letter, 

To be convinced of this, we need only observe, that, in this 
case, each of the quantities proposed must be the product of a 
quantity depending on a, and of the common divisor, which does 
not depend upon it. Now if we have, for example, the expression 

Aa ' -\- B a= -\- C^ a"" -\- D a -\- E, 
in which the letters A, B, C, D, E, designate any quantities 
whatever, independent of a, and it be multiplied by a quantity M, 
also independent of a, the product 

MAa* +MBa' +MCa'' +MDa+ME, 
arranged with reference to a, will contain still the same powers 
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of a as before j but the coefficient of each of these powers will be 
a multiple oiM. 

This being supposed, if we restore the quantily {i — e) in the 
place of m, we have ihe quantities 

bd= — c^ (6_c)_d(6_c)=, 

and it is evident, that h — e and rf" have no common factor. 
the two quaolities then uoder consideration have not a common 
divisor. 

If it were not evident by mere inspection, that there is no 
common divisor between 6 — c and (?', it would be necessary to 
seek their greatest cotntnon divisor by arranging them with refer- 
ence 10 the same letter, and then to see if it would not also divide 
the quantity 

bd^—c' (b-~c)—d{b-~cy. 

50. Instead of putting off to the end of the operation, the inves- 
tigation of the greatest common divisor independent of the letter 
with reference to which the quantities are arranged, it is less 
trouble 10 seek it at first, because, for the most part, the operation 
becomes more complicated at each step as we advance, and the 
process is rendered more difficult. 

Let there be, for example, the quantities 

a' J» -f «= b= + 6'c" —a' c^—anc^ —6= cS 
a^b + ab' -\-b' —a' c—ahc~bU; 
having arranged them with reference to the letter a, we have 
(b'—c')a' +(b=-bc')a'+b'c'—b^c\ 
(^b-c)a^ + (b--bc)a-\-P-b^c; 
I observe, in the first place, that f 1 y 1 d 

which is independent of re, it mus d d h 1 1 q 

miiltiphed by the different powe f ( J) II i 

quantities i* c° — 6^ c^ and 6' — b lid I 

tetter. 

The question is reduced then to fi d 1 ra d f 

the two quantities i" — c' and b — d d m h h 

among these divisors there is to b f d hi II d d 

the same time 

b' — be' and b^ — be, 6* c' — 6^ c' and b' — b^ c. 
Dividing 6' — e* by 6 — c, we find an exact quotient b -\-c; 
b — c then is a common divisor of the quantities b' — c" and 
b — e, which evidently admit of no other, since the quantity b — c 
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is divisible only by itself aod by unity. We must now see wheth- 
erb — c will divide the other quantities referred to above, or 
whether it will divide the two quantities proposed ; it is found that 
it wiil, and it gives 

{i + c)<,' + (f +hc)a' +b'c- + b- c; 
a'+ba + b: 
To bring these last expressions to the greatest degree of siiu- 
phciiy, we should see if the first is not divisible by b -\-c; k ap- 
pears upon trial that it is, and we have only to find a common 
divisor to the quantities 

a^+ba -\-b\ 

By proceeding with these as the rule prcscnbes, we come^ 
^itel the second division, to i remainder containing the letter a of 
the first power only, and as this remainder is not the common 
divisor, we conclude tliat the letter a does not make a part ol the 
common duisot sought, which therefore c-in consist only of the 
factor b — c. 

II, beside this common divisor, another had been found, mvolv- 
ing the quantii) a, it would haie been necessary to muhiplj these 
two dnisors together to obtain the common diviaor souf,ht 

These remarks will enable the leirner, alter a little practice in 

analjsis, to find in every case the greatest common divisor He 

wdl determine without difficulty that the quantiues 

Ca^4- 15a*& — 4a3(;a_ lOa= Sc», 

9a3 6 — 27a= 6c-^e«ic» -^ IS bc^, 

have for their greatest common divisor the quantity 3 a' — 2 c» . 

51, The km fundamental operations, addition, subtraction, 
multiph cation, and division, we perform in algebra as in arithmetic, 
observing merely to proceed, in the operations prescribed by the 
rules of arithmetic, according to the methods given for algebraic 
quantities. I shall, therefore, merely suggest these methods, 
giving an example of the apphcation of each. I shall begin as I 
did in arithmetic, with the muhiplication and division of fractions,) 
as they require no preparatory transformations. 

(1.) For mulliplicaoon, we have 



^ X e = -T- {Jlritk. 53), 

5X5=0 (■«'■•■'*• '»)■ 



Alg. 
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(2.) For division, 

^ divided by c, gives^or^X^ {Arilh. 54,70), 
I divided by ^ gives ^ x ^ ^ ^ {^irUh. 73). 

(3.) Tbe fractions r, -, being reduced lo ifie same dciioraiTia- 
tor, become respectively 

The fractions, 

^ £ i € 

by the same reduction, become respectively 
adfh cbfk ebdh gbdf 
bdfh' bdfk' bdfk' bdfh' 
52. I have given, in art. 79. of arithmetic, a process for obiain- 
mg, in certain casus, a denominator more simple, than thai vvlilch 
resuhs from ihe general rule ; it may be much simplified by means 
of algebraic symbols, as we shall see. 

If, for example, we have the two fractions ^, ;->, it is casv to 
be bf 

see that the two denominators would be llie same, if/ were a 

factor of the first, and c a factor of llie second ; we iniLliiply (hen 

the two terms of the first fraction by /, and the two terms of llie 

second by c, which gives ^^ and ,-^, more simple than "/ -- ^ 

and jy^j") obtained by multijjiying by the original denominators. 

In general, to form ike. common denominator, we collect into one 
product all the different factors raised to the highest power found in 
ihe denominators of the proposed fractions ; and it remains only to 
multiply the numerator of each fraction hy the factors of this pro- 
duct, which are wanting in the denominator of the fraction. 

Having, for example, the fractions -j^, ^--^, and — , I form the 
b^c' bf c g' 

product h^ cfg ; I multiply the numerator of the first fraction 

by/^, that of tbe second by leg, that of third by h^ f, and I 

obtain 

«/g hcd g b^ef- 

b'cfg'' b^cfg' b'cfg' 
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53. The sum of the fractions 

a 6 c 

(T d' d' 

which have ihe same (Jenominator, or 

3 + 5 + 3 = °— .— (■«"'"'')• 
TfiB difference of the fractions 

3 ■"'■ 5- 
which liave ihe same denominator, or 

g _ b _ a — b 
d d~ d ' 

The whole of a added to the fraction -, or the expression 

„ + 5 ^ ?i + ^ = ii±^ (Aid. 81). 

Also, llie expression 



Reciprocally, 

1,= „„„„;„„ °Jl+i 






the expression := =^a . 

The terms of the preceding fractions were simple quantities ; but 
if we had fractions, the terms of which were polynomials, we 
should have to perform, hy the rules given (or compound quanti- 
ties, the operations indicated upon simple quantities; it is thus that 
we have 

e + d ^ c~d~ (c-|-rf)(c— rf) ~ c'—d" 

The quotient of the fraction 



'^ c + d ^ a — b~ {c-\-d){tt — b) "^ ac + ad~bc — bd' 
and so of other operations. 

54. Understanding what precedes, we can resolve an equation 
of the first degree, however coniphcaied. 

If we have, for example, the equation 



(a + t)(,-.) 



+ 46 = 



J+!' 
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we begin by making the denominators to disappear, indicating only 

the operations ; it becomes then 

{a+b){x-c){3a+b]+4b{a-b)(3a+b)=2x(a-i){2a+6)~ac{a~b); 

performing ihe in uUi plications, we have 

3a'x + 4abx + b^x — 3a'c — 4abc—bH-\-12a'b~Sai)^—'ib^ 

= 6a' x — iabx—2b' x—a^ c + abc; 
transposing to one member all the terms involving x, it becomes 
—Sa^x+Sabx+^b'x = Za^c + 6abc + b''c—12a'b+8ab''+4b\ 
from which we deduce 

2a'c + 5abc+b=c~l2a^b + 8ab^ + ih^ 

f!xamples in Division in which the Divisor is not an Aliquot Part 
of the Dividend. 

1. i^{^i^h) = l+b + b^ +b^+b*+ 

2. 1-^{1 +b)= 1— 6-f j3_63 + 64_ 

^.c^{a-b)=l + '^, + '-yi + '^+ 

--(« + ^)-^-^ + ^-^+ 

Examples in the Reduction of Fractions. 
, 3a c , ^ _ l^ad+Sbc + aObd k 
'• 54"*"4(i + ''— Wbd 

_ adfh + bcfh — bdeft—bdfg — bdfkk 
bdfh ■ 

1 1 1 _ >,-„ + „« 

^' s-f +;- — T^e — • 



b' — bc 

■ —5^+^ = 50, 



—5oi-c+o' 
4'— 6t 
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icg + « 


4e^-» 




2 


2 "• 




3(1 — 46 


2o_S_c , 151. — 4e 86O-206 


7 


3 1 


12 84 


Sa+Hb 


Sid — Ha — 3d 


12arf+36rf + 2<i + 3rf 


c 


icd 




. + . + , 


a — z~ a^ — s>" 




3o + 2s 


5.-. « _«> 


1 — 4«".— llo«'— 2." 


« + . 


2. (."-.■) 


as 


fl — z 3a2 — o^- 


-a" 


a»— a^ 


. + . ..-.> 




«3 
(<■ + »)' 


o6 6 . 




3* 


. 2J + . 


5 


(4-2.y 


' ' (*+i)(*-2«) 


A — X 




20ftz — 22i' 





~ {k — z) (A^— 4Ax + 4icS)' 



Examples in the Reduction of Fractional Expressions to their Sim- 
plest Terms, 



ax + x^ a+x 
■dbx^cx-'Zb — c' 


14n= — 7a6 7fl 


I0ac — 56c 5c 


12a3^ + 2a=z5 "la" x^ 


18 ab^x-\- -6 b-^x^~ 36= " 


5a' +5aa:_ 5a 


aS — 13 o^+ai + i' 


(a-.)- a-. ■ 


n3— 2n= n' 
„»_4„ + 4~tt-2- 


l;3_j.2j_3 j_l 


a;i_j-5i_6 a; + 2' 


2i3 + 3i"+E 2r+l 


a^b^+c^T> a^b^ — abcx+c'x* 


aH'—c'z''' ab — cx 
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]3. 



11 a' + b^ + c ' +^<ib + 2ac + 2 hc_a+h + c 
a^—h^—c^ — ^Zbc —a^b — c 

a" —3ah + ac + 2b^ — ^hc _ a— 2b 

„2_6. _^2 6c — c= — a^ii — c 

{a+b){a + h + c)[a+ b - c ) 
2 o^ 69 + 2 a^ t^ + 2 ti^ tS — a'i'^^^¥ — c* 
__ (a+h)(a + b + c)(a-]^b- c) 

^6 . 

-{c + a-b)(b-a-i-cy 

Examples in the MuhipUeation of Fractional Expressions 



_ 3^ _ 39 ae _ ]8 a h 21a 
~ bd WOi 2J6dg-+ 5 ■ 

Examples in Ike Division of Fractional Exp; 



j^ «> + »■» ^ a __ W + ti'^ 

a*cz^— cj:3 4.a'</f'— rfa^ ^ g'a^ — ^^3 _ fi-f-rf 
ac — arf + cz— rfi: * a+T~— ri::rf' 

24a'c — 6jiV— 4^'^+ 63(j ^ 4a* — fca __hc—d 
32a6+8a» + 46» + 6^ ' "8a-}-6 " 4T+n * 
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. /„ , 7oS 21o. St' J 83Sc 3c"\ 
b. (^J a 5 3 3- + —8 T) 

^(3. -5j+i-«)^, + !_.,. 
-(¥-¥+»)=v-¥+i- 

^' (n--T + H + 3i-j7)^(i--3) = ?-"d+; 

Equations of the First Degree with One Unknown (Quantity. 

2. 13^ — ^ — 2^ — 82. a;rrf). 

3. 121 4-3a^— 6 — ^^^ — yf-. 3^ = 1394-. 

16 3 

5. — _,-r= — 1^+4121 — ^,T — 3IG^. x = — 80||. 

„ 2« — r, , 10 — j: lO-r — 7 5 

7. 4^__H±.^_£^15__l54lL'. ^^3. 

^ x = 6. 
• 4a. + TV- '*'^^''' 



5 "^ 4 

6]: 4- 8 5r^ + 3 _ 27~4i: 3 i: + 9 
■ ~^Tl ^ ~ A ~ 2 ' 

£--23 __ I2+_7j 
Hi 9 

9+5x II g; — 17 



ar— 15. 
10. 3-25k — 5-O0T — x=: 0.2 — 0.34 X. a: i=2-0i0424. 



n- = « + ^ + - 

12 - + ^^ + °^-^^A. . = . 



^(l-3«6) 



13. - — 1— ~ + 3a6 = 0. x=i- 

14. ^_dc=:6:r-«c. ^z= 11*^:4(4^). 
6 — c -a' — 6* +6c 
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15. 


^=..+. + 1.. = !^. 


16. 


,_„ 1 ■■(—.) ._.(»-3. + 3.) 




°+ 3» + . ■ ,-<■ + „ • 


17. 




18. 


«»" - /»" , ed-af af-cd 
a+bz~d+,z '- l,f-ce--c,-lf 


19. 


3a_5.^2„-._a+/ _,^ 




^rf(/-2«)-2«(<i-t) 




(a-.H^'-lJ-S-i- 



20. (o + ap)(S + »)-»{6+c) = \i+«-. » = 



Of Ques( n ha g 



I of JVegative 



tiered, involve 

f f 1 -ith the known 

t I [iiestion. It is 

mpl J two unknown 

p d or implied, two 

! wliich llie two 

1 me lime. 

ted in art. 4., 
n q s, that is, with 



55. Th 1 11 

only one u k q by 

quaniilies, p d II ! 1 

often more n me q 

quantities ; b 1 1 m b I 

conditions, d 1 q 

unknown q 1 d d 

The que 3 p lly 

presents iis If [ly h w k n 

both (he numb gl I d d f w d 

! I by^r 

I s lyy 

I urn b) 
1 da bj 6 

we have, by he enun f h q n 

x + y = a, 
y — x = b. 
Each of these two equations being considered by itself, we can 
determine one of the unknown quantities. If we take the second, 
for example, we deduce the value of y, which is 

a value, which seems at first to teach us nothing with regard Iff 
what we are seeking, since it contains the quantity x, which' is 
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not given ; but if, instead of the unknown quantity y in the first 
equation, we put this, its equivalent ; the equation, containing now 
only Olio unknown qnanlily x, will give the value of x by the pro- 
cess already taught. 

We tiave in fact bv this substitution, 

3r + S = a, 



• lastly, 






«=- 


"IT- 




,.1 pmti,,,; 


lliis value of 


X in 




3ssion for 
- 2 ' 


». 



we have then for ilie two unknown numbers the same expressions 
as in art. 3. 

It is easy to see indeed, lliat tlie above solution docs not diifer 
essentially from lliat of art. 3. ; only i iiavc supposed and resolved 
the second equation y — x^:.b, which I contented myself wilh 
enunciating in common language in the article cited; and from it 
I deduced, without algcbiaic calculation, that ihe greater number 
was X -\- b. 

50. 1 take another question. 

A laborer having ivorlced for a penoji 12 days, and having 
with him, during the first 7 days, Ms wife and son, received 74 
francs; he worked afterward with the same person 8 days more, 
during 5 of which, he had with him his loife and son, and he re- 
ceived at this time CtO francs ; how much did he earn per day him-' 
self, and how much did his leife and son earn 9 

Let a; be the daily wages of the man, 
y that of his wife and son ; 

12 days' work of the man will amount to 12 x, 
7 days' work of his wife and son, 7 y ; 

we have tben by the first statement of the question, 
i2x + -7y=74; 
S days' work of the man will give 8 x, 
and 5 days' work of his wife and son 5y ; 

we have then by the second statement 
8x + 5y— 50. 

Proceeding as in ibe preceding quesiion, we take the vaiue of 
y in the first equation, which is 

Al^. 9 
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74— 12 « 
9 = j~, 

and substitute this value in the second, multiplying it by 5, the co- 
efficient, and it becomes 

an equation, which contains only the unknown quantity v. By re- 
ducing it we have 

56 a; + 370 — 60 a? = 350, 
370 •— 4 a- =350; 
transposing — 4^ to the second member, and 350 lo the first, we 
obtain 

370 — 350 = 4 a; 
20 = 4 a; 

>V = ■" 

Knowing x, which we hape just found equal to 5, if we place 
this value in the formula 

74 — 12a 

the second member will be determined, for we have 

, — Zimil^l^ — Zii^ _ I^ _ 2 ■ 

thus «/ — 2. 

The man then earned 5 francs per day, white his wife and son 
earned only 2. 

57. The reader has perhaps observed, thai in resolving the 
above equation 370 — 4a:::z350, I have transposed 4 j; lo the 
second member- I have proceeded thus to avoid a shght diffi- 
culty, that would otherwise have occurred, and which I will now 
explain. 

By leaving 4 a; in the first member, and transposing 370 to the 
second, we have 

■—■4 3^=350 — 370; 
and reducing the second according to ihe rule in art. 19., there 
nill result from it 

_ 4 J, _ „ 20. 

But as we have avoided, in (he preceding article, the sign — , 
which affects the quantity 4 x, by transposing this quantity to the 
other member ; and as in like manner the quantity 330 — 370 be- 
comes by transposition 370 — 350 ; and since a quantity, by being 
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thus transferred from one member to the other, changes the sign 
( 1 0), it is evident that we may come to the same result by simply 
changing the sign of each of the quantities — 4^;, + 350 — 370, 
which gives 

4x= —350+ 370, 
or 4x= 370 — 350, 

which is the same as 

370 — 350 = 4 X. 
We might also change the signs after reduction, and the equa- 
tion 

— 4a^z= — 20 
becomes, as above, 

4V — 20 
It follows from this, thai we may iranspose indifferently, to one 
memier or to ike other, all the terms miohtng the unknoun quan- 
tity, obsening merely to change the signs of the two members in 
the result, when the unknown quantity has the ngn — 

5'' Hnving undertaken by means of letleis, a geneni solution 
of the problem ol art 56 , I nil! ao\i eximine a particular case. 
I suppose the fii-'t sum received b) the laborer to be 46 francs, 
and the spcond 30, the other circumslincos remaining as before ; 
the equations of the question will then be 
12x + 7^ — 46, 
8 X + 5 J/ = 30. 
The first gives 



multiplying this value by 5, in order to substitute it in the place of 
5y, in the second, we have 

8. + ^^ = 30; 

the denominator being made to disappear, it becomes 

56a^ + 230 — COa: — 210, 
or mx — QQx — 210 — 230, 

or — 4 a: = — 20, 

and the signs being changed agreeably to what has just been re- 
marked, 



If we substitute this value instead of x in the expression for y, 
will become 
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— 14 



Now how are we to mterpret tlie sign — , which nffecls the m 
eulated quintit} 14' We understand its import, iiiien there are 
two quantities sepanted from each other b) the si^n — ind 
when tie quant fj to 1 e subtracli-d is less thin that fi cm wliicli 
It i^ to be nken, but how cin we inblnct a qLiinlitj when it is 
not connected with inothei in the member wbeie it is found'' 
To clear up this difficuhj it is best to £;o bad to the e \ iation«, 
which e\|iress ll e condiiiois of the question , Ibi the ncaier we 
appro \ch to the enunc alion the closer shill we bring Kgether 
the circumstjnces winch have gnen rise lo ih prcs nt uncei 
tamtj 

T resume the equilion 

12x-\-7y = 4l , 
I put in tht phce ol a. its value 5 and it become 

( + 7 y ^ 40 
This equation, I \ ni le mspection, presents an absurdil} It is 
impossible to mike the nmnbei 46 by adding aoj thmg to the 
nmnbT 60 which eicceeds it alreadj 

I take also the second equation 

8r-f-Oy = oO, 
and pultms; 5 m the phcc ol t I find 

40+ ij — iO, 
the same absurdity as bcfoie since the number JO la to he loimed 
by adding something to the nunibei 40 

Now the quant ties 12 t oi 00 in the first equation, 8 c oi 40 
In the second, represent what the laborer eained by his own 
woik , the quantities 7 y and 5 J stand for the eainings of his uifc 
and son, while the numheis 40 and oO express the sum given as 
tlie common wages of ihe three, we must see then at once in 
what consists the absuidity 

According to the question, the laborer eirned more hi himsell, 
than he did by the iasisiance of his iiile and son , it is impossible 
then to consider what is illovvci! lo the woman and son, as aug- 
menting the pay of the laborer 

But if, mstead of counting the allowance made to the two httei 
persons as pcsitive we regard it is a charge placed to the account 
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of the laborer, then h would be necessary to deduct it from his 
wages ; and the equations would no longer involve a contradiction, 
as ihey would become 

60 — 7 )/ ^ 40, 
40 — 5 1/ — 30; 
we deduce from the one as well as from the other 

y = 2; 
and we conclude from it, that if t!ie Inhorer earned 5 francs per 
day, his wife and son were the occasion of an expense of 2 francsj 
which may otherwise be proved thus. 
For 12 days' labor he received 

5 X 12 or GO francs; 
the expense of his wife and son for 7 days is 

2 X 7or 14 francs; 
there remain then 46 francs. 
For 8 days' labor he receives 

5 X 8 or 40 francs ; 
the expense of his wife and son for 5 days is 

2 X 5 or 10 francs; 
there remain 30 francs. 

It is very clear ihen, that in order to render (he proposed prob- 
blem with the first conditions possible, instead of ihe enunciation 
in article 56., ive must siibstifute this ; 

A l<Aorer worked for a person 12 days, having had vnth him 
the first 7 days, his wife and son at a certain expense, and he re- 
ceived 40 francs; he worked aftertvards 8 days, during 5 of which 
he had with him his ivife and son at an expense as before, and he 
received 30 francs. It is required to find how mnch he. earned per 
day, and what was the sum charged him per day on account of his 
wife and son. 

Calling X the daily wages of the laborer, and y the daily 
expense of wife and son, the equations of the problem will evi- 
dently be 

12^ — 7y ;= 40 
8a?— 5y = 30; 
and being resolved after the manner of those in art. 56., they 
will give 

J! = 5 francs, 1/^=2 francs. 
59. In every case, where we find, for the value of the unknown 
quantity, a numher affected with the si^n — , we can rectify the 
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enunciation in a manner analogous to (he preceding, by exam- 
ining, with care, what ihai quantity is, among those which are 
additive in the first equation, which ouglit to be subtractive in 
the second; Uitt algebra supersedes the use of every inquiry of 
tliis kind, when we have learnt to make a proper use of expres- 
sions affected with the sign — ; for these expressions, being 
deduced from the equations of the problem, must satisfy those 
equations ; that is to say, by subjecting them lo ihe operations 
indicated in the equation, we ought to find for the first member 

a value equal to that of the second. Thus the expression —= — 

drawn from the equations 

8 K + 5 y = 30, 
must, consistently with the value of a; ^= 5, as deduced from these 
same equations, verify them both. 

The substitution of the value of x gives, in the first place, 
CO -|- 7 y = 40, 
40 + 5 y ^ 30. 

l! remains to make the substitution of — ^ in (he place of y ; 

and for (his purpose w'e must multiply by 7 and by 5, having 
regard to ■the sign — , with which the numerator of the fraction is 
afTected. 

If we apply the rule relative (o the signs given in an. 42. for 
division, we have 

7 
besides, by the rule for the signs in multiplication, we find 
7 X— 2=— 14, 
5 X —2— — 10. 
Hence the equations 

60 + 7 y n:: 46, and 40 + 5 y — 30, 
become respectively 

60 — 14^ 46, and 40—10^30, 
and are Verified, not by adding (he two parts of the first member, 
but in reality by subtracting the second from the first, as was done 
above, after considering the proper import of the equations. 

60. The problem in art. 58. does not admit of a solution in 
the sense in which it is first enunciated ; that is to say, by addi- 
tion, or regarding as an accession the sum considered with 



»Goosle 



Equations with Two Unknovm ^uaniities. 71 

reference to the wife and son of the laborei' ; neither does (he 
second enunciation consist with Ihe data of the problem in art. 



If we 




: to consider in 


this case 


y. a 


s expres 


;siiig i 


1 deduction, 


the equations 


thus obtained 


















12 X 


-7y = 


.74, 














S-x 


-5,j = 


: 50, 










would gi. 


i-e 


T = 5, 


and y 


-~ 


-14. 








and the ; 


iuhsli 


lution of liie \ 


ralue of 


X would Jinmedialel}' 


change 



the equations to 

60 — 7!/ = 74, 
40 — 5y = 50. 

The ahsnrdity of these resiiUs is precisely contrary to that of 
the results in art. 58., since it relates to remainders greater than 
the numbers GO and 40, from which die qiiaiiiities 7y and 5y are 
to he subtracted. 

Tlie sign minus, which belongs to the expression of i/, implies 
an absurdity; but ibis is not all, it docs it away also; for, accord- 
ing to the ruie for the signs, 

and —7 X —2 — -f 14, 

— 5 X — 2 = -I- 10. 
Thus the equations 

60— 7)/ = 74, 40 — 5y=^50, 

become 

60 4- 14 = 74, 40 -f- 10 = 50, 
and are verified by addition; consequently, the quantities — 7 jf 
and — 5y, transformed into ■+" 14, -\- 10, instead of expressing 
expenses incurred by the laborer, are regarded as a real gain. 
We are brought back then in this case, also to the true enunciation 
of the question. 

61. We perceive by the preceding examples, that there may be, 
in the enunciations of a problem of the first degree, certain contra- 
dictions, which algebra not only makes Icnoum, but points out also 
how they may be reconciled, by rendering subtractive certain quan- 
tities which had been regarded as additive, or additive certain 
quantities which had been regarded as subtractive, or by giving to 
the ur^nown quantities values affected with the sign — . 



»Goosle 



72 



EUmmts of 1/<^cbra 



Se h n 1 1 und d h | k f 1 

aff d by 1 s — d r 1 11 d I 

1 11 1 I 1 

Illy 

I fll r 1 1 s d b 1 1 

11 ill d g 1 

u 1 a 111 11 fy f 1 

n wll bj m 1: g of 1} 1 1 1 

6 S g q 1 

pllmllg 1 pp 1 1 

m 1 larlj 1 f 1 1 d 

f 11 I n f p f I 111) 



W 1 al e dy m d f I 1 f I gn 1 1 I d 

bp Ijd df irifd 1| 

bill b d d 1 f 

] d q II r 1 I il 

pp 1 1 1 b 1 f 1 p n 

h— h 1 1 q I 1 d bj p 

1 } i S Ij I k 1 d d 

, d 1 1 I fS 11 11 Plly 1 t = 1 1 

d 1 1 i— — b 1 1 ) f 

1 b g I 11 1 

d d fl 1 lb 1 IJ b bl 1 1 p 

b T (1 1 I 1 I g 1 



1 



b d 



1 ) 



Tl e 

k 1 1 II d 1 1 

f d 1 — = B 1 1 1 y b 

b d d 1 r 11 b k 

b ly ly k d f I q y 

bbdqllqyf 11 b 

k Wh f ll q 1 b 5f 3 

h 1 1 J y — 5 k 1 fi [1 a 

i dp5 p3db 

b i h 1 11 1 f 1 1 1 

ta— 1 1 q 1 I 3— — 1 1 

d d — 2 Tl g — 1 1 I d 1 1 

J pi 1 b 1 f 1 d dd d 
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zero. We express llieii, with the help of algebraic signs, the idea 
Uiat is to be attached to a negative qnantity — a, by forming 
hq — =0 by d Ijbl — 

h — b S. 1 I 

Tl b II li II b d d I f dd 

yq yl hyllfi — filh ly ly 

d h I I i b J y d I 

q I h p +b — b I I I lir 

f I 1 y I I I d f 1 

d I +( d— Sd J I b 

B 1 by I I 1 d d+4 I— J 

I p h 1 d b 

J f I q fli ff n w 

+ i I Id IT d h — { 

II d I I I I dd lib 

hd —6 frbq)lh Id 

a + 6, as might be inferred from art. 20. 

With respect to mnlliplication, it will be observed, that the pro- 
duct of o — a by + i must be a 5 — ah, becanse the multipli- 
cand being equal to zero, the product must be zero ; and the first 
term being a &, the second must necessarily be — ab to destroy 
the first. 

We infer from this, that — a, multiplied by -}- h, must give 

By multiplying n by 6 — i, we have still a i — ah, because the 
multiplier being equal to zero, the product will also be equal to 
zero ; it is therefore necessary that the second term should he 
— a 6, to destroy the first -^ ah. 

Whence -{- a, multiphed by — 6, must give — ah. 
Lastly, if wo muhiply — a by 6 — h, the first term of the pro- 
I b d 1 1 J b p d — S 

n yhh d lldb-)-* lid 

m b I 1 h 1 pi I 

Wl — 1 , 1 d h — J + ( 

By h g h 1 g I 1 I f 1 m 

111 1 

Ah fhj bdhlfhd 

d s 1 1 I ] f 1 il , d 

Igfldid ff lljb d 

bllfhgg 4 podlll, 

Al 1 
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which it is necessary to observe in fact, and ihat consequently^ 
simple quantities, when they are insulated, are combined with re- 
ject to tJteir signs, in the same manner, as when ihey malce a part 
of polynomials. 

63. According to these remarks, we may ahvays, when we meet 
with negative values, go back to iho true enunciation of the ques- 
tion resolved, by seeking in what manner tliese values will satisfy 
the equations of the proposed problem j ibis will be confirmed by 
the following example, which relates to numbers of a different kind 
from those of the question in art. 56. 

64. Two couriers set out to mciit each other at the same iimx 
from two cities, the distance of which is given ; we know how many 

miles (a) each travels per hour, and we inquire at what point of the 
rovte between the two cities they will meet. 

To render tiie circumstances of the question more evident, I 
have subjoined a figure, in which the points A and B represent the 
places of departure of the couriers. 

A R B" 

I denote the things given, and ibose required, in llie usual way, 
by small letters. 

a, the distance in miles of ibe poinis of departure A and B, 
h, the number of miles per hour, which the courier from A 

travels, 
c, the number of miles per hour, whlch_ the courier from B 
travels. 
The letter R being placed at the point of meeling of the two 
couriers, I shall call x the distance AR passed over by the first, y 
the distance BR passed over by the second ; and as 

AR + BR = AB, 
I have the equation, 

■ X -{-y = a. 

Considering that the distances x and y are passed over in the same 
time, we remark that the first courier, who travels a number b of 
miles in an hour, wiU employ in passing over the, distance x, a time 

denoted by j. 

(a) In the original tlic distance is given in kilometres. It is here 
expressed in miles lo avoid perplexing the learner. 
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Also the Becond courier, who travels c miles in an hour, will 

emplo)', in passing over the distance y, a time denoted by -; wo 

have then 

/. __ y 
b ~ c 
The equations of the question therefore will be 



Milking the denominator b of ilio second to disappear, we have 

putting ihls value in the place of x in the first equation, it be- 
comes 

and we deduce from it 

hy + cy^ac, whence V = Y^^- 

Substituting this value of" y in the expression for the value of x, 
we obtain 



or lastly 

As the 5 t,n — does not enter into the values of t ind y it is 
evident that whitetei numbeis ari, put foi the letters c 6 e we shall 
always find E and y nilh the s gn -|- anJ theiefoie the question 
proposed will be resolved m the precise sense of the enuncntion 
Indeed it is readily perceived, that in every case where two per 
sons set oli from different pomts and travel toward each other, 
they must necessarily meet 

G") I will now suppose that the two couriers proceed in the 
sime direcnon and that thi, one who sef out fiom H is pursuing 
the one who seti out from B and who is trn^elbng toward the 
same point C placed beyond 5 w th leapect to 1 

It is evident tliat in this cise tlir ciunei who stirta iion the 
point .d cannot come up w ili i!ie ro n ei whi sets off" tiom ilie 
point B unins'- he tr \cls f st r tl in this last and the poi t of 
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coining together, R, cannot be between A and B, but must be be- 
yond B, with respect to j1. 

Having ihe same ihiogs given as before, and observing that 
when 

AR — BR = AB, 
ne have 

x — y = a. 
The second cqiiaiioii, 



eKpressing only the equality of the times employed by the cou- 
riers in passing over the distances AR atid BR, undergoes no 
change. 
The above equations, being resolved like the former ones, give 






hy- 



■"-c^b-c -c(b-c)' 
and laslly x = r — — ■ 

Here the values of x and y will not be positive, except when b 
is taken greater than c, that is to say, except the courier starting 
from the point A be supposed to travel faster than the other. 
If, for example, we make 

6 = 20, e — 10, 
we have 

_ 20 
"■ — 30 — 10 "" 

_ 10 « _ 10 g _ 
y " 20 — 10 ~ 10 ~ " ' 
from which it follows, that the point of their coming together is dis- 
lant from the point A twice AB. 
If we now suppose h smaller than c, and take, for example, 
& = 10, c~ 20, 



- =2a, 



we find 



- 10 « _ !^ 

""10 — 20 ~— 10 

20n _^0_« 
' 10 — 20 ~ — 10 ' 
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These values being affected with the sign — , malte it evident, 
that the question cannot be resolved in the sense in which it is 
enunciated; and indeed it is absurd to suppose that the courier 
setung out from the point A, and proceeding only 10 miles in an 
hour, should ever be able to overtake the courier setting out from 
the point B, and travelling 20 miles per hour, and who is in ad- 
vance of the first. 

6S. Nevertheless, these same values resolve the question in a 
certain sense ; for, by substitaling them in the equations 
x — y = a, 



we have by the rule for the signs 

— a~\~2a~a, 
_ o___2a 
10 ~ 20' 
equations which are satisfied ; since, by making the reductions, the 
first member becomes equal to the second ; and if we attend to 
the signs of the terms wliich compose the first, we shall see 
how it is necessary to modify the enunciation of the question, in 
order to do away the absurdity. 

Indeed, it is the distance a corresponding to x, and passed over 
by the first courier, which is in reality subtracted from the distance 
2 a, corresponding to y, and passed over by the second courier ; it 
is then just as if we had changed y into x, and x into y, and had 
supposed that the courier starting from the point B, had run after 
the other. 

This change in the enunciation produces also a change in the 
direction of the routes of the couriers ; they are no longer travel- 
ling toward the point C, but in an opposite manner toward the 
point C, as represented in the figure below ; 



C R' A B R C 

and their coming together takes place in B'. The result from 
this is 

BR' — AR' — AB, 
wliich gives 

y—x — a; 
we have besides constancy 

X _y_ 
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•^ — c — b "20 — 10 ■" ' 
ac 20 a 

positive values, which resolve the quesiioa in fho precise sense in 
which it is enunciated. 

67. The question we have been considering presents a case, in 
which it is in every sense ahsurd. This occurs wlien we suppose 
the two couriers to travel equally fast. It is evident, tliat in what- 
ever direction we suppose them to move, they can never come to- 
gether, since they preserve constantly the interval of their points of 
departi'rs. This absurdity, which no modification in the enuiicia- 
lion car-, remcve, is very conspicuous in the equations. 

We have now 6 = c, since the couriers, travclhng equally fast, 
pass over the same space in an hour ; the equation 



becomes b~ b' 

and gives a; = y. 

Thus the equation a: — ^y =: o 

reduces itself to x — x = a ot = a, 

a resuh sufficiently absurd, since it supposes a quantity a, the mag- 

Ditude of which is given, to be nothing. 

69. This absurdity shows itself in a manner very singular in the 
values of the unknown quantities 

their denominator becoming when i r:; c, we have 
ab ac 

We do Qot easily perceive what may be the quotient of a di- 
vision when the divisor is zero; we see merely, that if we consider 
6 as nearly equal to e, ihe values of x and y become very great. 
To be convinced of this, we oeed only fake 

6^6 miles, c =z 6,8 miles; 

we then have a; — ^-s = 30 u, 
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If further we take 1 = 6 c = 5,9. 

we have 



'J - Qi - - - 
If moreover we make 

b = r,, c — 5,99, 

it becomes 

' = m = <'<""■ 
j — „ — J 

d f 1 1 (i 1 i p p le 

11 f 1 m 1 d ff f 1 mb t d we 

lid d d 

E q y 1 b k f , 

fll II II k 1 m f 1 m- 

b p d b) 1 1 6 1 d I y bo 

I q I 1 dy h 1 h 

1 h 6 = 

S 11 bp dbyymbb t 

g pp tiy d h f dyx- 

p fhfm"hd fwll ai- 

gdd byblf^y 

Th pi 1 1 h m 1 / y e 

d lis ly b) 1 p b 1 ) f 

6 1 y t 111 

W y kh 1 1 1 

ab ac 

" = -«■ > = Ty 

satisfy the equations proposed ; for it is an essential character- 
istic of algebra, that the symbols of the vahies of unlinown quan- 
tities, whatever they may be, being subjecteJ to the operations 
indicated upon these quantities, shall satisfy the equations of the 
problem. 

By substituting them in the equations 
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which answer to the case where i=.c,Vie have by the first, 



or lastly, =:^ 0, since a X ^ 0. 

The second equation gives, under the same condition, 
ah __ ab 
UX6~0X ft' 
the two members of each equation becoming equal, the equations 
are satisfied. 

It remains still to explain how the notion indicated by the ex- 
pression -T7-, removes the absurdity of the result found in art. 67. 

For this purpose, let the two members of the equation 

x — y^a, 
be divided by x, which gives 

1-1 = 2; 
and as the equation 



gives X := y, the first becomes 

1 — 1 = -, or = -. 

The error here consists in the quantity -, by which the second 

member exceeds the first; but this error becomes smaller and 
smaller, in proportion to the assumed magnitude of x. It is then 
with reason, that algebra gives for x an expression, which cannot 
be represented by any number, however great, but which, as it 
proceeds in the order of numbers becoming greater and greater, 
points out in what manner we may reduce more and more the er- 
ror of the supposition. 

69. If the couriers travelling equally fast, and in the same di- 
rection, had set out from the same point, their coming together 
could not be said to take place at any particular point, since 
they would be together through the whole extent of their route. 
It may be worth while to see how this circumstance is represented 
by the values, which the unknown quantities x and y assume in 
this case. 



»Goosle 



ISquations with Two Unknown (Quantities. 



The poinis A and B being coincident, we have on this suppo- 
sition a = 0, and constantly b =: c; h follows then, that 

^— ~o'~j}' ^ ^ T ~ 0' 

In order to interpret these values, that indicate a division, in 

which the dividend and divisor are each nothing, I go back to (he 

equations of the question. The first becoming 

!c~y = 0, gives x = y ; 

and substituting this value in the second equation, which is 

X y . , y y 

T=:f, "t becomes t-=j- 

The last equation having its two inembecs identical, that is to 
say, composed of the same terms with the same sign, is verified, 
whatever value is assigned to y, and this unknown quantity can 
never be determined. Besides, it is evident that the equation 



and coasequemty can express nothing more than the first.* The 
only result, holh from the one and from the other, is, that the iwo 
couriers are always together, since the distances x and y from the 
point A are equal ; their value in other respects remains indeter- 
minate. The expression £ then, is here a symbol of an inde- 
terminate quantity. I say here, for there are cases where it is 
not; but the expression has not then the same origin as the pre- 
ceding. 

70. To give an example, let there be 

b(a~b) • 
This quantity becomes 5 ™ its present form, when a^^b; but if 
we reduce it first to its most simple expression, by suppress- 
ing the factor a — h, common to the numerator and denominator, 
we find 



* For the sake of conciseness, analysts apply to the sam 


e equations 


the epithet, identical 




| — |ia an identical equation, 5 — 3r — 5— -Sj: 


is another, 


and when two equations express only the same thing, s 


ve say I hat 
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b ' 
which gives 2 a, when a:=b. 

It is not the sarae wiih the values of x and y, found in the pre- 
ceding article, for they are not susceptible of being reduced to a 
more simple expression. 

It follows, from what I have just said, that when we meet 
with an expression which hecomes ^, it is proper, before pro- 
nouncing upon its value, to see if the numerator ant! denominator 
have not a common factor, which becoming nothing, renders the 
two terms at the same time equal to zero, and which being sup- 
pressed, the true value of the proposed expression is obtained. 
There are, notwithstanding, some cases which elude this method, 
but the limits of this work will only allow me to note the analyti- 
cal fact. It belongs properly to the differential calculus, to give 
the general processes for finding the true value of quantities, which 
become |. 

71. It is very evident, from what has been said, that algebraic 
solutions either attswer perfectly to the conditions o/aprohlem, when 
it is possible, or they indicate a modification to be made in the enun- 
ciation, when the things given imply contradictions that cannot be 
reconciled; or lastly, they make known an absolute impossibility, 
when there is no method of resolving with the same things given, a 
question analogous in a particular sense to the one proposed. 

72. It may he remarked, that in tiie different solutions of the 
preceding question, llie changing of (he signs of the unknown 
quantities x and y, corresponds to a change in the direction of the 
journeys represented by the unknown quantities. When the un- 
known quantity y was counted from B towards A, it liad in the 
equation 

' + y = «, 

the sign -j-, and it takes the sign — for the second case, when the 
motion is in the opposite direction from B towards C, art. C5., 
since we had for the first equation 

x — y-a. 
By changing the sign in the second equation, 
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a result which differs from that given in ihe ariicle cited ; but it 
should be observed, that the journey ij, being made up of multi- 
ples of the space c passed over in an hour by the courier from B, 
and this space having the same direction as the space y, ought to 
be supposed to have the same sign, and consequently to take the 
sign — , when — is applied to y; we have accordingly, 
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If we suppose neither to owe the other any thing, we must make 
d=0, and then the equation would be 
_ be 

Nig! 1 ij 1 1 b> p ng 

1 p bl ] f 1 f h wi hwe 

i d 

3 1 ly P 1 y b n 1 p bl ms 

50 d 111 [1 y d k 1 he 

dEimyh Idllj k q 

y f 1 y 1 ! I b d 74 t f 12 

da)s' ttork perfoimed bj himself and 7 days' work by his wife 

md son, it follow *<, that if we call y the daily wages of the woman 

and son, ^nd take 1 y fiom 74 iuncs, there will remain 74 — 7y 

for the 12 da}s' hbor of the mm , from which we infer that he 

, 74 — 7 V 
earned pj— pei riaj 

By a similar calculation for the 8 days' service, we find thai he 

50 — 5 H , 

he earned — - per day. 

Putting the two quantities equal to each oilier, we form the 
equatioQ 
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J in the question of art. 64,, 



A K IJ 

if X represent the course ,3R of the courier from A,BR ::= a — x 
would be that of the courier who set off from B towards ,3. These 
two distances being passed over in the same time by the couriers, 
whose rate of iraveiling per hour ia'miles is denoted by numbers 
b and c respectively, we have 



ex =:a h — bx, 

__ ab 

The difference between the solutions, which I have now given, 
and those of articles 50. and 04., consists merely in this, that we 
have formed and resolved the first equation by the assistance of 
ordinary language, without employing algebraic characters, and it 
is manifest, that ihe further we carry this, the less will remain to be 
effected by the other. 

74. We sometimes add to the problem of art. 04. a circum- 
stance, which does not render it more difficult. 

A R ^ B 

We suppose that the courier, who starts from B, sets off a number 
d of hours before the other, who goes from A. 

It is evident, that this amounts only to a change of the point of 
departure of the first; for if he travelled a number c of miles per 
hour, he would pass over the space BC = cd in dhoms, and 
would be at the point C, when the other courier set off from ^ ; 
so that the interval of the points of departure would be 
AC = dB~BC=a^cd. 

By writing then a — c rf in the place of « in llie equation of the 
preceding article, we have 



If the couriers proceeded in the same direction, the interval of 
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A B C R 

the points of departure would be 

and tiio distance passed over hy tiie courier from the point A 
would be AR, while that passed over by the other courier would 
be CR^Mt — AC; 

we have then 



- ^Hzi" '^ ^ 



75. Enunciated in this manner, the problem presents a case, in 
which the interpretation of the negative value found for x is attend- 
ed witli some difficulty; it is when the couriers being supposed to 
proceed in opposite directions, we give to the number d a value 
such, that the space BC represented by cd, becomes greater than 
a, which represents AB. 

C' " " li ' ' A E 

Now the courier from the point B arrives at C on the other side 
of A at the moment when the courier from A sets off towards B; 
there is then an absurdity in supposing that the two couriers can 
thus come together. 

If we should iake, for example, 

fl = 400"''% 5=12'"^ crrS-"!'-, d = 6G<-, 
there would result from licd^z 430°'i»- ; thus ihe point C would 
be SO"''- on the other side of A, with respect to the point B ; but 
we find, 

_ 400- 13--6 0-8- 12 __ 400-3— 60-2 12 
■""" 8+12- ~- 2 + 3 ~ 

_ 1200 — 1440 _ __240 _ _ .g 

Thus the coming together of the couriers takes place in a point 
R, 48"'''- on the odier side of the point A, but between A and C j 
although h seems that the courier from B, being supposed to 
continue his journey beyond the point C, can be overtaken by the 
other courier only after lie has passed this point. 

To understand the question resolved in this sense, we may 
substitute in the place of x the negative member — m, and the 
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equal ion becomes 



or by changing the signs in the two mennber 



We see that the distance passed over by the courier from the 

C ' ' ' ' R " ' ' A ' B 

point B, is erf — a — m, or what remains of BC after AB and 
^fi are subtracted, (hat is Cfl, and that AC ^cd — «, This 
is just what would talie place if the second courier had started 
immediately from the point C, where he is, at the departure of 
Ihe first ; hut as Ihey travel in opposite directions, they must 
necessarily meet between .J and C Thus, this case is similar 
to the first of those of art. 74., where it is sufficient to change 
a — cdiniocd — a, in order to obtain the value, which m iias 
according to the above equation.* 

7C. The problem of att, 56., taken in its most enlarged sense, 
may be enunciated as follows ; 

A laborer having passed a numhcr a of days in a family, and 
having with him his wife and son during a number b of days, re- 
ceived a sum c ; he lived aftenoard in the same family a number d 
of days ; he had with him this time his wife and son, during a 
number e of days, ard he received a sum i; we inquire tahat he 
earned per day, and what was allowed per day to his wife and son. 

Let X represent constantly the daily wages of ihe laborer, 
and y that of iiis wife and son ; for the number a of days, he has 
a x, and for the number b of days, his wife and son have by, so 
that, 

ax-i-by = c; 
for the number d of days, he has d x, and for the number e of 
days, his wife and son have e y, thus, 

dx + e,=f. 
These are the general equations of the question. 

We deduce from the first 

multiplying this value by d, in order to substitute it in the place of 
* See note at the end of Elements of Algebra. 
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X in llie second equation, we have 



and consequently, 

By making the denominator to disappear, we obtain 

cd~bdy + aey = af, 
whence aey — b di/=: af — c d, 

_ af — cd 

Having ibe value of y, if we substitute it instead of y in the e 
pression for x, this last will be known, 



c — h- 



-bd 



To simplify this expression) we should, in the first place, perform 
the multiplication indicated upon the quantities 



and then reduce c to a fraction having the same denominator as the 
fraction which accompanies ii, and perform the subtraction of this 
fraction {53J ; and it becomes 

acc—bcd—abf-\-bcd 

_ o,C—bd 

or by being reduced 



* There might be some doubt as to the meaning of this expres- 
sion ; but it is obviated by attending to the bar denoting division, 
which is placed in the middle of the line. Thus, in the expression 

x^i-j,, A represents the dividend, whether integral or fractional, and 

J3 the divisor, which may also be a whole number or a fraction. So also 
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Dividing by a (51) we have 



Suppressing the factor a, common to the numerator and denomina- 
tor (38), we find 

ce-^bf 



-bd' y~ae~bd' 



are applied in tiie same manner as those, which wc before found 
for literal equations, with only one unkoown quantity j we sub- 
stitute in the place of the letters, the particular numbers in the ex- 
ample selected. 

We shall obtain the results in art, 56., by making 

a =12, 6 — 7, c— 74, 

rf=i 8, c — 5, /— 50, 

and those of art. 58., by making 

a = 12, 5 = 7, c — AG, 

d= 8, e = 6, /= 

77. The values of x and y are adap ed no onlj o he p o 
posed question ; they extend also to all 1 ose 1 I le d o o 
equations of the first degree with two unk o n q n e e 

is evident, that these equations are necessa ly om[ I nded n 
the formulas, 



the espression x-:= j signifies, that x is equal to the quotient of the 
fraction ^ divided by B, and the espression xt^— indicates for i the 



quotient arising from A divided by the fraction ^ ; and lastly, we de- 



note by the expression x ^ =, the quotient resulting from the div 



ion of the fraction -^ by the fraction — , 

It will be perceived by these remarks, that it is necessary to place 
the bars according to the result, which we propose to express. 
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a x-\-ly = c, 

provided tlie letters a, h, d, e, denote ihe whole of llie given quan- 
tities, by which the unknown quantities x and y are respectively 
multiplied, and the letters c and/, tlie whole of (he known terms, 
transposed to the second member. 

Of the resolution of any given nvmher of Equations of ilie First 
Degree, containing an equal number of Unknown Quantities. 

78. Whei* a question has as many distinct condhlons, as it contains 
unknown quantities, each of these conditions furnishes an equation, 
in which it often happens, that the unknown quantities are involved 
wllli oilieis, as we have seun already in the problems with two 
unknown quantities ; but if these imknown quantities are only 
of the first dog^rce, according to the method adopted in the 
preceding articles, we take in one of the equations the value of 
one of the unknown quantities, as if all the rest were htown, 
and substitute this value in all the other equations, which will then 
contain only the other vnknown quantities. 

This operation, by which we exterminate one of the unknown 
quantities, is called elimination. In this way, if we have three 
equations with three unknown quantities, wc deduce from them 
two equations with only two unknown quanlilies, which are to be 
treated as above; and having obtained ibe values of the Hvo last 
unknown quantities, we substitute them in the expression for the 
value of the first unknown quantity. 

If we have four equations with four unknown quantities, we 
deduce from them, in the first place, three equations with three 
unknown quantities, which are to be treated in the manner just 
described ; having found the value of tiie three unknown quanti- 
ties, we substitute them in the expression for the value of the first, 
and so on. 

See an example of a question, which contains three unknown 
quantities and three equatiojis. 

79. y/ person buys separately three loads of grain ; the frst, 
which contained 30 measures of rye, 20 of barley, and 10 of wheat, 
cost 230 francs ; 

The second, which contained 1 5 measures of rye, 6 of barley, 
and 12 of wheat, cost 138 francs ; 

Mg. 12 
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The third, whick contained 10 measures of rye, 5 of barley, and 
4 of wheal, cost 75 francs ; 

It is asked, what the rye, barley and wheat cost, each per measure ''f- 
Let x be the price of a measure of rye, 
y, thai of a measure of harley, 
z, that of a measure of wheat. 
To fulfil the first condition, we observe, that 
30 measures of rye are worth 30 x, 
20 measures of barley are worih 20 y, 
10 measures of wheat are worth lOz; 
and as the whole must make 230 francs, we have the eiiuaiion 
30 a! + 20 1/ + 10 2=230. 
For the second condition, we have 

15 measures of rye, worth 15 a;, 
6 barley 6 y, 

13 wheat 12 z, 

and consequently, 

\bx-\- 6i/+ 122= 138. 
For the third condition, we have 

10 measures of rye worth 10 a;, 
5 barley 5 y, 

4 wheat 4 z, 

and consequently, 

10:.+ 5>/ + 4r = 75. 
The proposed question then will be brought into three equations ; 
30j; + 20)/+ies = 230, 
15a:+ 6jr + 12z^ 138, 
10T+5y+4^ 5 
Before proceed n^, o 1 e resol o I ex m ne 1 e equations, 
to see f no J.0 le o s [ I ly 1 e n by d d ng the two 

menbe ol son e one of 1 en tj le ne numhe (12), and I 
find tU let onenle of ! e fi y be d de 1 by 10, and 

I ose ol he econ 1 by 3 H { ( ne 1 1 ese d visions, V 

have o ly o occupj n 3 If v 1 I e eq a on 
3cr+2y+ =2 
5a: + 2y+4sn;46, 
103-+ 5y + 42 = 75. 
As I can select any one of the unknown qnanlities in order to 
deduce its value, I take that of z in the first equation, because ibis 
unknown quantity having no coefficient, its value will be entire or 
without a divisor, as follows ; 
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z = 23 — 3x~2y. 
This value being subslilLited for z in the second and third eqna- 
tions, they become 

5 X + 2 y + 92 ~ 12 X —Sy = 4G, 
10x + 5y + 02—12cc~8y=:15; 
and reducing the first member of each, we find 
92 — 7x — (iy — 4Q, 
93— 2a!— 3y^75. 
To proceed with these equations, which contain only two un 
knowQ quantities, I talte in (be first the value of the unknown 
quantity y, and I obtain 

i^_46 — 7» 46 — 7x 

y = -6—' °'" !' = — 6— 

and by substituting this value in the second equation, it becomes 
46 — 7 I 
c,2 — 2x—3X ^ =15. 

The denominator, 6, may he made to disappear hy the usual 
method, but observing that the denominator is divisible by 3, I can 
simphfy the fraction by multiplying it by 3, agreeably to article 54. 
of Arithmetic. 1 have then 

The denominator 2 being made to disappear, it becomes 
184 — 4 a! — 46 + 7 a! = 150; 
ihe first member being reduced, gives 

138 + 33;:= 150, 
whence 

150—138 12 

= -Ki 'Jl' X=:4- 

ixpression for that of y, I find 
or y ^=3 j 

and by substituting these values in the expression for that of z, we 
obtain 

a; = 23 — 3X4— 2x 3^23— 12 — 6, or z= 5. 
It appears then, that the price of the rye per measure was 4 fr., 
that of the barley 3, 

that of the wheat 5. 

This example, while it illustrates the method given in the pre- 
ceding article, ought to be atlended to, on account of the abbrevi- 
ations of calculation, which are performed in it. 
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80. I proceed now to resolve the foiJowing problem. 

A man who undertook to transport some porcelain vases of three 
different sizes, contracted that he would pay as much for each vessel 
that he broke, as he received for those which he delivered safe. 

He had committed to him two small vases, four of a middle size, 
and nine large ones ; he broke the middle sized ones, delivered all 
the others safe, and received the sum of 28 francs. 

There were afterwards committed to him seven small vases, three 
of the middle size and five large ones; he rendered this time the 
small and the middle sized ones, but broke the five large ones, and 
he received only three francs. 

Lastly, he took charge of nine small vases, ten middle sized ones, 
and eleven large ones ; all these last he broke, and received in con- 
seguence only 4 francs. 

It is asked what was paid Mm for carrying a vase of each size ? 

Lei X be the sum paid for carrying a small vase, 
y, that for carrying a middle sized one, 
z, that for carrying a large one. 

It is evident, that each sum which the porter received, is the 
difference between what was due to him for the vessels delivered 
safe, and what he had to pay for those which were broken ; ac- 
cordingly, the three conditions of the problem furnish respectively 
the following equations ; 

2x~ 4y+ 92 = 28, 
7x+ Sif— 52= 3, 
9x-J- lOy— llz=: 4. 

The first of these equations gives 

_28 + 4y — 93 
X _ ^ ; 

and by substituting this value, the second and Ihird equations 
become 

Making the denominators to disappear, we have 

196-f-28jr — 63 2+ 6 y ~ 10 z = 6, 
252-\-S<jy — 8lz + 20y~22z=^6; 

reducing the first member of each, we obtain 
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196 + 34y— 73z=:6, 
252 -^-5Cy— 1033 = 8j 
taking the value of y ia the first of these equations, ive find 



By means of this value, the second equation becomes 

252 + 56 X -^^f^ — 103 = r^ 8 ; 
being cleared of the denominator 34, it is changed into 
34 X 252 + 66 X 73 2— 5GX 190 — 34 X 103 2=34 X £ 
or into 

8568 + 4088 s — 1 0640 — 3502 z = 272. 
The reduction of the first member of this result, gives 

586 2 — 2072^272, 
whence we deduce 

2344 

By going back with the value of z to that of y, v/e have 
73 X 4 — 190 292 ~ 190 l(t2 „ 

y= 34— = — 34^=3?' "' 2/=3; 

and with these two values, we find 

28 + 4x3 — 9x4 2S + 12— 36 4 
x= jj _ 2 -J, or t-S. 

The prices then were 2 fr. for carrying a small vase, 

3 one of a middle size 
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+ 3y=3 
5x — 7z= II, 
4:y + 3z = 4l, 
containing the unknown quantities, w, x, y, and z. 

With a little attention we see, that by taking the value of x 
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in the second equation, ond -iiibsii luting it in the third, the result 
containing onlj y and z, will, b) being combined with the (ourth 
equation, give the values of tliese two quantities , and having the 
vaiue of y, we obnin tlio?e of u ^nd c, h) meins of the first and 
second equations The following is the process , 

or 195 — I5y— 143 — 22, 

(57). 



or 


i5y + 


142 


■ = 


173 
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= : 


[73, 




4y + 


3s 


=: 


41, 


being resolved, give 












y = 


= 5, 


S: 


-7 


and by means of these valus 


■s, Wl 


3 have 


39 — 3x 


5_39 


— i; 


^- 


24 


^- a 




•i 


3' 


„-2 + 2y 
"- 3 


2 + 10 


12 
'3' 




The numbers sought 


then ar 












4, 12, 5, and 7. 

S2. The method now explamed is applnabJe to literal equa- 
tions, as well af to numeiical ones j but ihe multitude of letters, 
which It IS necessary to emploj to lepresent generally the things 
given, nhea the number ot equations and unknown quantities 
exceeds two, has led algebiaisls to seek foi a mote simple man- 
ner of espre=ismg them. I shall treat of this m the following 
article ; but in ordei to furnish the reader with the means of 
exercising himself m putting a pioblem into an equation, and 
resolvmg it, I have subjoined a numbei of questions, and hive 
placed at the end of each the answer that is required 

(I.) Afathir, being asked the age of ha son, said, if from double 
the age that he is of now, you subltaU triple of what he was six 
years ago, you have his present age. 

Answer. The child was 9 years old. 

(2.) Diophantus, the author of ihe most ancient hook on Algebra, 
that has come down to us, passed a sixth part of kts life in infancy, 
a twelfihpart of it in youth; afterward he was married and passed 
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in this state a seventh part, and five years inore,when he had a son, 
whom he survived four years, and who attained only to half the age 
of his father, what was the age of Diophantvs when he died ? 

Answer, 84 years. 

(3.) A mtrchant drew, every year, upon the stock he had in 
trade, the sum of 1000 francs for the expense of his family; still 
his property increased every year, by a third part of what remained 
after this deduction, and at the end of three years it was doubled ; 
how much had he at the beginning of the first year ? 

Answer, 14800 francs. 

(4.) A merchant has two kinds of tea, the first at 14 francs a 
pound, the second at 18 francs ; how much ovght he to take of each to 
make up a chest of 100 pounds, which should be worth 1680 francs'? 

Answer, 30 pounds of tlte first and 70 of the second, 

(5.) A person filled, tn 12 minutes, a vessel containing 39 gal- 
lons, with water, by means of two fountains, which were made to 
run in succession, and one discharged 4 gallons per minute and the 
other 3, how long did each fountain run ? 

Answer, the first 5-minutes, and the second 9. 

(6.) At noon the hour and minute hands of a watch are together, 
at what point of the dial loill they next be in conjunction? 

Answer, at 1 hour 5 minutes and j'j-. 

Obs. This problem refers itself to ili.it of art. 65. 

(7.) A man, meeting some beggars, wishes to give them 25 cents 
each, hut finds upon counting his money, that he wants 10 cents in 
order to do it ; ke then gives them only 20 cents each, and has 25 cents 
left; how much money had he, and what was the numier of beg- 
gars? 

Answer, he had $l,G5, and the number of the beggars was 7. 

(8.) Three hroihers purchased an estate for 50000 francs, and 
the first wanted, in order to complete the whole payment, half of the 
properly of the second ; the second would have paid the entire sum 
with the help of a third of what the first owned, and the third requir- 
ed, to make the same payment, in addition to what he had, a fourth 
part of what the first possessed ; what was the amount of eaelr'one's 
property ? 

Aaswer, the first had 50000 francs, the second iOOOO, and the 
third 42500. 

(9.) Three players after a game count their money, one had lost, 
the othertwo had guintd each as much as he had brought totheplay; 
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after the second game, one of the players, who had gained before, lost 
and the two others gained each a sum equal to what he had at the 
iegmning of this second game ; at the third game, the player, who 
had gained till now, lost with each of the others a sum equal to that, 
which each of them possessed at the beginning of this last game ; 
they then separated, each having 120 francs ; how much had they 
each, when they commenced playing 9 

Answer, he who lost at the first game, had 196Jrancs, 

he who lost at the second 105, 

he who lost at the third 60. 

General formulas for the resolution of Equations of the First Degree. 

83. To obviate tlie inconvenience referred to in tlie beginning 
of ibe last article, we sball represent all the coefficients of the 
same unknown quantity by the same letter, but distinguisli them by 
one or more accents, according to the number of equations. 

General equations vvilJi two unknown quantities are written 
thus; 

ax -\-ly = f 
-\-b j = c' 
Tl ff f 1 k q } b 1 p d 

b) 1 f^byfi b f 1 1 1 il d 

11 I d 1 y b 1 1 > 

n d 1 1 1 I I [1 

Ifi Thaai ydlT f iq y 

dff f b 

If 1 h q h y p d 1 , 

aa;-^hy-\-cz = d, 
a' x -^ 1/ y -\- c' z = d', 
a" .-e -\-b"y •{- c" z =i d". 
Alt the coefficrenls o! thp unknown quanfiiy x are designated by 
the letter a, those of y by b, those of z by c ; but the several let- 
ters are distingnUied bj dirteient accents, which show, that they 
denote diffeient qnanlLUes Tins a, a' a", are tliree different 
quantities The same nnj be said of b, b', b", &c. 

Following tins method, if we have four unknown quantities, and 
four equations, we imy write ihem thus ; 

a x+b y^c z + d u = e, 
a' X -\-b' y + c' 2 + (/' u := e', 
a" ^ + b" y + e" z + d" u = e", 
a'" ai ^ h"' y + c"' z -\- d'" u = e'". 
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84. To avoid fractions, and simplify the calciilalion, we may 
vary the process of elimination In liie following manner. 
Let there be the equations 

a x + b y = c, 
a'.x + l>'y = c', 
it is evident, that if one of the unknown qoantilJes, x, for exam- 
ple, has the same coefFicient in the two equations, we have only to 
subtract one of these equations from the other, in order to make 
this unknown quantity disappear. This may be seen at once in the 
equations 

lOx + lly — 27, 
10a; + 9y — J 5, 
which give 

Uy—9y—2'7 — l5,or2y=i'i2, or y = d. 
It is evident, that the coefficients of x may be immediately made 
equal in the equations 

a X ■\-b y 7=.c, 
a'x^b'y^c', 
by multiplying the two members of the first by a', the coefficient 
of X in the second, and the two members of the second by a, the 
coefficient of x in the first ; we thus obtain, 
aa' X -{-a' by = a' Cy 
aa'x-\-ah'y=.acf. 
Then subtracting the first of these from the second, the unknown 
quantity x disappears ; and we have 

(oJ'-«'S)j = ac'-a'c, 
an equation, which contains only the unknown quantity y ; from 
this we niay deduce, 



The method we have just employed, may always be applied to 
equations of the first degree, to exterminate any one of the un- 
known quantities. 

By exterminating, in the same manner, the unknown quantity y, 
we may find the value of x. 

If we apply this process to three equations, containing x, y, and 
z, we may first exterminate x from the first and second, then from 
the first and third j we thus obtain two equations, which contain 
only y and z, from which we may exterminate y. 

When this calculation is performed, the equation containing z, 

Mg. 13 
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a'x-\-b'y = c'; 
multiplying ihe first by any indelermiiiate quanlity m, we have 

sublracting from lliis result the equation 

a' X -\- h' y ^:=. d , 
there remains 

n7nx — a' x-\- hmy — h' y ^:cm — c', 
or {am — a')x-\-{hm—h')y^cvi~c'. 

Since m is an indeterminate quantity, we may suppose it to be 
such, that bm^}/. In this case, the term multiphed by y disap- 
pears, and we have 



but since bm :::=.}>', it follows that, 



_b "■ __ cb'--bc' 

* — 06' ~ ab' — ha'' 
b " 
If, instead of supposing bm ^=b', we make am:=: a', tlie term, 
which comains x, wili vanish, and we shall have 



The value of m will noi be the same as before ; for we shall have 
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and by substituting this in the expression for y, we find 

If we chmge the sgns of tl e i nieralor and denominator of this 
value of y the de o nator \ II becone the same, as that in the 
or x s ce we hall 1 a e 



86. Next let iliere be the three equations 

a cc + l, 1,-fc z==d, 

a' x + b' y-j-c' z = d', 

a" x + l" y + c" z = d" ; 
we shall be led, by an obvious analogy, to raultipiy the first of 
these equations by m, and the second by n, m and n being inde- 
terminate quantities, to add together the results, and from the 
sum to subtract the third ; by this means, all the equations will be 
employed at the same time, and the two new quantities m and n, 
which we may dispose of as we please, will admit of any deter- 
minate value, which may be necessary to make both the unknown 
quantities disappear in the resuh. Having proceeded in this man- 
ner, and united the terms by which the same unknown quantity is 
multipiied, we shall have 

{am + a- n-a")x+ {bm-^r^' n-h")y+ {cm-^c' n-c")z 
= dm-\-d' n — d". 
If we would make the unknown quantities x and y disappear, 
we must lake the equations 

bm-\-b'n=zb", 



and then we obtain 



dm -\- d' T 



) equaiio 



wliich ) 



; the unknown 



From the t 
quantities, it is easy to deduce the value of these quantities, by 
means of the results obtained in the preceding article j for it is 
only necessary to change in these results x into m, y into n, and to 
Write instead of ihe letters 
a, b, 



■, 6', c'. 



f the letters - 



b, h\ b". 



which gives 
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Substituting these values \a tlie expression for z, and reducing all 
the terms to the same denominator, we have,f 

_ d{y a" — a' b") 4- d' (a b'< — 6 a") — d" (» h' — b a') 
"^ - c(b' a" -a' b")-\-c' {ab" -ba")-v" (ab' -ba'Y 
If we had made the terras containing x and s to disappear, we 
should have had y; the letters m smd n would have depended 
upon ihe equations 

am-^a'n=ia", cm ■}- & n = c",' 

and proceeding as before, we should have found 

d(c'a"~a'c-') + d'(ac"~ca")~d"(ao'-ca') 
y^b{c-a"~a'c") + b'(ac''-<^a")-b"(ac'-ca-Y 
Lastly, by assuming the equations 

bm-j-b'n — b", cm + c'n = c", 
we make the terms multiplied by y and z to disappear ; and we 
have 

d (c' b" — b' c") + d' (b c" — e b") — d" (bc' — c b') 
* ~ o (e' b" — 6' C-) 4- a' (6 c-'—cb") — a" {bc' — c b')' 
These values being developed in such a manner, as to make the 
terms alternately positive and negative, if we change, at the same 
time, the signs of the nnmerutor and denominator, in the first and 
third, we shall give them llie following forms ; 

ad' b" + du' b" — ba' d" + bd' a" —d 



^ - 


-iff 


' —a 


c'b" + c 


a'6"- 


-ba'c" -\-bc 


'a" — 


cb'a'-' 




adW 


'_« 


,'d"+c 


a'rf"- 


-da'c" + dc 
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c d' a" 




~ aft'c' 


< — a 


.■(,"+, 
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dfiV 


'~~d 


c'b" + c 


d'b" — 


■ bd'c"-\-bc 


<d" — 


cb d" 


x- 


- aft' c' 


' — a 


c'b" + c 


a'b''^ 


ba'c" -\- be 


• a" — 


cb'a"- 
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,'/ + « 


z + d u 


— e, 








a! 


ai + 6' 


,+!■ 


z+d' u 


= e'. 








a" 


^ + 4'' 


,» + '' 


' z + d"u 


= e", 








a"' 


'x + b" 


'y + c 


"z + d"'u: 


= e"' 
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d'^ 


'6' — 
6'- 


■ V'a' 


'■'^ 


^^-^' 


,ab'~ 


~ba' 




* ■■ a' 


'f — 


-b«a' 


-■^ 


-4?- 


, ab'- 


-ba' 






-b «' 1 


-ba' 
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if we multiply the first by m, the second by n, tlie third by p, 
and from the sum of tiieir products subtract the fourth, we shall 



have 


















(.« + .'» + 
Iq order to obtain 


<•'> — »'")■' + (''' 
="P— '")= + («' » 

M, we make 


• + *» + <('>- 


-if 




we then ha 




am-\-a' 
cm + d-, 




:= a'", 
= S'", 














_,„+,/: 


» + ,"p- 


-f'" 









The preceding equations, which must give m, n, and p, may be 
resolved by means of the formulas found for the case of three 
unknown quantities. This meiiiod will appear very simple and con- 
venient; but the nature of the results obtained above will furnish 
us with a rule for finding them without any calculation. 

8S. To begia with the most simple case, we take an equation 
with one unknown quantity, ux=^h; frocn this we find 
_ 6 

in which the numerator is the whole known terra b, and the de- 
noniinator the coefficient a, of the unknown quantity. 
From the two equations 

ax -\-hy = c, of x -{-h' y = c', 
we have already deduced 

_cb' — bc' _ ac' — c a' 

^ — ab' — b^" y — ab'—ba'- 

The denominator in this case also is composed of the letters a, a', 
b, b', by which the unknown quantities are multiplied. We first 
write a by the side of b, which gives a 6 ; we then change the 
order of a and b, and obtain 6a; prefixing to this the sign — 
we have ab— ba; lastly, we place an accent over the last 
letter in each term, and the expression becomes ab' — in' for 
the denominator. 

From this expression we may find the numerator. To obtain 
that for x, we have only to change each a into c, and each b into c 
for that of y, putting an accent over the last letter as before ; in 
this way we find c 6' — tc'for the one, and ac' — ca'forihe 
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other. The numerator may, therefore, he found from the dcnvmi- 
nator, as well in cases where there are two unknown quantities, as 
when there is only one, hy changing the coefficient of the unknown 
quantity sought, into the known term or second member, and retain- 
ing the accents, which belonged to the coefficients. 

The sanie rule may be ap)>lLeii to equations with three un- 
known quantities, as we shall sec by merely inspecting the 
values, which result from these equations. With lesjiect to the 
denominator, it is necessary further to illustrate the method by 
which it is formed. Now, since in ihe case of two unknown 
quantities, the denominator presents all the possible transpositions 
of the letters a and b, by which the unknown quantities are mul- 
tiplied, it may be supposed, that when there are three unknown 
quantities, their denominator will contain all the arrangements of 
the three letters a, b, c. These arrangements may be formed in 
the following manner. 

We first make the transpositions ah — ba with the [wo letters a 
and b, then, after the first term a b, write the third letter c, which 
gives abc ; making this letter pass tJirough all the places, observing 
each time to change the sign, and not to derange the order in 
which a and b respectively stand, we obtain 
abc — acb + cab. 
Proceeding in the same manner with respect to the second term 
— Sfl, wefind 

— bac-\~bca~cba; 
connecting these products with tlie preceding, and placing over the 
second letter one accent, and over the third two, we have 

ab' c" — acf b" -\-ca'b" — b a' c" + h €> a" — c b' a", 
a result, which agrees with that presented by the formulas, obtain- 
ed above. 

From this it is obvious, that, in order to form a denominator 
in the case of four unknown quantities, it is necessary to introduce 
the letter d into each of the six products, 

abc — acb-\-cah — bac-\-bca-~cba, 
and to make it occupy successively all the places. The term ab c, 
for example, will give the four following ; 

abcd — aldc-^adhc—dahc. 

If we observe the same method in regard to the five other pro- 
ducts, the whole result will be twenty-four terras, in each of which, 
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d 1 II 1 1 h d 

Tl f 1 k q 

f d I J 1 1 1 d) g 



!q ppdll |d fig 

I <1 1 i «} 1 

To reaolve, lor i-xainple, tlic thrue equaiions 
7^ + 5^ + 23= 79, 
8x-\-7y + 0z = !22, 
a: + 4y+6z= 55, 
it is necessary lo compare llie terms with those of the equations 
given ill art 8C, We have then 

a =1,1 = 5, c — 2, tZ = 79, 
a' =e,i/ — 7, c' = 9, </' = 122, 
a" — 1, b" — 4, c" = 5, d" = 55. 
Suhslitutiog ihese values in the general expressions for liie un- 
known quantities x, y, and z, and going through the operations, 
which are indicated, we find 

x = A, y = % 3 = 3. 
It is important to remark, that liie same expressions may be 
employed, even when the proposed equaiions are not, in all their 
terms, affected with the sign -}-, as the general equations, from 
which these expressions are deduced, apjseaf to require. If we 
have, for example, 

ii£ — ^y-\-S== 41, 

_5r + 4i, + 2^^-20, 

nx — ly — Qz:^ 37, 

in comparing the terms of these equaiions with the corresponding 

ones in the general equations, we must attend to the signs, and the 

result will be 

o —-\- 3,h =— -9, c =+8, (f =+41, 

a' = — 5, 6' = 4- 4, (/ = + 2, ^' = — 20, 

a" = + 11, b" = — 7, c" = — 0, rf" = + 37. 

We are then to determine by the rules given in art. 31., the sign. 



•M. Laplace, in the second part of the Memoires de PAcade.mie 
des Sciences for 1772, p. 294, has demonstrated these rules « ^priori. 
See also Atinales des Mathematigues pures appUguees, by M. Gergon- 
ne, vol. iv, p. 148. 
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which each term of the general expressions for x, y, and z, ought 
to have, according to ihe signs of the factors of wiiich it is com- 
posed. Thus we find, for example, that tlia 6rst term of the com- 
mon denominator, which is a h' c", becoming -|-3X+4x — 6, 
changes the sign of the product, and gives — 72. If we observe 
the same meihod with respect to the other terms, both of the nu- 
merators and denominators, taking the sum of those which are 
positive, and also of those which are negative, we obtain 
__ 2774 — 2834 _ —60 _ , „ 



592— "caa " —SO' 

3859 — 3889 



_ 302-3- 2932 _ +90 _ 

' ~ 592— 622 ~ —m ~ 



-, - + 1- 



Equations of the First Degree with two or n. 
(Quantities. 



x = 88a, y = 173, 



(3a; + 2y = nS> x z 
i ^ + 5;, = 19lS y-. 
(5a; — 8J^7i/ — 44> 

( 2x— 3y= 7y > 
I19x = 60y + 62[i^ 

il3a^ + 7y — 2H=-^y + 43iwl :.'^ — 12, 
I 2=c + iy= I S y-bO. 

(x + y = 18J3 > a; = — 39.8121 . . 

io.56a^-j- 13.421 y = 763.4. J y — 58.5421 . . . 
S (^ + 5) (y + 7)={a:+l) (y-9)-^112> x 
^2a;+10 = 3y+l J 3^ 

i x + y = cl ^-a-Hi' ^-a + b 

(ax + by = c} ^_cg-hh ah-cf 

9-'^6 + y-3o + ^^-- -^— " -— -T-. 

(htx 



■\vy+- 



n^-'j^+^^A'^k '!=-■?'■ 
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Formulas for Equations of the First Degree. 
S 6 -2/1 6/ 







2x + 5y — 7 2 = 

5x — y +3z= 227) a: = 13, y = 24, s = 62. 
(7i + 6j+ s= 207) 

' +» + >; = 30) 

Si +4y + 2i = 50V 1=}, y= — 7, j = 36}. 



a 

2 

" 6 -{- c — a' 
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Examples in Equations involving J^egatim Results. 

1. To find a number which added lo h gives a sum a 

(1.) Let 6 = 29, a=47. 
(2.) Let 6 = 31, a — 24. 

2. A father is a years, his son 6 years old. In how many years 
will the son's age be one fourth of his father's? 

(1.) Let a = 54, & = 9. 
(2.) Let a -45, b= 15. 

3. A cistern, into wbieh water was let by two pipes, will be filled 
by iheni both in a number a of hours, and by the first alone, in a 
number b of hours. In what time will it be filled by the second 
alone ? 

(L) Let a = 12, 6 = 20. 
(2.) Let «= 12, 6— 10. 

4. A person sent to buy oranges found (hat if he bought those 
which cost a pence each, he should spend all liis money, but if he 
bought those which cost b pence each, he should have c pence left. 
How many was he sent for ? 

(l.) Let«^5, i = 4, c = 24. 
(2.) Let fl = 4, 6 = 6, c = 24. 

5. A boat, which had started from a certain place 10 days, is 
pursued by another boat from the same place and by tlie same 
way. The first goes 4 miles every day, the other 9. In how many- 
days will the second overtake the first? 

6. Let n equal ilie number of days elapsed since the departure 
of the first boat, a the number of miles it goes per day, and b the 
number of miles the second goes per day. 

7. What will be the cliange in the question if n = 10, a = 6, 
and 6 := 4. 

8. A courier, who goes 31^ miles every 5 hours, is sent from a 
certain place ; when he had gone 8 hours another is sent after 
him, and this one in order to overtake the first must go 22^ miles, 
every 3 hours. When will the second overtake the first ? 
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9, When all the conditions oi the preceding problem remain the 
same, exceptng tint the first coiiuer btsi ies the advantage of 
starting earl er lias th a ilso lliat lie travelled fiom a jlice 3t) miles 
farther on ihe load in how many hairs will the) cone to,,ellier ■' 

10 Mike the pro |pm i^enenl Let ihp place from winch the 
first slaris be situated a miles in advaice on the loa 1 , further, let 
the number of hours b} which be had the stait oi tin, other he 
equal to b , let ibe s\ eed of the fii*;! be such that he ^oes c miles 
in d hours, ind the speed of tl e second ^ucli tbit be goes e miles 
in / hours In how manj hoirs ilier the departure of tlip second 
courier will they be together f 

de—c^ 

11. In how many hours will they come together, when the first 
courier, instead of starting from a place a miles in advance, starts 
from one as many miles backwards? What must he done in or- 
der to adapt the solution of ibe preceding problem to this case ? 

12. Two bodies move in opposite directions; one runs c feet in 
each second, the other C. The two places from which theyslart 
at the same time are distant d feet from one another. When will 

1 3. In what time will the two bodies come together when that 
which goes C feet each second runs after the other ? 

Is the problem as it is here stated ahvays possible ' What is re- 
quired for it to be possible ? What does the expression ■ sig- 
nify when C =^c'i What does it denote when C <^c? 

Equations of the Second Degree, haeing only one Unknown 
(Quantity . 

90. Hitherto I have been employed upon equations of Ihe 
first degree, or such as involve only the first power of the ud- 
known quantities ; but were the question proposed, To find a 
number, which, multiplied by five times itself, will give a prodvct 
equal to 125; if we designate this number by x, five limes the 
same will be 5 x, and we shall bavo 

5x^ — 125. 
This is an equation of the second degree, because it contains x", 
or the second power of the unknown quantity. If we free this 
second power from its coefficient 5, we obtain 
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125 



x^ = 25. 



We cannot here obtain the value of ihe unknown ^ujintily x, 
as in art. J 1., and the question amounts simply to liiis, to find a 
number which, muhiplied by itself, will give 25. It is obvious that 
this number is 5 ; but it seldom happens that the solution is 
so easy; hence arises this new numerical question; to find a 
number, which, muhiplied by itself, will give a product equal to a 
proposed number ; or, which is the same thing, from the second 
power of a number, to retrace our steps to the number from which 
it is derived, and which is called the square root. I shall proceed, 
in the 6rst place, to resolve this question, as it is involved in the 
determination of the unknown quantities, in all equations of the 
second degree. 

91. The method employed in finding or extracting the roots of 
numbers, supposes the second power of such as are expressed by 
only one figure to be known. See the nine primitive numbers with 
their second powers wnllen under them respectively. 
123456789 
1 4 9 16 25 36 49 64 81. 

It is evident from this table, that the second power of a number 
expressed by one figure, contains only two figures ; 10, which is 
the least number expressed by two figures, has for its square a 
number composed of three, 100. In order to resolve the second 
power of a number consisting of two figures, we must attend to the 
method hy which it is formed ; for this purpose we must inquire, 
how each part of the number 47, for example, is employed in the 
production of the square of this number. 

We may resolve 47 into 40 + 7, or into 4 tens and 7 units ; if 
we represent the tens of the proposed number by a, and the units 
by b, the second power will be expressed by 

(a + i){a+b)^a^-[-2ab + b'i 
that is, it is made up of three parts, namely, ike square of the tens, 
tmce the product of the tens muhiplied by the units, find the square 
of the units. In the example we have laken, a ^; 4 tens or 40 
unha, and 6 = 7 ; we have then 

a^= 1600 

2ab= 560 

b^— 49 



Total, a^ + 2ab + b^ = 2209 = 47 X 47. 

Hosted byGoogle 



Equations of the Second Degree with one Unknown ^antily. 109 

Now in order to reliim, by a reverse process, from the number 
2209 to hi^Al^t, we may observe, lliut the square of the tens, 
IGOO, Im/no fii;iire, wlilcli denotes a rank iufiTlor to hundreds, 
and that fris the greatesl square, wiiich the 22 liuudreds, compre- 
hended S'2209, contain ; for 22 hes between 10 and 25, liiat is, 
between tiie square of 4 anil tliut of 5, as 47 falls between 4 tens 
or 40, and 5 lens or 50, 

We find, tlierefore, upon examination, that the greatest square 
contained in -22 is IG, the root of wliich 4 expresses the nnniber 
of tens in the root of 2209 ; subtracting 16 hundreds, or 1000, 
from S209, the remainder GOO contains double the product of the 
lens by the units, 5G0, and the square of ibe units 49. But as 
double the product of the tens by the units has no figure inferior 
to tens, it must be found in the two first figures fiO of the remain- 
der G09, which contain also the tens arising from the square of 
the units. Now, if we divide 00 by double of the tens 8, and 
neglect (be remainder, we have a quotient 7 equal to ibe units 
sought. If we muhiply 8 by 7, we have double the product of 
the tens by the units, 500; subtracting this from ibe whole re- 
mainder 009, we obtain a difference 49, which must be, and in 
fact is, the square of the units. 

This process may be exhibited thus ; 
22,09 I 47 



GO, 9 
00,9 



W 1 I p d mb h f d 1 d 

adagfl 1 Ipl fid Win 

I 1 I b) d 1 1 } ly ! e 

fifi nlifll Iq fi 

f d 1 1\ k 1 1 1 d 

1 fg I I 4 djl d b 

IG f 11 d w b g d I 1 

fi OOMppd b i 11 hh 

d d bl i I d f 1 by 1 

a dd 1 1 n 1 1 I I !y 1 bl 1 1 

wl h g f h 1 h Id 1 
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lect into one expression the two last parts of the square contained 
in 609, we write 7 by the side of 8, wliicli givtjs &f, equal to 
double the tens plus llie units, or 2 a -j- b; this, moliiplied by 7 
or b, reproduces 609 = 2 a6 + b% or double ihe product of the 
tens by the units, plus the square of the units. This being sub- 
tracted leaves no remainder, and the operation shows, that 4"? is 
the square root of 2209. 

If it were required to extract Ibc square root of 324 ; the ope- 
ration would be as follows ; 

3,24 I 18 
I 



000 

Proceeding as in the last example, we obtain 1 for tlie place 

of tens of Ihe root; this doubled gives the number 2, by which 

the two fii'st figures 22 of the remainder are to be divided. Now 

22 contains 2 eleven times, but the root can neither be more than 

10 n 10 } 1 fact (00 large, for if we write 9 by ihe 

d f 2 d 1 fly ^9 by 9, as ibe rule requires, the result is 

1 h b bfracted from 224. We are, therefore, 

o d Id of 22 by 3 only as a means of approxi- 

«] n h u d becomes necessary to diminish the quotient 

ob n d i It a product, which does not exceed the 

m d 2 4 Th number 8 answers to this condition, since 

8 X 8 =3 224 h f e, the root sought is 13. 

By resolving the square of 18 into its three parts, we find 
a'^ = ) 00 



Total, 324 ^ 18 X 18, 

1 J b II i 1 [ f 1 

u b d I 1! i p d 1 I ! 

I 1 p d 1 d f ly 

d bl h 11 g ij 1 

91 II bdirir lib d 

tl q f b f h (if, 

b fhl fddplpilb 
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laid down, may be necessary to enable the reader to extract the 
root of any number whatever. 

No number less than 100 can have a square consisting of more 
than four figures, since that of 100 is 10000, or the least number 
expressed by five figures. In order, therefore, to analyze the 
square of any iiuraber exceeding 100, of 473, for example, we 
may resolve it into 470 + 3, or 47 tens phis 3 units. To obtain 
its square from the formula, 

we make a = 47 tens = 470 units, b = S units, then 
a= =: 220900 
2ab= 2820 



Tonl, 2237^1 = 473 X 473 

In ihii e\T nple. It !■• indent that the squaie ot ihe tens has no 
t]gure inferior (o hundicds, and this js a genenl prmciple, since 
tens mtihiphtd bj tens, alwajs give hundreds, (Jrilh 32) 

It IS theielore in the part 2237, which remains on the left of the 
proposed number, after we have sepatated the tens and units, that 
It IS necessarj to seek llie squire of the lens, and as 473 hes be- 
tween 47 tens, or 470, nud 4b tens, or 4bO, 2237 must fall be- 
tween the sqmre of 47 and thit of 4S , hence the greitest square 
contiined in 2237, will be the squaie of 47, or thnt of the tens of 
the lool In order to find these IlU'-, we inu^t evident!} proceed, 
as if we hid to e\tncC the squiie loot of 2237 onlj , but instead 
of arriiinj; it an c\act result, ne liaie a remiindei, winch contains 
til" bundieds aiising fiom double llie [iroduct of the 17 tens mul- 
tiplied by the units 

The operation is as lollow- , 

22,37,29 I 473 




We first separate the two last figures 29, and in order to extract 
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112 Elements of Algehra. 

the root of the number 2237, which remai;..' on the left, we fur- 
tlici' separate the two last figures 37 of this number; the pro- 
posed number is then divided into portions of two figures, begin- 
ning on the right and advancing to Ihe left. Proceeding whh the 
two first portions as in the preceding article, we find ti>e two first 
figures 47 of the root ; but we liave a remainder 28, which, joined 
to the two figures 29 of the last portion, contains double the pro- 
duct of the 47 tens by the units, and the square of the units. We 
separate the figure i', which forms no part of double the product of 
the tens by the unils, and divide 262 by 94, double tiie 47 tensj 
writing the quotient 3 by the side of 94, and multiplying 943 by 3, 
we obtain 2829, a number exactly equal to tlie last remainder, and 
the operatioK is completed. 
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Having divided the proposed number into portions as below, 
we proceed vvitli the three first portions, as 22,39,1 8,24 | 4732 
in the preceding article ; and when we 16 | 87 

have found the three first figures 473 of the 63,9 [ 943 

root, to the remainder 189, we bring down 60,9 [ 9463 

the fourth portion 24, and consider the 301,8 
number 18924, as containing double the 282 9 
product of the 473 tens already found by 1892,4 

ibe units soughl, plus the square of these 1092 4 

units. We separate the last figure 4 ; di- OOOOO" 

vide thpse, which remain on ihe left, by 946, double of 473, and 
then make trial of the quotient 2, as in the preceding esaraples. 
Here the operation, in the present case, terminates ; but it is 
y b I I Id p m h r fig 

1 d f J 3 Id 1 1 f 1 

fill] b h h Up d h 

f Idlmd Id I llfifig 

1 I f II 1 by d bl f 1 d n 

f i f I p b Ij b [ d 

II f I I gl d p I d 

I d I fi fig f 1 p d I bl 

r I fi I dy f d J 1 b pi d 1 

r I I I! I I I k I 

fll p I b I gh d d I r »< 

to be coniinued as before The example subjoii>ed will illustrate 
this case. The qua 1 1 es to be subtracted are 49,42,09 | 703 
not put down hut the s btraclions are suppos- 04,20, 9 | 1403 
ed to be pet formed meitall} as m division 0,00, 

95 Every nunbei t w II be perceiied is not a perlect square. 
If we look at ihe tible giien, page 10s, we shall see that between 
the squares ol eich of the nine piimitiie numbers, there are in- 
lenals comprehend n^ many numbers, whtcb have no assignable 
root, 45, for instance, is not a square, «ince it talis between 36 
and 49 It verj often hippens, therefore, thdt the number, the 
root of which is sought, does not admit of one, but if we aiierapt 
lo find It, ne obtam for the result the root ol the greatest square, 
which the nunber conlams If we seek, foi example, the root of 
22''6, we obtam 47, and have i remainder 67, which shows, that 
the greatest square contained in 2276, is that of 47 or 2209. 
Jllg. 15 
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As a doubt may sometimes arise, after liaving obtained tbe 
root of a number wliicb is not a perfect squaie, whether tbe 
root found be that of liie greatest square contained in (lie num- 
ber, I shall give a rule, by which this may be readily determined. 
As the square of n + 6 is 

if we make 6=1, the square of fl + 1 will be 

a^ + 2a + l, 
a quantity which differs from a% the square of a, by double of a 
plus uaity. Therefore, if ike root found can be augmented by 
unity, or more than unity, its square, suhtrnHed from the proposed 
number, ivill leave a -remainder at least equal to twice this root plus 
unity. Whenever this is not tbe case, the root obtained will be, 
in facl,'lhat of the greatest square contained in the number pro- 
posed. 

96. Since a fraction is multiplied by another fraction, when 
their numerators are multiplied together, and their denominators 
together, it is evident that tlie product of a fraction raulti|)lied by 
itself, or the sqvare of a fraction is equal to the square of its nu- 
merator, divided by the square of its denominator. Hence it fol- 
lows, that to extract the square root of a fraction, we extract the 
square rooi of its numerator and thai of its denominator. Thus 
the mot of Jl is f, because 5 is the stiuare root of 25, and 8 that 
of 64. ' 

It is very important to remark, that not only are the squares of 
fractions, properly so called, always fractions, but every fractional 
number which is irreducible {Arith. 59), will, when multiplied by 
itself, give a fractional result, which is also irreducible. 

97. This proposition depends upon the following ; Every prime 
number P, which will divide the product AB of two numbers A and 
B, mil necessarily divide one of these numbers. 

Let us suppose, that it will not divide B, and that B is the great- 
er ; if we designate the entire part of the quotient by q, and the 
remainder by B', we'have 

B = qP -[- B', 
multiplyiDg by ^, we obtain 

JB = q^P~i'^B', 
and dividiDg the two members of this equation by P, we have 
AB 4, J-B'. 
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from which it appeals, that if AB be divisible by P, the product 

AB' will be divisible by the same number. Now B', being the 

remainder after the division of B by P, must be less than P ; 

therefore B' cannot be divided by P ; if we divide F by B' we 

liave a quotient q" and a remainder B" ; if further we divide P 

by B", we have a quotient q" and a remainder B'", and so on, 

since /* is a prime number. 

We have, therefore, ihe following series of equations; 

P = q'B'-{-B", P= q" B" + B'", &.C. 

muhiplying each of liiese by A, we obtain 

JP-q' AB' + AB", AP = q" AB" + AB'", &c. 

dividing by P, we have 

, ,AB' AB" . „AW , AB" . 

A =q'-p- + -p-, A = q" —p- + — p-, Sic. 

From these results it is evident, that if AB' be divisible by P, the 
products AB", AB'", he. will also be divisible by it. But the 
remainders B', B", B"', &c, are becoming less and less, continu- 
ally, till they finally terminate in unity, for the operation exhibited 
above may be continued in the same manner, while the remainder is 
greater than 1, since P is a prime number. Now when the re- 
mainder becomes unity, we have the product ^ X 1, which must 
be divisible by /■*; therefore A also must be divisible by P. 

Hence, if the prime number P, which we have supposed nol to 
divide B, will not divide A, it will not divide the product of these 
numbers. 

( This demonstration is taken principally from the Theorie des 
Nombres of M. Legendre.) 

98. Now when the fraction - is irreducible, liiere is no prime 

number which wiii divide, at the same time, 6 and o; but, from 
the preceding demonstration, it is evident, that every prime num- 
ber, which will nol divide a, will not divide a X o, or a^ ; every 
prime number; wluch will not divide h, will not divide b X b, or 
b^', the numbers a^ and &^ are, therefore, in this case, prime to 
each other; and consequently the square -^ of the fraction-, being 
irreducible, as well as the fraction ilself, cannot become an entire 
number. 

99. From this last proposition it follows, that entire numiers, 
except only such as are perfect squares, admit of no assignable root, 
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either among whole numbers or fradioTis. Yet it is evident, that 
there must be a quantity, which, muliiplied by itself, will produce 
any number whatever, 2276, for instance, and that in the present 
case, ibis quantity iies between 47 and 48; for 47 X 47 gives a 
product less than this number, and 48 X 43 gives one greater. 
Dividing then the difference between 47 and 48 by means of 
fractions, we may obtain numbers that, muhiphed by themselves, 
will give products greater than ibe square of 47, but less than 
tbat of 48, and which will approach nearer and nearer to the 
number 2275. 

The extraction of the square root, therefore, applied to num- 
bers which are not perfect squares, makes us acquainted with a 
new species of numbers, in the same manner, as division gives 
rise lo fractions ; but there is this difference between fractions 
and the roots of numbers which are not perfect squares ; that 
the former, which are always composed of a certain number of 
parts of unity, have with unity a common measure, or a relation 
which may be expressed by whole numbers, which the latter 
have not. 

If we conceive unity to be divided into five parts, for example, 
we express the quotient arising from the division of 9 by 5, or 
f, by nine of these parts; } llien, being contained five times in 
unity, and nine limes in |, is the common measure of unity and 
the fraction §, and (he relation these quantities have to each other 
is that of the entire numbers 5 and 9. 

Since whole numbers, as well as fractions, have a common meas- 
ure with unity, we say tliat these quantilies are commensurable whh 
unity, or simply that they are commensurable; and since their re- 
lations or ratios, with respect to unity, are expressed by entire 
numbers, we designate both whole numbers and fractions by the 
common name of rational numbers. 

On the contrary, the square root of a number, which is not a 
perfect square, is incommensurable or irrational, because, as it 
cannot be represented by any fraction, into whatever number of 
parts we suppose unity to be divided, no one of these parls will be 
sufficiently small to measure exactly, at the saii^e time, both this 
root and unity. 

In order to denote, in general, that a root is to be estracted, 
whether it can be exactly obtained or not, we employ the charac- 
ter ■s/~f which is called a radical sign ; 
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VKi is ei^uivalent to 4, 
V3 is incommensurable or irrational. 
100. Although we cannot obtain, either among wliole numbers 
or fractions, the esact expression for v^, yet we may approxi- 
mate it, lo any degree we please, by converting this number into 
a fraction, the denominator of which is a pei-feci square. The 
root of the greatest square contained in the numerator will then 
be that of the proposed number expressed in parts, the valite of 
which will be denoted by the root of the denominator. 

Tf we convert, for example, ihe number 2 into twenty- fifths, 
we have ||. As the root of 50 is 7, so far as it can be expressed 
in whole numbers, and the root of 25 exactly 5, we obtain J, or 
If for the root of 2, to within one fifth, 

101 Tl" p f d d upon what was laid down in article 

96 ! I q f f tion is expressed by (be square of the 

d d 1 by i quare of the denominator, may evi- 

d I) b I pl d } kind of fraction whatever, and more 

d Ij d I h others, it is manifest, indeed, from 

h f I pi thai the square of a number express- 

d by h wll b h d ilhs, and that the square of a number 

[ d by 1 d d 1 II be ten thousandths, and so on ; and 

q ly I A her of decimal Jipires in the square is 

d y d bl h f h I >mal figures in the root. The truth 

f I k f h dent from the rule observed in the 

m 1 pi f d 1 mbers, wliich requires that a product 

Id yd iial figures, as there are in both the 

f I y ^ ^se, therefore, the proposed number) 

d d h p d of its root multiplied by itself, must 

1 m y I 1 figures as its root. 

F lib d, it is clear, that in order to obtain 

1 f 7 f example, to wiibin one hundredth, it 

y d 1 number lo ten ihoiisandlbs,' that is, to 

n ex to It lour ci} hers, \ Iiich gives 2270000 ten thousandths. 
The root of this may be extracted in the same n a I a 
of an equal number of units ; but to show th 1 1 1 u 

dredilis, we separate the two last figures on t! 1 by a on ma 
We thus find that the root of 227 is 15,06, ac e o bund ed hs 
The operation may be seen below; 
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2 .27,00,00 I 1 506 

2 00 00 3000 
19 64 1 

If there are decimals already in the proposed number, they 
should be made even. To extract, for example, tiie root of 51,7) 
we place one cipher after this number, which makfes it hun- 
dredths; we then extract the root of 51,70, if we proposed to 
have one decimal more, we should place two additional ciphers 
afier this number, which would give 51,7000; we should then 
obtain 7,19 for the root. 

If it were required to find the square root of the numbers 2 
and 3 to seven places of decimals, we should annex fourteen ci- 
phers to these numbers ; the result would be 

V2= 1,4142136, ^5= 1,7320508. 

102. When we have found more than half the number of 
figures, of which we wish the root to consist, we may obtain the 
rest simply by division. Let us take, for example, 32976; the 
square root of this number is IS 1, and ihe remainder, 215. If 
we divide this remainder 215, by 362, double of 181, and extend 
[he quotient to two decimal places, we obtain 0,59, which must 
be added to ISl ; the resuh will be 181,59 for the root of 32976, 
which is accurate to widiin one hundredth. 

lu order to prove that this method is correct, let us designate 
the proposed number by TV, the rool of the greatest square con- 
tained in this number by a, and that which it is necessary to add 
to this root to make it the exact root of ihc proposed number by 
b ; we have then 

N = a^ -\- 2 ah -\- h% 
from which we obtain 

dividing liiis by 2 a, we find 

-2"=— = * + 2^- 
From this resuh it is evident, thut the first member may be 
taken for the value of b, so long as the quantity s— is less than a 

unit of the lowest place found in b. But as the square of a num- 
ber cannot contain more than twice as many figures as ihe num- 
ber itself, it follows, that if the number of figures in a exceeds 

double those in b, the quantity ^ will then be a fraction. 
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In the preceding example, a = 181 units, or 18100 hundredths, 
and consequently conlains one figure more than the square of 
59 hundredths ; .the fraction then ^ becomes in this case, 

59, or than a liuiidredth of a unit of the first. 

103. This leads to a method of approximating the square root 
of a numher by means of vulgar fractions. It is founded on the 
circumstance, that a, heing the root of the greatest square con- 
tained iu A", b is necessarily a fraction, and ^— being much smal- 
ler than b, may be neglected. 

If it were required, for example, to extract the square root of 
2; as the greatest square contained in liiis number is 1, if we 
subtract this, we have a remainder, 1. Dividing this remainder 
by double of the root, we obtain ^ ; taking this quotient for the 
value of the quantity b, we have, for the first approximation to 
the root, 1 + 3, or J. Raising this root to its square, we find I, 
wliicli, subtracieii from 3 or |, gives for a remainder — }. In 
this case the forcnula 



becomes 






Substituting — -j-\ for b, we have for the second approximation 
I — tV ^^ H J taking the square of ||, we find |-.JJ-, a quantity, 
which stiil exceeds 2 or f ||-. Substituting i| for a, we obtain 



winch gives 

the third approximation 



This o'peratit 
please. I shall give, in the Supplement to this treatise, other for- 
mulas more convenient for extracting roots in general. 



la X a* ~ "^ 3 a ' 




J. 1 1 . 

^■~ 12 X a4 - 408 ' 




lation will then be 




1 .17X34 — 1 _577 
12 X 34 ~ 408 408' 




may be easily continued to any 


extent we 
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104. In order to approximate the square root of a fraction, the 
metliod, which first presents ilself, is, to extract, by approxima- 
tion, the square root of the numeralor and that of ihe dononiina- 
tor ; but with a lillle attention it will be seen, that we may avoid 
one of these operations by making llie denominator a perfect 
square. This is done by multiplying the two terms of the pro- 
posed fraction by the denominator, if it were required, for ex- 
ample, to extract the square root of ^, we might change ibis 
fraction into 

3 X 7 _ 21 
7 X 7 ~ 4y' 
by multiplying its two terms by the denominator, 7. Taking the 
root of the greatest square contained in the numerator of ibis 
fraction, we liave i for the root of |, accurate to within i. 

If a greater degree of exactness were required, the fraction 4 
must he changed by approximation or otherwise into another, ibe 
den'imrnator of which is the square of a greater number than 7. 
We shall have, for example, the root sought within y'j, if we 
convert 4 'oto 225ths, since 225 is the square of 15; thus the 
fraction becomes "}' of one 225ih,or-/3'j, within -^^3 ; \\\z root of 
/j'y falls between t; and Ij, but approaches nearer to the second 
fraction than to the first, because 96 approaches nearer to a hun- 
dred than to 81 ; we have then if or | for the root of | within y'j. 

By employing decimals in. approximating the root of the nu- 
merator of the fraction %l, we obtain 4,583 for the approximate 
root of the numerator 21, which is to be divided by the root of 
the new denominator. The quotient thence arising, carried to 
three places of decimals, becomes 0,655. 

105. We are now prepared to resolve all equations involving 
only the second power of the unknown quantity connected with 
known quantities. 

We have only to collect into one member all the terms containing 
this power, to frte it from the quantities, by wkirh tl is multiplied 
(11); we then obtain the value of the unknown quantity hy ex- 
tracting Ihe square root of each msmher. 

Let there be, for example, the equation 
4^^ — 8=4 — 1^. 
Making the divisors to disappear, we find first 

15a^— 168 = 84— 14j^. 
Transposing to the first member the term 14 e®, and to the sec- 
ond the term 168, we have 
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ISar^-f 14^ = 84 + 168, 
or 29 x^ = 253, 

and cc' :i= "J/, 

X = Vlf ■ 
It should be carefully observed, ibat to denote the root of the 
fraction Y/> '''^ sign \ i-, made to de-^cend below tlie line, 
which separates the numeiator from the denominator If it were 

wrhteo thus, — ^qj "^^e expression would designate the quotient 
arising from ibc square root of the number S'iS d vided by 29 ; a 
result different from V~i}, which denotes, ihqt the division is to 
be performed before the root is evtiacled 
Let there be the lileial equitiou 

proceeding as with the above, we obtain successively 
a!>^~CX^=:d'' — P, 
„ d^ — b^ 






I would remark here, that in order to designate the square root 
of a compound quantity, the upper line must be extended over the 
whole radical quantity. 

The root of ihe quantity 4 o^ 6 — 2 i^ + c^ is written thus, 



or rather 

by substituting, for the line extended over the radical quantity, a 
parenthesis including all the parts of the quantity, the root of which 
is required. This last expression may often appear preferable to 
the other (35). 

In general, every equation of the second degree of the kind we 
are here considering, may, by a transposition of its termsj be re- 
duced to the form 



jiig. 
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106. Witli respecl to numbers taken independently, tliis solution 
is complete, since it is reduced to an operation upon (he num- 
ber either entire or fractional, which the quantity — represents, an 

arithmetical operation leading always to ao exact result, or to one, 
which approaches the truth very nearly. But in regard to the 
signs, with which the quantities may be affected, there remains, 
after the square root is extracted, an ambiguity, in consequence of 
which every equation of the second degree admhsof two solutions, 
while those of the first degree admit of only one. 

Thus in the general equation a^ ^= 25, the value of cc, being the 
quantity, which, raised to its square, will produce 35, may, if we 
consider the quantities algebraically, be affected either with the 
sign + or — ; for whether we take -|- 5, or — 5, for this value, 
we have for the square 

+ 5X+5= + 25, or ~5x— 5-+25; 
we may therefore take 

or X = — 5. 

For the same reason, from the general equation 



-JP' 



Both these expressions are comprehended in the follov.ing ; 
1 which the double sign ± shows, that the numerical value of 



may be affected with the sign -\~ or — . 

From what has been said, we deduce the general rule, ikai the 
double sign ± is to be considered as affecting the square root of 
every quantity whatever. 

It may be here asked, why Xy as it is the square root of x^, is 
not also affected with the double sign ± ? We may answer, first, 
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that the letter x having been nken without a sign, that is, with 
ihe sign +j 3S the repesentaltv e of tlie unknc«n qtnntity, it is its 
viiue whan in this stite, nl ich is the suhjLCt of inqmrj ; and that, 
when we seek a niimbci i, thi" squarp ol which is b, for example, 
there cdii be only two possible solutions, x =: -\- it/l, x =^ — 
\/b Agiiii if in 1 esoh ma; the equation %^ =. b, we write ±x =: 
± \ 6 ind Trnnge lbe=(. expressions in all (be different ways, of 
wliich they are capable, namely, 

we come to no new result, since by transposing all the terms of 
the equations — x ^^ — \/b, — x ::= -\- ^i, or which is the same 
tiling, by changing all the signs (57), these equations become iden- 
tical with the first. 

107, It follovvs from the nature of the signs, that if the second 
member of the general equation 



weie a negatue number the equnuon would he absurd, suite the 
square of a q i miity ifitcted either with the ^i gn -f or — , having 
alw^vs thp sign -j"! no qmnlit) the sijuare ol whiLh is ne^ttive, 
can he fo ind eithei nmong po'^ilive or negitive q lanlil es 

This IS what is to he understood, when we say, that the root of 
a negative quantity ts imaginary 

If we were lo meet with the equation 
a^ + 25 = 9, 
we might deduce from it 



hi b h h I pi d by If w II p d 

_Ci I— 4mlpldl}-l- _ b 

1 q I dff" 1 y b d 

d i I i q ly I p d q 

Tl I f d i h II b f lly d d 

If b f lly d I d f h m d 

5S i I I IP b ply I I g f h 

k 1 y 1 ' f h q wl h 

b 1 g fl 

108 T b m|l q f h nd d g h 

ly kqy hhkdf m 
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ly, those involving the square of the unknown quantity, others con- 
taining the unknown quantity of the first degree, and lastly, such as 
comprehend only known quantities. The following equations are 
of ibis kind; 

a,3 — 4j; = 12, 4 a; — sx^z:: 4,— 2a^. 

Th fi [ |.l 1 1 1 

b ly 1 d 1 1 f I 



ndl ly ) f Bi I 


1 


I f 


h ] J d q 1 


1 


d d 


b f 1 1 m 1 , ) ] 1 


P 


1 1, 1 


f 1 r+i. =J 






hi/ l{d t q 


1 P 




a 






I e d n 1 a w yd li q 


f 1 


dd 


E e h 1 bj 11 


b 


11 1 m 


I 5 ( 0) by 1 6 h 


t 1 


m f 1 


1 d d h f p 


f 


1 f 


n s (7) 1 ) d d 11 1 


1 h 1 


1 1 



multiplier of j; , il this squaie ha e a n 1 [ler (11), or hj multi 
plying by its divisor, if it be divided by iny n ber (13). 
If we apply what has just been s i to 1 e e juotion 

we have, by collecting into llie first member al! the terms involv- 
ing x, 

by changing the signs, 

^3^ — 0x = ~4, 
multiplying by the divisor 5, 

3a;^— 30* — —20, 
dividing by the multiplier 3, 

x^—lOx — ~%\ 
If we now compare this equation with the general formula 

we shall have 

109. In order to arrive at the solution of equations thus pre- 
pared, we should keep in mind what has been already observed 
(34), namely, that the square of a quantity, composed of two 
terms, always contains the square of the first term, double the pro- 
duct of the first term multiplied by the secondj and the square of 
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the second ; consequently the first member of the equation 

a?^-\-2ax-\-a^ = h, 
in which a and h are known quantities, is a perfect square, arising 
from X -\- a, and may he expressed thus, 

(^ + «) (^ + «) ^ h. 
If we take the square root of the first member and indicate that of 
the second, we have 

an equation, whicli, considered with respect to x, is only of the 
first degree ; and from which we obtain, by transposition, 

a! — — a±*^h. 
An equation of the second degree may therefore be easily resolv- 
ed, whenever it can be reduced to the form 

that is, whenever its first member is a perfect square. 
But the first member of the general equation 
+ } =1 
I dy m ! } b d d r 

pflq fb 1 I) hlhq 

fifi m dp dblhfimlpldbjl 

111 d q Ij Ij I f f ; ^ T 

[111 lit* 1 + i 1 b I 

ij fl d P ^ ^ i ybfm 

I P d p k I d jbddd 
Ifi bfi iiljfi b 

blldh 1 ddlJmb 

II lib k q } 

As the square of }p is Jp', if we add it to the two members 
of the proposed equation, 

x" +px = q, 
we shall have 

3,= ^px + ^p' =q + lpK 
The first member of this resuh is the square of a; + i^ ; taking 
then the root of the two members, we have 

x+ip:=±^q+^p% (106); 
by transposition this becomes 

x — —^p± \/q+ ip'l 
or which is the same thing 

x~—^p+ \/q 4- I'^r 
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and x — — ^p — v'5+ { p". 

I have prefixed (he sign 4- to the second term ^p, of ihe root 
of the first member of the above equalion, hecaiise the second 
term of this member is positive; the sign — is to be prefixed in 
the contrary case, because the square a;^ — 2 ax -\-a' answers to 
the binomial x — a. 

Any equation whatever of the second degree may be resolved, 
by referring ii to ilie general formula, 

X' +px — q; 
or more expeditiously, by performing immediately npon the equa- 
tion the operations represented under this formula, which, express- 
ed in general terms, are as follows ; 

To make the first member of the proposed equation a perfect 
square, by adding to it, and also to the second, the square of half 
the given quantity, by which the first power of the unknown quan- 
tity is multiplied ; then to extract the square root of eacli member, 
observing, thai the root of the first member is composed of ihe un- 
known quantity, and half (f the given nvmher, by which the un- 
known quantity iit the second term is multiplied, taken with the 
sign of this quantity and that the root of the second member must 
kaie the double sign ±, and be indicated by the sign \/, if it can- 
not be obtained dtiectly 

See this illustrated bj e^aLiplcs 

110 To fiid a number such thai if it be mulliphed hy 7, and 
this product be added to its square, the sum will be 44 

The nnmber sought bemg represented hy x ihe equatLon will 
evidently be 

^2 + 7^=44 

In order to resolve this equation, we take I, hall of the coeffi- 
cient 7, by which x is multiplied , nising it to its squiie we obtain 
y ; this added to eich member gnes 

i' + 7x+ V=44-l- V, 
reducing the second member to a single term, we have 

The root of the first member, according to the rule given above, is 
x -\- I, and we find for that of the second y ; whence arises the 
equation 

» + i = ±v> 

from which we obtain 
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or a^ = — 1 + V =1 = 4, 

x=~i—<J = — V = — II. 
Tlie first value of a; solves the question in the sense, in which it 
was enunciated, since we hare by this value 
x= — 10 
- x = 28 

sum 44 

As to the second value of x, since it is affected with the sign 
— , ihe term 7 x, which becomes 

7 X — ll= — ^7, 
must be subtracted from x", so that the enunciation of the ques- 
tion resolved by ihe number 11 is this, 

To find a number such, iliat 7 times this number being subtracted 
from its square, the remainder will be 44. 

The negative value then here modifies (he question in a manner, 
analogous to what lakes place, as we have already seen, in equa- 
tions of the first degree. 

If we put the question, as enunciated above, into an equation, we 
obtain 

a;= — 7 a; — 44, 
this becomes, when resolved, 

a^= — 7 « 4- V = 44 -^ V. 

^._7^+ v^ns 

ar = Y = 11, 

The negative value of x becomes positive, as it satisfies precise- 
ly the new enunciation, and the positive value, which does not thus 
satisfy it, becomes negative. 

Hence we see, that in equations of the second degree, algebra 
unites under the same forraiila two questions, which have a certain 
analogy to each other. 

111. Sometimes enunciations, which produce equations of the 
second degree, admit of two solutions. The following is an ex- 

To find a number suck, that if 15 be added to its square, the 
sum will be equal to 8 times this number. 

Let a; be the number sought ; the equation arising from the pro- 
blem is then a;* -|- 15 = 8 a:. 
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This equation reduced to tiie form prescribed in art. 108., be- 
comes 

x'-~8x = — l5, 

x" ~Bx + l6 =_15 + 16, 

a;^ — 8k + 10=: 1, 

X — 4= ± J, 
x=: 4±1, 
or ai =^ 5, 

There are therefore two different numbers 5 and 3, wliich fulfil 
the conditions of the question. 

112. Questions sometimes occnr, which cannot be resolved pre- 
cisely in the sense of [he enunciation, and wliich require to be 
modified. This is (he case, when the two roots of the equation 
are negative, as in the following example, 

This equation, which denotes, that the square of the nymba- 
sought, augmtnted by 5 iimts this number, and uho by G, will give 
a sum equal to 2, evidently cannot he verified by addition, as is 
implied, since 6 aheady exceeds 2. Indeed, if we resolve it, we 
find successively 

x^ -\-6cc= — 4, 
x^ +5x -t- V =¥—* = !. 

^ = -1 + 1 = — I> 



From the sign — , with which tlie numbers 1 and 4 are afiected, it 
may be seen that the term 5 x must be subtracted from the others, 
and that the true enunciation for both values is, 

To find a number such, that if 5 limes this number he subtracted 
from its square, and 6 be added to the remainder, the result will be 2. 

This enunciation furnishes the equation, 

which gives for x the two positive values 1 and 4. 

113. Again, let the following problem be proposed ; 

To divide ajiumher p into two parts, the product of which shall 
be equal to q. 

If we designate one of these parts by x, the other will be ex- 
pressed by J) — X, and iheir product will hs px — a;" ; we have 
then the equation px — ar* ^ y, 
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or, changing the signs, 
resolving this last, we find 



ix — ^p zizV^p^ — q. 
If now we suppose 

p=lO, q — 'ii, 
we have 

tc = 5 ± v25^"5i, 
or a^— 5±2, 

3 = 3 
that ia one ol tlie puts Mill be 7 and ihe other consequently 
10 — 7, or 3 

If, on the con(rar), we take 3 for i, tlie other pirt will he 
JO — 3 or 7 , so that the enunciation, as it stands, admit=!, strictly 
sj.ea!\jng, of only one solution, since the second amounts simply 
to 1 change in ilie ordt-r of the pirts 

If we e\imiiie cireluUj the valiP of a m the qiie-ition no have 
been consideiing we sbjU see that we cannot fake any numbers 

indiftcrenilj foi j^ and g for if 5 exceed j- oi the sijuaie of ' p, 

the qunntitv j q becomes negative, and He are presented with 

that species of absiirdit) mentioned in ail 107 

If we take, for example, 

^^10 and q — &0, 
we have 

a.— !)±\ 25^t» — 5 ± v=^ 
ti e p ohlen l! en v 1 ll ese ss np on s j oss 1 le 

114 Tie abs rd y of i^uestons I cl lead to ag a ) roots, 
s d SCO e ed o Ij bj he rpsul ad e ay v bl o de e ne by 
cl arac ers ! ch ire found earer to he c u c a on n bat con- 
s s s tl abs d ty of ll e ] oble vl cl g ves r se to that of the 
solu o tl e si dU be e abled to do bj the follow g conside- 
n on 

Let d be the difference of the two parts of the proposed num- 
ber ; the greater part will ''^ | + S' ''^^ '^^^ 2 — 2 ^^^ ' '*'" '' 
has been proved (29, 30, & 34} that 



.y Google 



130 Elements of Algebra. 

yi '^2/ \2 2^ 4 4 ' 
iberefore, the product of ilie two parts of the proposed number, 

whatever they may be, will always be less than j-, or than the 

square of baif their sum, so lung as d is any thing but zero ; when 

d is nothing, each of the two parts being equal to % their proiJuct 

will be only ^ . It is ihcn absitrd to require it to be greater ; and 

it is just, that algebra should answer in a manner contradictory to 
estahhshed principles, and thereby show, that what is sought does 
not exist. 

What has been proved concerning the equation 
i:^ — pa: = — q, 
furnished by the preceding question, is true of all those of the 
second degree, where q is negative in the second member, the on- 
ly equations, which produce imaginary roots, since the term ^, 

placed under the radical sign, preserves always the sign -|-, what- 
ever may be that of p. Indeed, it is evident that the equation 

x^ -{-p X = — q, or x^ -\- p X -{- q =. 0, 
will admit of no positive solution, since the first member contains 
only affirmative terms ; and, to ascertain whether the unknown 
quantity x can be negative, we have only to change x into — y. 
The unknown quantity y would then have positive values, which 
would be furnished by the equation 

f—py-i-1 = 0: or f — py—~q, 
which IS precisel) the '■inie as that m the preceding article , but 
as the lalues of x can be rei! only when those of y would he so, 
they become therfore imaginar) m the case under consideraUon, 

when q exceeds j- 

Ic will be percened then from wint his been STid, hon, and for 
what reason, wAen (Ae knourt teim of an equation of iht stcond 
degree w negative m ike second member, and greater than the 
square of half the coefficient of the first pover of the mknoun 
quantity, ths equation can hate only imaginary toots 

115 The expressions 

and, in general, tliose, which involve tlie square root of a negative 
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quantity, are called imaginary quantities*. They are mere sym- 
bols of absiiidity, that lake the place of the value, which we 
should have ohiaiiied, if the question hail been possible. 

They are not, however, to he neg^lected in the calculalion, be- 
cause it sometimes happens, that when ihey are combined accord- 
ing to certain laws, the absurdity disappears, and the result be- 
comes real- Examples of this kind will be found in the iiiupple- 
ment to this treatise. 

116. As it is important that learners should have just ideas re- 
specting all those analytical /ocis, which appear to be derived from 
familiar notions, I have thought it proper to add some observations 
to what has been said (lOG), on the necessity of admitting two so- 
lutions in equations of the second degree, 

I shall show that, if there exists a quantity a, which, substituted 
in the place of x, verifies the equation of the second degree, 
x** -i- p X = q, and is consequently the value of x, this vnknown 
quantity will stUl have another value. Now, if we substitute a for 
a^, the resuh will be a^-j-paiz; j; and since, by supposition, a 
represents the value of x, q will be necessarily equal to the quan- 
tity a'^ ~\-p a ; we may then write this quantity in the place of q, 
in the proposed equation, which thus becomes 

x^+px = a^+pa. 
Transposing all the terms of the second member, we have 

x^ ■]- p X — a' — p a ^= 0, 
which may be written, 

«■-<■■+?(«-«) = (>; 
and because 

«.-«■ = (! + <.) (i-o), (34), 
it is obvious, at once, that the first member is divisible by x — a, 
and will give an exact quotient, namely, x-^a-^-p; we have 
then, 

cc^ ^px — q = x^ —a' +p{x — a) = {x — a){x-{-a+p). 
Now it is evident, that a product is equal to zero, when any one 
of its factors whatever becomes nothing ; we shall have then 

{^-a){x + a+p) = 0, 
not only when x — a = 0, which gives 



• It would be more correct to saj, imaginari/ e-^pressions, • 
boh, as they are not quantities. 
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but also when x -j- a -\- p = 0, from ivhich is deduced 

Therefore, if a is one of the values oi x, — a — p v 
sarUy be ihe other. 

This result agrees with the two values comprehend' 
formula 



for if we take for a the first value, — a? + \/ ^ + iP^' "^ °'*~ 
tain for ihe other 



— a-~p = + ip — \/q + iP''—p = ~ip—V<l + iP''' 
which is in fact the second value. 

These remarks contain the germ of the general theory of equa- 
tions of whatever degree, as will appear hereafter, when the sub- 
ject will be resumed, 

117. The difBculty of putting a problem into an equation, is 
the same in questions involving the second and higher powers, as 
io those involving only the first, and consists always in disentang- 
ling and expressing distinctly in algebraic characters all the con- 
ditions comprehended in (lie enunciation. The preceding ques- 
tions present no difficulty of this sort ; and, although the learner is 
supposed to be well exercised in those of the first degree, I shall 
proceed to resolve a few questions, which will furnish occasion for 
some instructive remarks, 

A person employed two laborers, allowing them different wages ; 
the first received, at the end of a certain number of days, 96 francs, 
and the second, having worked six days less, received only 54 
francs; if this last had worked the whole nund>er of days, and the 
other had lost six days, they would both have received the same 
sum ; it is required to find how many days each worked, and what 
sum each received for a day's work. 

This problem, which at first view appears to contain several un- 
known quantities, may be easily solved by means of one, because 
the others may be readily expressed by this. 

If X represent the number of days' work of the 6rst laborer, 
x — 6 will be the number of days' work of the second, 

-—will be the daily wages of the first, 

- A the daily wages of the second ; 

if this last had worked j; days, he would have earned 

Hosted byGoogle 
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54 54 T 

and the first working x — 6 days, would have received only 

(a: — 6) — , or — i— — ^. 

Tlie equation of the problem then will be 
Six __ 96(z— C) 
l—fi— X 

The first step is to make the denorainatois disappear ; the equa- 
tion then becomes 

54 x' =90 (a; — 6) (ic — 6). 
As the numbers 54 and 96 are both divisible by 6, the result may 
be simplified by division ; we shall then have 

Ox" = 16{x — 6){x'~&). 
This last equation may bo prepared for solution according to the 
rule given art. 108,, but as the object of this rule is to enable us 
with more facihty to exlract the root of each member of the equa- 
tion proposed, it is here unnecessary, because the two members 
are already presented under the form of squares ; for it is evident, 
that 9 x' is the square of 3 x, and 1 6 (j; — C) {x — 6) die square 
of 4 (x — 6). We have then 

3^=±4(* — G); 
from which may be deduced 

3 a^ = 4 j; — 24, ^ = 24, 
3^;=:— 43; + 24,a:= V- 

By the first solution, the first laborer worked 24 days, and con- 
sequently earned f f or 4 francs per day, white the second worked 
only 18 days, and received f | or 3 francs per day. 

The second solution answers lo another numerical question, con- 
nected with the equation under consideration, in a manner analo- 
gous to what was noticed in art. 111. 

118. A banker receives two notes against the same person; the 
Jirst of 550 francs, payable in seven months, the second of 720 
francs, payable in four months, and gives for both the sum of 1200 
francs ; it is required to find what is the annual rate of iTtterest, 
according to which these notes are discounted. 

In order lo avoid fractions in expressing th e f ven 

months and four months, we shall represent by 12 a^ h n t of 
100 francs for one year ; the interest for one m n h 1! 1 be a^. 
The present value of the first note will accord ngly be i d by 
the proportion, 
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and the present value of the second note by the proportion, 

100 + 4., 100:: 720, ji^^. 

By uniting tliese values, we obtain for the equation of the problem, 
55000 72000^ „ „ 

im+ix'^ im-\-\x 

Dividing each of the members by 200, we have 
275 360 _ 

100+71 "T" 100 + 4 1 ~ ' 
making the denominators disappear, we find successively, 
275 (100+4^)+ 300(100 -\-lx) = 6 (100 + 7 ^) (100 -^Ax), 
27500 + UOOx + 36000 + 2520x=: 60000 + CCOOic + 1683:% 
which may be reduced to 

imx^ 4-29S0a; = 3500; 
dividing by 2, we obtain 

S4a:^ + 1490 k— 1750, 
which gives 

= , 1490 _ 1 750 
* + 84 ^~ 84 ■ 
Comparing this equation with the formula, 
x^ -\-px — q, 
we have 

1490 1750 

i* = -84-' * = -8r5 

and the expression 



745 |745 . i 

" 84 ^ >J-847t 



84 
Reducing the fractions, we have 

745 . 745 + 1750 . 84 _ 702025 _ 
84 . 84 ~ S4 . 84 ' 

then, since the denominator of this fraction is a perfect square, we 
have only to extract the square root of its numerator. If we stop 
at thousandths, we find 837,869, for the root of 702025 ; this, 
taken with the denominator 84, gives for the values of x 
_ 745 837,869 _ 92,869 
^~ 84 "•" 84 ~ 84 ' 



ly Google 



Eqtiations of the Second Degree vrithone Unknown ^antUy. 135 

_ _ 745 _ 637,86 9 _ _ 1582.869 

^""84 84 ~ 84 ■ 

The first of these values is the only one, which solves the ques- 
tion in the sense, in which it was enunciated. Dividing the de- 
nominator of this fraction by 12, we have {Arith. 54.) 

12 X = »?■»?? =13,267, 
that is, the annual interest is at (he rate of 13,27 nearly. 

119. The following question deserves attention on account of 
the character, which the expression for the unknown quantity pre- 
sents. 

To divide a number into two parts, the squares of which shall be 
in a given ratio. 

Let a be the given numher, 

m the ratio of the squares of its two parts, 
X one of these parts ; 
the other will be a — r. 
We shall then have, according to llie enunciation, 



This may be resolved in two ways ; we may either reduce it to 
the form x^ -\~p x ^= q, and then resolve it by the common 
method ; or since the fraction 



is a square, the numerator and denominator being each a square, 
we thence conclude at once. 

By resolving separately the two equations of the first degree com- 
prehended in this formula, namely, 

n: — + (a — x) v'm, 

w = ~(a—x)y'm, 
we have 

_ "^'^ 

*-i-)-v'«r' 

By the first solution, the second part of tlie nntnber proposed is 
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and the two parts, 

are both, as the enunciation requires, Jess than the number pro- 
posed. 

By the second solution we have 

"i-l—^n, 1 — ^/,« 1 — ^/m' 

and the two parts are 

1 — \/ni 1 — v' "» 

Their signs being opposite, the number a is strictly no longer 
iheir sum, hut their difference. 

If we make m:=\, that is, if wo suppose that the squares of 
the two parts sought are equal, we have 

and the firsi solution will give two equal parts, 



a conclusion, that is self-evident, while the second solution gives 
for the results two infinite quantities (68), namely. 

This is necessary, for it is only by considering two quantities in- 
finitely great, with respect to their difference a, that we can sup- 
pose the ratio of their squares equal to unity. 

Now, let there be the two quantities a;, and x — a, the ratio of 
their squares will be 



dividing the two terms of this fraction by x^, we obtain 



1 — ^ + ^ 
hut it is evident, that the greater the number x, the less will be the 
fractions - — , — , and the move nearly will the above ratio ap- 
proach to |-, or 1 . 

120, Now in order to compare the general method with that, 
which we have just employed, we develope the equation 
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and we have, successively, 

a;= ^m (a — x) (^a — w), 

(1_„).. +2„„^ = „. ^, 

making p = y^^. S = fir^' 

the general formula gives 

These values of x appear very differenl from those, which were 
found above ; yet they may be reduced to the same ; and in ibis 
consists the utility of the example, on whicli I am employed. It 
will serve to show the importance of those transformations, which 
different algebraic operations produce in the expression of quan- 

We must first reduce the two fractions comprehended under the 
radical sign to a common denominator. Tbis may be done by 
muhiplying the two terms of tiie second by 1 — m; we have then 

fJ!l . .Sli _ °"'' + »■"('-'") _ 

(l_,„)(l_„)-)-l_« - (i_„,)(i_,„) - 



(l_„)(l_„) --(!_„) (I _„)■ 
The denominator being a square, it is only necessary to extract the 
root of the numerator ; we then have 

but the expression s/a^m may be further simplified. 

It is evident that the sqnare of a product is composed of the 
product of ibe squares of each of its factors, for example, 

bed X bed ^b^,c^, d^, 
and consequently the root of 6° c^ d^ is simply the product of the 
roots 6, c, and rf, of the factors 6', c", and (/=. Applying lliis 
principle to the product a' m, we see that its root is tlie product of 
a, the root of o=, by \/'m, wiiicb denotes the root of m, or that 
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It follows from these different trans formalions, tint 






1—m 1- 



1 — in 
m + ay^m 



These expressions, however simple, are slill not tha same as 
those given in the preceding article ; if, moreover, we seek to ver- 
ify them for the case, in which m = 1, they hecome 
- « + « _ 

^ - T^ir - 0' 

_ ^a— a_—2 a 

We find, in the second, the symboi of infinity, as in the preceding 
article, but the first presents this indeterminate form, ^, of wliich 
we have already seen examples in articles 69. and 70. ; and before 
we pronounce upon its value, it is proper to examine, wheilier it 
does not belong to the case slated in art. 70. ; whether there is not 
some factor common to the numerator and denominator, which the 
supposition of m = 1 renders equal to zero. 

The expression — — j^^^^ — ■ — 
may be resolved into 

l_m "" 1—m ' 

It is here evident, that the numerator does not become 0, except 
by means of the factor v'm — m; we must therefore examine, 
whether this last has not some facior in common with the denomi- 
nator 1 — m. In order to avoid the inconvenience arising from 
the nse of the radical sign, let us make vw ^= n, then taking the 
squares, we have m r= n= ; t!ie quantities, therefore, 

v'm — m aud 1 — m 
hecome » — n" and 1 — n^, 

hutn~n' = n{l—n), and 1— n= ={1— n) (i+n){34). 
restoring to the place of n its value \/'m, we have 
Vm — m = (l— v'm) v'm, 

I— «. = (!— V™)(l+Vm), 
and coDBeqtienlly, 

1_„ (l-yi;)(l + ^„) l + ^V 

a result the same, as that found in art. 119. 
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In the same manner we may reduce llie second value of x, ob- 
serving iliat 

— a^Tn—am _ -o (1 + s/m) ^/Ti. _ — aV^ 

as in an. 119.* 

It will be seen without cifficulty, that we might have avoided 
radical expressions in the preceding calculations, by taking m' 
to represent the ratio, which the squares of the two parts of the 
proposed number have to each other ; m would Ihen have been 
the square root, which may always be con-iidered as known, 
when the square is known; but we could not haie perceived 
from the beginning the object of such a change in a given term, 
of which algL'braisls often avail themselves, in ortiei to render 
calculations more simple. It is recommended to the learner, 
therefore, to go over the solution again, putting m= in ihe place 
of m. 

Examples in the Extraction of the Square Roots of J^umbcrs. 



1. 


\/4(m 


= 64. 


2. 


Vtil()09 


= 247. 


3. 


V5Sa]69 


= 763. 


4. 


V95ti484 


= 978. 


5. 


V'5719896i; 


i = 7563. 


6. 


V3 


= 2.23606 . 


7. 


V13 


= 3.60555 . 


8. 


v^ 


= 4.6904 i . 


9. 


V153 


= 12.36931 


10. 


V7.65 


= 2.76586 . 


11. 


VJ 


= 1.322S7 . 



■ The example, which I have giien at some length, corresponds 
with a problem resolved by Clairaut, in his Algebra, the enunciation 
of which is as follows ; Tojind on the Uiu, which, joins an>/ two lumi- 
nous bodies, the point where these two bodies •thine aith equal light. I 
have liivested this problem of the physical circumstances, which are 
foreign to the object of this work, and which only divert the atten- 
tion from the character of the algehraio expressions These expres- 
sions are very remarkable in themselves, and lor this reason i have 
developed them more fully, than they were done in the work refer- 
red to. 
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12. VV = 1.24721 . . . 

13. VlTj^ =3.41869 . . . 

14. v'l = 1.20099 ... ■* 

15. v| =0.93541 . . . 



Examjdes in Equations of the Second Degree involving only the 
Second Power of the Unknown (Quantity, and those which may 
be solved without completing the Sguare. 



I. 3x^ — 4=28 — r 
2.w + y:y::ii:l] 



:±0, y = d=3. 



4. 25 (18 — a:)'— 113 a^^ a: = 10. 
6v 3^ + &x^5x+ 4225i 3^ = ± 65. 



6.! 



75(^-7)_^ 48(^-4) _, 



g(^- 18)_ 



Examples in Equations of the Second Degree solved by completing 
the Square- 

1. !^-\-6x — 2T. x = 3, x — ~9. 

2. ^— 7a' + 3^ = 0. .1=6, x—\. 

3. 3^ — 2 a: :z:: 65. X — 5, x = — 4^. 

4. 622a::^15a;2 + 6384. x = 22i, jr=18J. 

5. Ufa;— 3^1" = — 41^. x = —2^, x^b^. 

6. ^~8a:zz:I4. x =. 4 + yW) — 9A112 . .. x = 4 

— v3u — — 1.4'72 . . . 

7. 118^: — 2^-a^= = 20. 3: = ii^±^^-^ = 47.0298 . .. 

8. 6 a; — 30 1^3 a;". x = I + ^ZZ^, x=:l~~^:Zs. 

9. — T^ = -T-^^- ^ = 14, x= — 10. 
E + bO ix — 5 
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10. 


.^-^ = 3^- ^='0. ' = -1- 


11. 


^3=J^-.. . = =1, .= .. 


12. 


'" - '" +1 I-6T ^-4' 




6. 117 — 3.+ '- »-"ii' JJ-I,- 


13. 


l^ = S^-i- '=»». ' = 


14. 


26. + 180 40. 
10. -SI -5.-8 '■ "-"'• '-"< 


15. 


18 + . _20. + 9 6.5 , ,„ , 
6(3_.) 19_7i 4(3-,)- ''-'ill' " 


16. 




17. 


o^T^ ] ^"^^ _6r79 + n6 — 26' 6= . _9a 




3a + 26 


18. 


"+^=(«+')- -^/^Sf^. 



2(a + b ■ 

19. aa;« + &» +c==fl'+2tc + 2(6 — c)xv«- 
_ 6_e + o _^ b — c — a 

Of the Extraction of the Square Root of Algebraic Quantities. 

121. We have sufficiently illiislnted, by the preceding arti-' 
cles, the manner of conduclin^ llie solution of lileial questions. 
We have given also an inilance of a tnnsforraation, namely, 
that of \/Wm into a vm, «liich is wortliy of piiticular attention ; 
since, bj mems of it, ne have been able to reduce liie ficiors, 
contained under a radical si^n, lo the smallest number possible, 
and thus to simplify very much the extraction of Ihe remaining 
pait ol the root 

Tins tran=formation consists in tasting the roots of all the factors 
which are squares, and urtttng them uithout the radical sign, as 
muttiplirri of the tadttal quantity, and retaining undei the radical 
sign all those factors, uhiih are not squares 

This lule supposes, that the student is already able to deler- 
mine, whether an algebraic quantitj is a square, and is acquainted 
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with the meihod of estracting ihe root of such a quantity. In or- 
der to this, it is necessary to distitiguisli simple ijiianiities from poly- 
nomials. 

122. Il is evidenl, from the rule given for the exponents in mul- 
tiplication, (hat tlie second power of any quantity has an exponent 
double that of this quantity. 

We have, for example, 

a> X a^= nS a^ X a- = a*, a^ X a^ = a^, &c. 

It fohows Ihen, iliai every factor, which is a square, must have an 
exponent which is an even quantity, and that the root of this factor 
M found by leriting its letter with art exponent equal to half the 
original exponent. 

Thus we have 

Y^o' =: ft' or a, y'a* = a', y'o^ =: a^, &c. 

Wilh respect to numerical factors, llieir roots are extracted, 
when t!iey admit of any, by the rules already given. 

Whence the factors a^, b*, c^, in the expression 

are squares, and the number 64 is the square of 8 ; therefore, as 
the ^presslon proposed is the product of factors, which are squares, 
it will have for a root the product of the roots of these several 
factors (121); and, consequently, 

V*'4aH^~c^= 8 a^ b= c. 

123. In other cases, different from the above, we must endeav- 
our to resolve the proposed quantity, considered as a product, into 
two other products, one of which shall contain only such factors as 
are squares, and the other those factors which are not squares. 
To effect this, we must consider oach of the quantities separately. 

Let there be, for cx!iin|:le, 

We see that among the divisurs of 72, the following are perfect 
squares, namely, 4, 9, and 36 ; if we take the greatest, we have 

72 — 36 X 2. 
As the factor a* is a square, we sepaiLite it from the others ; pass- 
ing tlien to the factor l>^, which is not a square, since 3 is an odd 
number, we observe that this factor may be resolved into two oth- 
ers, b^ and 6, the first of which is a square ; we have then 

i' =i» .6; 
it is obvious also that 
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By proceeding in the same manner with every letter, whose ex- 
ponent is an odd number, the quantity is resolved thus, 

by collecting the factors, which are squares, it becomes 

Lastly, taking the root of the first proditct and indicating that of 
the second, we have 

v72a-ifi39i = 6 a" he' v26c. 

See some exam|)les of iliis kind of reduction, with the steps by 
which they are performed ; 






r VO 6 ; 



i«'-= 


^>| 49.2 


„ 125 fts . 3 „ 
"•^^J 4U.2 


= 


^. 


J? = 


30 6 

■ 7 > 


J¥> 




J^ 


+ ■? 


»''+»'-»^ 




Jl^ 


^T^ 


'»)=} 






v/ »"+»«. 




b, 
1 h 


1 6 
f 


f 1 


ll 1 1 

I f m J 


i 
1 


1 r 
p 
I 

b 
1, ,1 


d 
1 b 

) 

q 


If 
1 

11 

Pl 
d 


(104) 

1 1 
d 1 b 

1 y 1 

1 q f b 





I lib 
I 

1 by b 

w d 

4 H 
pl) I 

I ' 1 
P I 

, I p (34) 

I Id b g m k pp I b m 1 + 6 be 

b q f + i II 1 1 p Ij I 

of (1**, and b llint of Ja; for die square of « -\- b, oj: a^ -{- 2 ab-^ 6', 
coniaiiis llie term -f- 2 a i, wbich is not found in the expression 

,-+b: 

Let there ho the irinoraial 

24 «= b^c + 16 a' c" + 9 S^ 
In order to obtain from this expression the three parts, which com- 
pose the square of a binomial, we must arrange it with reference to 
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one of its letters, the lelfer a, for example ; it then becomes 

Now, iviiotever be the square root sought, if we suppose it arrang- 
ed with reference to the same letter a, the square of its first term 
must necessarily form the first term, ISu'e^, of the proposed 
■quantity ; double the product of the firs! (erm of the root by the 
second must give the second term, 24 a" b^ c, of the proposed 
quaniily ; and [he square of (lie last term of the root must give 
exactly the last term, 9 b^, of the proposed quantity. The opera- 
tion may be exhibited, as follows ; 

16 a'' c» + 24 0= 6^ c 4- 9 6H 4a^c -\-SlP root 
— 16o^c» {Qa^c+-6b^ 



+ 24a'Pc-{-9b^ 
~24a'Pc — 9b^ 



We begin by finding the square root of the first (erm, Ifi a*c', 
Bnd the result 4 a" c (122) is the first term of the root, which is 
to he written on the right, upon the same line with the quantity, 
whose root is (o be extracted. 

We subtract from the proposed (juanlity, the square, 16 a* c', 
of the first term, 4 a' c, of the root ; there remain then only the 
two terms 24 o^ 6^ c -|- 9 b^. 

As ibe (erm 2i a^ b^ c is double the product of the first term 
of the root, 4 a^ c, by the second, we obtain ibis last, by dividing 
24 a' b^ c by S a' c, double of 4 a' c, which Is written below the 
root; the quotient 3i' rs the second term of the root. 

The root is now determined ; and, if it he exact, the square of 
the second term will be 9 ft^, or rather, double of liie first term 
of the root 3a^ c together wilh the second 3 b^, iiHihi|ilied by the 
second, will reproduce the two fast terms of llie square (91) j 
therefore we write + 3 1^ by ibe side of 8 o=c, and multiply 
8 a" -j- 3 6^ bj 3 J^ fte the p od ct 's ubt act d f om the two 
las s of 1 e q a y p op d o 1 g e and we 

conclude ha I s quan jsleqaeof4o -\- 3 b 

I s e den la he sa ne ea on ng die c j ocess may 
be apj 1 i o all jua s con j o d of I e 

1 Wlenleqnj ioeoo olee ctcd, has 

mo e 1 an 1 ee e m s no longe 1 e squa e of a binomial ; 

but f we suppose the square of a oon al « -f- ■}- p, and 
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represent by I the sum m + w, this trinomial becoming now l-\-p, 
its square will be 

P +2lp +/, 



in which the square P of the binomial m + n, 
developed, tbe terms nt" -{- 2 m n -^ n' . Now 
arranged tbe propose 1 q j 1 ft 
the square of the firs f 1 d 1 
tain double the produ 1 h f m f 1 
of this root ; we shall 1 b 1 1 b d 
term of the proposed \ j bj 1 bl 1 
Knowing then the tw fi f 1 


produces, when 

, after we have 

11 d ly be 

d 11 on- 

b 1 ond 

d 1 ond 

f h first. 

1 mplete 


the square of tbese t p d 1 
ing this square from 1 i [ d j y 
niainder 


1 y / b act- 
1 f re- 



a quantity, which contains double ibe product of I, or of the first 
binomial m + n, by the remainder of tbe root, plus the square 
of this remainder. Jt is evident, therefore, that we must proceed 
wilb this binomial as we have done with the first term m of ihe 
root. 

Let there he, for example, the quanliiy 
64 a= 6c + J5a= 6=— 40«3i + 16 a* + Mb^ c" —80 ah' c; 
we arrange it with reference lo the letier a, and make the same 
disposition of tbe several parts of the operation as in the above 
example. 

16a*'-40a^b+25a=b=—80ab=c+64b^c^ |'4a"— 5ab+8bc 

+G4a'bc ■ "^ ~ 

~lGa* __„ -1 8«= — I0ab+8bc 

Istrem.— 40a='i-i-25«'i3 — SOabH+Qib' c" 

-i-C4a=6c 

2d rem -^G'ia^bc-~S0ab^c+G4b'c' 

_C4a= 6c+80a& = e— C4i = c= 





We extract the square roo of e fi em 16 o*, and obtain 
4 a" for the first term of the he square of which is 

to bo subtracted from the prop d 

We double tbe first term of d "rite the result, 8 a*, 

under the root ; dividing by this the term — 40a' A, which be- 
gins the first remainder, we have — 5 ab for the second term of 

Alg. 19 
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the root ; this is to be placed by the side of 8 a' ; we then muUi- 
ply the whole by this second term, and subtract the result from the 
remainder, upon which we are employed. 

Thus we have subtracted from the proposed quantity the square 
of the binomial 4 0^ — bah; the second remainder can contain 
only double the product of this binomial, by the third term of the 
root, together with the square of this term ; we take then double 
the quantity 4 a^ — 5 a J, or 

8 0" — 10 a 6, 
which is written under 8 a= — 5a{i, and constitutes the divisor to 
be used with the second remainder ; the first term of the quotient, 
which is 8 i c, is the third of the root. 

This term we write by the side of 8 o» — 10 a b, and multiply 
the whole expression by it; the product being subtracted from the 
remainder under consideration, nothing is left ; the quantity pro- 
posed, therefore, is die square of 

4a'~5ah + Shc. 

The above operation, which is perfectly analogous to that, which 
has been already apphed to numbers, may he extended lo any 
length we please. 

Example$ m the Abbreviation and Transformation of Radical 
Quantities. 

1. V24 + V54 — x/6=2 4: v-ti. 

2. 2 ve — 7 \/i& + 5 V73 — v'SO = S V^. 

3. ^12-1-2 var-|- Svrs— 9 V^B = — I3v3- 

4. 2 vl -}- V60 — vis + Vs = ai ^fg. 

3 _ 3 3 3 3 

5. 7 ^54 + 3 viS + v5 — 5 V128 = 8 yS- 

6. V8l — 2 V24 + V^ + 2 v^ = 8^/7 — V^- 

7. \/m + 2 viO = 2 va + 4 va- 

8. 3 VS — 2 VS + 3 vS := ^45 — \/8 + v'54. 

3_ _ 4_ 3 __ 4_ 

9. 5 V7 + 3 Va + 2 Vi! = Va75 + \/18 + V^S. 

5_ 3_ & ^3_ 

10. 4vs + 3\/a~5v'3 — VSia-l- V54 — V'/- 

11. viScS — VSOc^ -|- VSo^c — (a — c) v'Sc. 

12. Via 0=63 -{- v'StToSp ={3a^b+ 5ab) \/Tah. 

3 3 3 

13. Vltitt^i + s/ia^h — ■y'tM — \/5l^=^a\/h — a\/2b. 

14. 1^-1- Vlt— l^^l^_A',«c ad\ \c 
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Examples in the Extraction of the Square Root of Algebraic 
Expressions. 

■■j(«-"'+:-)=«-i- 

5. V («' + 2 a 6 + 2 a c + S^ + 2 J c + c=) r= a + 5 + c. 

6. Wqx^ ~30ax — 3a^ x^25a^ +5a^-^^f = 



1. v'(4'^'4-8«'t3 + 4a>a;» + 16 6=a;= + lCa5'3:+ 16 1*) 

= 2x^ +2ax + Ah^. 
8. v(i + 6a;-- 171^—28^3^ 49 a,4j — |-|-2^— 7iC^ 

10. ^ {f a^ x'' — -i ai 3;^s + |a' 6a;^ z= + h' x' z' 

— 4 ab^ xz'^+ 4 a^h' z^) = J ax^ — bxz->r 2 aix". 

11. V(9a=— 6ai + 30ac-fG«rf+i= — 10 6c — 26d 

+ 25c^ +10crf + rf=) =:3a— 6+5c + <?. 

Examples in the Extraction of the Square Roots of Incomplete 
Squares. 

1. x^ {a^ — x^)=a ^ — s^3-~ iQ-^5 ~ 128^ — . . . 

2. V («=+*=) = « + 1^-8-^3 +i|^-iM^ +■■• 
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that have already been given (24). 

Table of the first Seven Powers of JVumbers from I to 9. 
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This table is intended particularly to show with what rapidity 
the higher powers of numbers increase, a circumstance that will 
be found to be of great importance hereafter; we see, for in- 
stance, that the seventh power of 2 is 128, and that of 9 amounts 
to 4782969. 

It will hence be readily perceived that the powers of fractions, 
properly so cailed, decrease very rapidly, since llie powers of the 
denominator become greater and greater in comparison with 
those of the numerator. The seventh power of ^, for example, 
is -j-ijj and that of + is only 



127. It is evident i m i [ 11 j d 
each letter has for a p h f i p f 
several factors (26), tl Ae y J mpl 1 y h 

ed by multiplying <Ae j J f J bj h p f 

this power. 

The third power oi if [I lb I p] 

the exponents 2, 3, ai d II h 1 ' J 1 

ponent of (he power 1 ti II li ' P 

tion may be thus repr d 

a^PcXa^l/cXahc^a l i. . 

If the proposed quantity have a numerical coefficient, this co- 
efficient must also be raised lo the same power ; thus the fourth 
power of 3 a t^ e^ is 

128. With respect to the signs, with which simple (juanlities 
may be affected, it must be observed, that every power, the expo- 
nent of which is an even number, has the sign +, and every power, 
the exponent of which is an odd numher, has the same sign as the 
quantity from tvkick it is formed. 

In fact powers of an even degree arise from the multiplicalion 
of an even number of factors ; and the signs — , combined two and 
two in the muItipUcalion, always give the sign -|- in the product 
(31). On the contrary, if the number of factors is uneven, the 
product will have the sign — , when the factors have this sign, 
since this product will arise from that of an even number of fac- 
tors, multiphed by a negative factor. 

129. In order to ascend from the power of a quantity, to ihe 
root from which it is derived, we have only to reverse the rules 
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given above, that is, to divide the exponent of each letter hy that, 
which marks the degree of the root required. 

Thus we find the cube root, or the root of the third degree, of 
the expression a^ h^ <?, by dividing the exponents G, 9, and 3, by 
3, whicii gives 

When the proposed expression has a numericaS coefficient, its 
root must he taken for the coefficient of the literal quantity, obtain- 
ed by the preceding rule. 

If it were required, for example, to find the fourth root of 

81a''i*e^, we see, by referring to the table, art. 126., that 81 is the 

fourth power of 3 ; then, dividing the exponent of each of the 

letters by 4, we obtain for the result 

3a ¥c^ 

When the rooi of the nun:ierical coefficient cannot be found by 
the table inserted above, it must be extracted by the methods to be 
given hereafter. 

130. It is evident, that the roots of the literal part of simple 
quantities can be extracted, only when each of the exponents is 
divisible by that of the root; in the contrary case, we can only 
indicate the arithmetical operation, which is to be performed 
whenever numbers are substituted in the place of the letters. 

We use for this purpose ihe sign \/~ ; but to designate the de- 
gree of the root, we place the exponent as in the following ex- 
pressions, 

the first of which represents Ihe cube root, or the root of the 
third degree of a, and the second the fifth root of «*, 

We may often simplify radical expressions of any degree 
whatever, by observing, according to art. 127., that any power 
of a product is made up of (he product of the same power of each of 
the factors, and that, consequently, any root of a product is made 
up of the product of the roots of the same degree of the several 
factors. It follows from this last principle, liiiil, if the quantity 
placed under ike radical sign have factors, which are exact powers 
of the degree denoted by this sign, the roots of these factors may 
be taken separately, and their product muliiptied by the root of the 
other factors indicated by the sign. 

Let there be, for example. 



vmi ttS t' c". 
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It may be seen thai, 

90 = 32 X 3 = 2^ .3, 
that a'' is the fifth povver of a, 

that /,' ^ i^ . b^, 

that c'-'- = c"> . c ; 

we have then 

As the first factor, ^^a^l^c"^, has for its fifth root the quantity 
2 ahc', the expression becomes 

vSiJafF^ =2abi? VSF^. 
131. As every even power has the sign -{- (128), a quantity, 
aSeclefl wiih the sign — , cannot be a power of a degree denoted 
by an even number, and it can have no root of (bis degree. It 
follows from this, that every radical expression of a degree which 
is denoted hy an even numher, and which involves a negative quan- 
till/, is imaginary, thus 

\/^^, \/— u^, h -J- v— ai'i 
are lraaE;inary expressions. 

We cannot, lh(.iefoie, eitl er e\actly or bj appiOVLmation, as 
sign for 1 debtee, the exponent of wlncb is an even number, nny 
roots but those of posiuvc ijinnlities, and thnr moti may he a^ecl 
ed indifferently uith the sign -^ or— , because, in either case, 
they will equally reproduce the proposed quantity with the sign 4-j 
and we do not know to which class they belong 

The same cannot be said of degrees expressed bj an odd num- 
ber, for here the powers haie the same sign as their loots (I2b) , 
and we must give to the roots of these degiees the sign, uith which 
the pouei is affected , and no imaginary expressions occur 

132 It IS proper to observe, that the apphcation of the rule 
given in art 120 , foi the extraction of the roots of simple quan- 
tities, by means oi the exponent ol their (aclois, leads to a more 
convenient method of indiciling roots, which cinnot be obtained 
algebrTicallj, thin by the si(,n \/ 

If It weie required foi example, to find the third root of a^ it 
IS necessar), accoitlin^ to the rule given above, to divide the ex- 
ponent 5 by 3, but as we cannot peiform the division, we have 
for the q lotient the fiictioml nnmbei J , and this form of the e\- 
pontnt indicates ilnt the eMri<ion ol tin? lo it is not possible in 
the actual 'stait. of ibe qmnliiy ptopjsed We maj, therefoie, 
consider the two expressions 
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3 _ 5 

\/a^ and o^ 
as equivalent. 
The second, however, lias tliis advantage over the first, that it 

leads directly to a more simple form, which the quantity \/'oP is ca- 
pable of assuming; for if wc take the whole number contained in 
the fraction §, we have 1 + f as an equivalent exponent ; conse- 
quently, 

a^ = ai+|z=nix «^ (25); 

from which it is evident, that the quantity a^ is composed of two 

factors, the first of which is raiional, and the other hecomes v^- 
The same result, indeed, may be obtained from the quantity 

under (he form \/aP, by the rule given in art. 130., but the frac- 
tional exponent suggests it immediately. We shall have occasion 
to notice in other operations the advantages of fractional expo- 
nents. 

We will merely observe for llie present, that as the division of 
exponents, when it can be performed, answers to the extraction of 
roots, ihe indication of this division under the form of a fraction 
is to be regarded as the symbol of the same operation ; (vhence, 

are equivalent expressions. 

We have roles then, vvhich result from the assumed manner of 
expressing powers, which lead to particular symbols, as, in art. 37., 
we arrived at the expression a" ^= I. 

133. It may be observed here, that as we divide one power by 
another, by subtracting the exponent of the latter from that of tlie 
former (36), fractions of a particular description may readily be 
reduced to new forms. 

By applying the rule above referred to, we have 

but if the exponent n of the denominator exceed the exponent m 
of ihe numerator, the exponent of the letter a in the second mem- 
ber will be negative. 

If, for example, m — 2, n = 3, we have 
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but by another method ol simplifying tbe fraction -g , we find it is 
equal to-, the expresfions 

- and ff— ', 
are therefore equivalent. 

Ill general, we obtain by the rule for the exponents, 

Cf" _ m_m-7i _ — n 

and by another method 

a^ _ 1 _ 

^+^ — a' ' 

it follows from this, (hat iho expressions 

— and a~', 
are equivalent. 

Iq fact, the sign — , which precedes the exponent n, being 
taken in the sense defined in art. 62., shows that the exponent in 
question arises from a fraction, the denominator of which contains 
the factoi- a, n timbs more than the numerator, which fraction is 
indeed ~; we may, tbercfm-e, in any case which occurs, substi- 
tute one of these exprc'^Eions for the other. 

The quantity -^ .-^, for example, being considered as equiva- 
lent lo 

may be reduced to the following form, 
a^ b^ c-^ d-^ ; 
that is, we may transfer to the numerator all the factors of the de- 
nominator, by giving lo their eaponents the sign — . 

Ueciprocally, wlten a quantity contains factors, which have nega- 
tive exponents, me may convert them into a deiiominator, observing 
merely to give to their exponents the sign -j- ; thus the quantity 

u^ i^ r-"- d-\ 
becomes 

Of the Formation of the Powers of Compound Quantities. 
134. We shall begin this section by observing, that the powers 
of compound quantities are denoted by including these quantities 
Alg. 20 
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in a parenthesis, lo which is annexed the exponent of the power. 
The expression 

(4„a_2a6-f56T, 
for example, denotes the third power of the ([uantily, 

4a^ — 2ab + 5 i^ 
This power may also be expressed ihns, 
4a2 — 3a6 + 5F^ 
135. Binomials nest to simple qjanlilies are the least compli- 
cated, yet if we undertake to form powers of these by successive 
multiplications, we in this vvay arrive only ot p^irliciilar results, as, 
in art. 34., wo obtained the second and third power; liius 
(x + ay = :>r' + 2ax -\- a^, 
{x + af^a^^ + Saa^' + Qa^x -\- a^ 
( + ) = + + +4 + 
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be n ul pi d d if 1 It k f j 1 

x + a, w + b, x^c, x + d,&ic.. 
by performing the multiplications indicated below, and placing in 
the same column the terms, which involve the same power of x, 
we shall immediately find, thai 

(x + a)(w + b)=a^+ax +ab 
+ bx 
{x + a) {x + b {x + c)=x'^-\-a^ + ab-x + abc 
+ 6a^ 4- "(^ 
4" CJ^ + bcx 
(x+a) {x-{-0)(w + c(x + d) — x^ + ax^ + abx' + abcx+ahcd 
-j- bx^-\- acx' -|- ahdx 
4- cr^ 4- adx^ -|- acdx 
-\- dx^ -j- bcx' 4* ^'^^ 
-\~ bdx' 
4" ctir' 
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Without caiTying iliese products any further, we may discover 
the law according to which they are formed. 

By supposing all the terms involving the same power of x, 
and placed in the same column, to form only one, as, for ex- 
ample, 

3:3 -|_ J a:^ + c a:^ + rf r* = (o + 6 -f c + (?) x^, 
&c. 

(1.) We find in eachproduct one term more than there are units 
in the number of factors. 

(2.) The exponent ofx in ike first term is the same as the nvm- 
her of factors, and goes on decreasing by unity in each of tkefol- 
lotving terms. 

(3.) The greatest power of x has vnily for its coefficient; the 
following, or that, whose cxpomnt is one less, is multiptied by the 
sum of the second terms of the binomials ; that, whose exponent is 
iwo less, is multiplied by the sum of the different products of the 
second terms of the binomials taken two and two ; that whose ex- 
ponent is three less, is multiplied by the sum of the d^erent pro- 
ducts of the second term of the linomials, taken three and three, 
and so on ; in the last term, the exjtonent of s, being considered 
as zero (37), m equal to that of the first diminished hy as many 
units as there are factors employed, and this term contains the product 
of all the second terms of the binomials. 

It is manifest, that the form of these products must be subject 
to the same laws, whatever he the number of factors ; as may be 
shown by other evidence beside that from analogy. 

136. It will be seen immediately, that the products, of which 
we are speaking, must contain the successive powers of x, from 
that, whose exponent is equal to the number of factors employed, 
to that, whose exponent is zero. To present this proposition under 
a general form, we shall express tlie number of factors by the let- 
ter m ; the successive powers of x will then be denoted by 
a;™, i"^', x°^^, Sic. 

We shall employ the letters A, B, C, Y, 

to express the quantities, by which these powers, beginning with 
a;"-', are to be multiplied ; but as tlie number of terms, which de- 
pends on the particular value given to the exponent, will remain in- 
determinate, so long as this exponent has no particular value, we 
can write only the first and last terms of the expression, designat- 
ing the intermediate terms by a series of points. 
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The formtik then 

ir" ^A3^^-\-Bx'«-^-{- Ca;"^ + F, 

represents the product of any number m of factors, 
X -\- a, X -\- h, X -\- e, X -^ d, he. 

If we multiply this by a new factor «-{-/, it becomes 

a«-i + ^^™+ Ba;—!-}, Cx^'^ 1 

+ Zj^^+Z^i^-i+^C^—^ +IY \' 

It is evident, 1. that if A is the sum of the m second terms 
a, h, c, d, £ic. A-\- 1 will bo that of the m -\- I second terms 
a, b, c, d, &c. I, and that consequently the expression employed 
to denote the coefficient will be true for the product of the degree 
m + i, if it is true for that of the degree m. 

2. If B is the sum of the products of the m quantities a, b, c, d, 
&c- taken two and two, B -^-lA will express that of the products 
of the m + 1 quantities a, b, c, d. Sic. I, taken also two and two ; 
for A being the sum of the first, I A will be that of their products 
by the new quantity introduced /; therefore the expression em- 
ployed will he true for the degree ™ -J- 1, if it is for the degree m. 

If C is the sum of the products of the m quantities a, b, c, d, 
8jc. taken three and tiiree, C -\-lB wilt be that of the products 
of the m + 1 quantities o, 6, c, d, Sic. I, taken also three and three, 
since IB, from wh-it \v\% been said, will express the sum of the 
products of the first taken two and two, multiplied by the new 
quantity introduced I, therefore, ilie expression employed will be 
true for the degree m + li i' it is true for the degree ra. 

It will he seen, that this mode of reasoning may be extended to 
all the terms, and that the last, / Y, wiil be the product of m + I 
second terms. 

The propositions laid down in art. 135., being true for expres- 
sions of the fourth degree, for example, wiU be so, according to 
what has just been proved, for those of the fifth, for tiiose of the 
sixth, and, being extended thus from one degree to another, they 
may be shown to be true generally. 

It follows from this, that the product of any number whatever 
iw, of binomial factors x -\- a, x -\-h, x -\- c, x -\- d, Sic. being 
represented by 

x" •[■ a +Bx -f. C -l-8ic. 

A will always be 1 m f I » ! be, Uc, B that of 

the products of th q n M L h a 1 wo, C that of the 
produds of the q e ak h e nd I and sn on. 
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To comprehend the law of ihis expression in a single term, I take 
one, whose place is indeterminate, and whicli may be represented 
byJVA""-". 

This term will be the second, if we make ji ^ 1, the third, 
if we make n =^ 2, the eleventh, if we make n ^; 10, fee. In the 
first case, the lelter JV will be the sum of liie m letters a, b, c, 
&LC. in the second, that of their products, when taken two and two ; 
in the third, that of their products, when taken ten and ten ; and in 
general, that of their products, taken n and n. 
137. To change the prodncls 

(,. + a)(i + 6),{, + «)(, + 4)(x+o), 
(i + o) (i + J)(j,+c) (i + iX&o. 
into powers of a; + "i namely, into 

(« + «)» (« + «)», 

{,1 + <■)•, &c. 

it is only necessary to make, in the developement of diese products, 

a=b = c-(l, &c. 

All the quantities, by which the same power of x is multiplied, 
become in this case equal ; thus the coefficient of the second term, 
which in the product 

^^ + a)(, + h)(, + c){i + i)ha + h+c + d, 
is changed into 4 a ; that of the third term in the same product, 
which is, 

ah-\-a(-^a<{ + hc + bd-\-cd 
becomes 5 a" Hence it is ea y to see, thit the coeihcients of 
the different poweis ol t ndl be changed into a 'iingle power of a, 
repeated as many times as theie aie terms, and disimguished by 
the number ol factors contained m etch of these terms Thus, 
the coefficient A", by which the power t" " is mnltiphed, will, in 
the general de\ elopement be that powei of a denoted by n, or u", 
repeated as many times, as ho cm (oim different products by 
takmg in ever> possible way a number i of letteis fiom among a 
number m , to fand the coeflicient ot the teira contaming x"^" then 
IS reduced to findmg the number of these products 

138 In order to perfotm the pioblem just mentioned, it is 
necessnry to distinguish in in gem en u oi permalnnms from pro- 
duets or combinatij is Two letters, a and b, give only one pro- 
duct, but admit of two arrangements, a b and h a , three letters, 
a, h, c which give onl} one ptoduct, admit of si\ arrangements 
(88), and so on. 
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To take a particular case, I will suppose the whole number of 
letters to be nine, namely, 

a, h, c, d, e, f, g, h, i, 
and that it is required to arrange them in sets of seven. It is 
evident, that if we take any arrangement we please, of six of 
these letters, ahcdef, for example, we may join successively to 
it each of ihe three remaining letters, g, h, and ij we shall Uien 
have three arrangements of seven letters, namely, 

abcdcfg, alcdefk, aicdefi. 

What has heen said of a particular arrangement of six letters, 
is equally true of all ; we conclude, therefore, that each arrange- 
ment of six letters will give three of seven, that is, as many as 
there remain letters, which are not employed. If, therefore, the 
number of arrangements of sis letters be represented by P, we 
shall obtain the number consisting of seven letters by multiplying 
P by 3 or 9 — 0. Represenlrng the numbers 9 and 7 by m and 
n, and regarding P as expressing the number of arrangements, 
which can be furnished by m letters, taken n — I at a time, the 
same reasoning may be employed ; we shall thus have for the 
number of arrangements of n letters, 

J.(„_(„_l)), „, F(m-n+l). 

This formula comprehends all the particular cases, that can 
occur in any question. To find, for example, the number of 
arrangements, that can be formed out of m letters, taken two and 
two, or two at a time, we make n = 2, which gives 

n— 1 = 1; 
we have then 

P=m; 
for P will in this case be equal to the number of letters taken one 
at a time; there results ihen from this 

„(„_2 + l), 0, „(„_!), 

for the number of arrangements taken two and two. 

Again, taking 

P-m{m— 1) and n = 3, 
we find for the number of arrangements, which m letters admit of, 
taken three and three. 

Making 

Pzzm{m— I) (m — 2) and n = 4, 
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„(„_1(„_2)(»_3) 
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* In these arraDgemcnts it is supposed by the nature of the inquiry, 
that there are no repetitious of tlie same letter ; but the tlieory of 
permutations and combinations, which is the foundation of the doc- 
trine of chances, embraces ijuestions in which they occur. The effect 
may be seen in the example we have selected, by observing, that we 
may write indifferently each of the 9 letters a, b, c, (l,'e,f, g, h, i, after 
the product of G letters ab c de f. Designating, therefore, the num- 
ber of arrangements, taken six at a time, by P, we shall have P y.Q 
for the number of arrangements, taken 7 at a time. For the same 
reason, if P denote the number of arrangements of m letters, taken 
n — 1 at a time, that of their arrangements, when taken w at a time, 
will be P m. 

This being admitted, as the number of arrangements of m letters, 
taken one at a time, is evidently m, the number of arrangements, 
when taken 2 and 2, will be m X m, or m*, when taken 3 and 3, the 
number will !« m X m X "i, or '"'' ; and lastly, m" will express the 
number of arrangements, when they arc taken n and n. 
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Any particular case is readily reduced to this formula ; for making 
7t = 2, and observing, that when there is only 'one letter, Q = 1, 
we have 1 X 2 =^ 2 for the number of arrangements of a product of 
two letters. Again, taking Q = 1 X 2 and n ::z 3, we have 
1 X 2 X 3 — 6 for the number of arrangements of a product of 
three letters ; further, making Q := 1 x 2 X 3 and n i= 4, there 
result 1 X 2 X 3x 4, or 24 possible arrangements in a product 
of four letters, and so on. 

140. What we have now said being well understood, it will 
be perceived, that by dividing the whole number of arrange- 
ments obtained from m letters, taken n at a time, by the number 
of arrangements of which the same product is susceptible, we 
have for a quotient the number of the different products, which 
are formed by taking in all possible ways n factors among 
these m letters. This number will, therefore, be expressed by 

■ ■■ - ■ y-, — i^ ; * which being considered in connexion with 
what was laid down in art. 1-37., wiO give '"'~" -"LJa".c"-" 

for the term containing a:"""" in the developement of (« + a)'"- 

It is evident, that the tertn which precedes this will be ex- 
pressed by — 0^' ^m— H-i . foi- ii) going back towards the first 

term, the exponent of 3: is increased by unity, and that of a 
diminished by unity; moreover, P and Q are the quantities, 
which belong to the number n — 1 . 

141. If we make 
above, become 

M a-^i x''-''+' and M^—'^^^-^ 



* It may be observed, that if wo make successively 
n=:z2, rt = 3, n — 4, &,c. 

the formula — ^ — — — 3U becomes 

^l(!!L:zl) "tC"--!) ('"-2) m{n,-l)im-2} fm- 3) 

1.3' 1.2.3 ' 1.2.3.4 

numbers, which express respectively, how many combinations may 
be made of any number m of thiugs, taken two and two, three and 
three, four and four, &.c. 



'-i, &.C. 
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These results show how each term in the deveiopemenl of (x + a)", 
is formed Horn the preceding. 

Setting out from the first term, which is x"', ive arrive at the 
secoad, by making n ^ I ; we Iini-e M = 1, since a,'" has only 
, 1 X " 
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which may be convened into this ruie. 

To pass from one ter re lo tlie joUowtne;, ue mvlttpJy the numerical 
to ffioent by the exponent oj \ tn the first, dimde by the number 
whieh maiis IIm place of tins term, increase by unity the exponent of 
a and dimmtsh by nntly the exponent oj \ 

Ahhoogii we cmnot determine the number of terms of this 
foimiila without assgniUj, i pailiculii value lo m, yet, if we 
obseive the depei dence of tin- terms upon each other, we can 
ha\e no doubt respeclina; the law of their lorm at ion, to whatever 
extent itie series may he can-ied. It will he seen, that 

„, („, -i)(,«-a ).. ..(,«-- ., + 1) 

1.3.3 n 

expresses the term, which iias n terms before it. 

This last formula is called the general term of the series 



^- + -j- « »-' + -T77^«' '■-' + &c. 

because if we make successively 

»— 1, TO = 2, n = 3, &c. 
it gives all tiie terms of this series. 

142. Now, if (a^+d)® be developed, according to the rule 
given in the preceding article ; the first term being 
K^ or aV (37), 
A\^. 21 
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the second will be 
ibe third 



Ekmenii of Algebra, 
yw' a:' or 5 a x\ 
'-^a',' or ,0... 



— = — a^x^ or a^. 
Here the process termiDates, because in passing to tiie following 
term it wodld be necessary to multiply by the exponent of a: in the 
sixth, which is zero. 

This may he shown by the formula ; for the seventh term, 
having for a numerical coefficient 

^(^-1) (r^-2) (;„ _ 3) {m-4) (m-5) 

1.2.3.4.5.6 

contams the factor m — 5, which becomes 5 — 5z=0j and this 

same factor entering into each of the subsequent terms, reduces it 

to nothing. 

Uniting tlie terms obtained above, we have 
(x + af = a;* + 5aa^-i- 10a»^+ lOa^ c^ + 5a* x + a^ 
143. Any power whatever of any binomial may be developed 
by the formula given in art. 141. If it were required for example 
lo form the sixth power of 2 a^ — & o^, we have only lo substitute 
in the formula the powers of 3 a:^ and — 5 n^ respectively for those 
of X and a ; since, if we make 

we have 

-t-]5a'*«'^ + Ga'^K' + a's (141), 
and it is only necessary to substitute for ^ and a' the quantities, 
which these letien designate. We have then 
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(2 x^f + G (— 5 n') {2 3^y- + 15— 5 o')^ (2 x^)* 
+ 20 {- 5 a^ (2 x^f +15-5 a^)* (2 ce^)^ 

or 

C4 ^is _ 960 a3 x" + 6000 a'' a;i» 

— 20000 a" a:^ 4- 37500 a'» ^ 

— 37500ois^3 -(- 15625a'«. 

The terms produced by this developement are alternately positive 
and negative ; and it is manifest, that they will always be so, wiien 
the second term of the proposed binomial has the sign — . 

144. The formula given in art. 141, may be so expressed as to 
facilitate the application of it in cases analogous to the preceding. 

Since 

the formula may be written 

which may be reduced to 

by insulating the common factor x". In applying this formula, 
the several steps are, to farm the series of numbers, 

m m — 1 m — 2 m~a . 

T ^-' -3-' -^-'^'- 

to multiply the first by the fraction -, thefi this product hy the second 
and also hy the fraction -, then again this last result by (he 
third and by ike fraction -, and so on ; to unite all these terms, 
and add unity to the sum ; and lastly, to multiply the whole by the 
factor x". 

In the example (2 3^ — 5 a^f, we must write (2 a^f in the 
place of x", and — s— jin that of -. I shall leave the application 
of the formula as an exercise for the learner. f 

+ The formula for the developement of (i + a)" answers for all 
values of the exponents, and is equally applicable to cases in which 
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145. We may easily reduce the developement of the power of 
any polynomiai whatever, to that of the jioivers of a binomial, as 
may be shown with respect to the trinomial a-j-b-^c, the thirt! 
poiver for instance being rcf^niieil. 

First, vvc make b -{- c = m, we then obtain 
(a -i- i + c}3 = (« + mf = a^ + 3aHi + 3 anr + m' ; 
subsiitming for m the binomial h -\- c, which it rcpresenls, we have 
(. + 6 + c) > = o ■ + 3 «■ (6 + e) + 3 . (4 + c)- + (S + c) ■. 
It only remains for iis to develope tlie powers of the hinomial 
b -j- c, and to perform the mulliplicalions, which are indicated ; 
we have then 

-f 3a^ c+ 6ftbc+ 3b^ c 
+ 3«c= -i-Stc^ 
+ c\ 

Of the EclractioH ofihe Routs of Compimnd (Quantities. 

146. Having explained the formation of the powers of com- 
pound quantities, I now pass to the extraction of their roots, be- 
ginning with the cube root of numbers. 

In order to extract the cube root of numbers, we must first he- 
come acquainted with the cubes of numbers, consisiing of only 
one figure; these are given in the second hne of tije following 
table ; 

J2345C789 
1 s 27 64 U5 21f> o43 512 72J 
and tbe cube of lU ocui^ 1000, no number consijdng of ihree fig- 
ures can contani the cube of a number consisting of more than one 

The cube of a number consLSling of two figures is loin-ed m a 
manner analogous lo that, by which we arrive it the square , for 
if we resolve this numbei into tens and unili, designit n§ the first 
by a, and the second by 6, we ba\e 

the exponent is fractional or negative. This property, which is 
very important, is demonstrated in a note to the last part of the 
Cambridge course of Mathematics on the Differential and Integral 
Calculus. 
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Henco it i' evident, ihat the. cube, or third power, of a number com- 
posed of tens and units, contains four parts, namely, tlie cube of ike 
teni, thee times the square of the tens multiplied hi/ the units, three 
t'mes the tens multiplied hy the square of the units, mid the cuhe of 
the iintti 

If It tteic required to fn;i5 tlie tliiid power of 47, by making 
a =.4 tens Of 40, 6=7 unils, we have 

a'- =04000 

3 «= S = 330OO 

'3aO^ — 5880 

J= = 343 





Total, 103323 r^ 47 X 47 X 47. 
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If we drtidt. o98 b} 15, whicli is trple the square of the lens 
3a' or 3 X K) we obtiii b lor the quotient, but from what [Jie 
cedes it appeals tint He ought not to ndopt this faguie for the 
unils of the root sougl t until we ha\e m-ide trial of it bv em- 
ploying it in loimiii^ the hst three piits of the cube, which must 
be contained in the lemainder 39^2j Makm., h -^.H we find 
■.a b = 3«4()0 
iah' = 7080 
b" ~ 512 



Total, 46592. 

As this result exceeds 39823, it is evident that the number 8 is too 
great for the units of the root. If we make a similar trial with 7, 
we find that it answers to the above conditions ; 47 iherefore is the 
root sought. 

Instead of verifying the last figure of the root in the manner 
above described, we may raise the whole number expressed by 
the two figures, immediately to a cube ; and this last method is 
generally preferred to the other. Taking the number 48 and 
proceeding thus, we find 

48 X 48 X 4Szz 110592. 
As the result is greater than the proposed number, it is evident; 
that the figure 8 is too large. 

147. What we have laid down in the above cjtarapSe may be 
applied to all cases, where tlie proposed number consists of more 
than three figures and less than seven. Having separated the 
first three figures on the right, we seek the greatest cube in the 
part which remains on the left, and write its root in the usual 
place ; we subtract this cube from the number to which it relates, 
and to the remainder bring down the last three figures ; sepa- 
rating now the lens and the units, we proceed to divide what 
remains on the left, by three nines the square of the tens found ; 
but before writing down the quotient as a part of the root, we 
verify it by raising to the cube tiie number consisting of the tens 
known, together with this figure under trial. If the resuh of 
this operation is too great, the figure for the units is to be dimin- 
ished ; we then proceed in the same manner with a less figure, 
and so on, until a root is found, the cube of which is equal to the 
proposed number, or is the greatest contained in this number, if 
it does not admit of an exact root. As we have often remainders 
that are very considerable, I will here add to what lias been said, a 
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method, by which it may be soon discovered, whether or not the 
unit figure of the root be too small. 

The cube of « + ^) when b =^ I, becomes that o( a -\- I, 
or «=+3a= + 3« + I, 

a quantity, which exceeds n^, the cube of o, by 

3o'+3. + l. 
Hence it fotlows, ihat w/ieneeer (he remainder, after ihf i-uhe root 
has been extracted, is less than three times the square of the root, 
plus three times the root, phs unity, this root is not too small. 

148. In order to extract (he root of 105623817, it may be ob- 
served, that whatever be the number of figure* in this root, if we 
resolve it into imiis and tens, the cube of the tens cannot enter into 
the last three figures on the right, and must couserjuently he found 
in 105823. But the greatest cube contained in 10jS23 must have 
more than one figure for its root ; this root then may be resolved 
into imits and tens, aniJ, as the cube of the tens has no figure infe- 
rior to thousands, h cannot enter into the tliree la=t figures 823. 
If, after these are separated, ihere remain more tJian three figures 
on the left, we may repeat the reasoning just employed, and thus, 
dividing the number proposed into portions of three figures each, 
proceeding from right to left, and observing that the last portion 
may contain less than three figures, we come at length to the place 
occupied bj the cube of the units of the highest order in the root 
sought. 

Having thus taken tiie preparatory steps, we seek, by the rule 
given in the preceding article, the cube root of the two first por- 
tions on the left, and find for the result 47 ; in.i.823,817 473 
we subtract the cube of this number from the <i i 48 

two first portions, and to the remainder 2000 41 8,23 
bring down the following portion 817. The 103 823 
number 2000817 will then conlain the last 2 0008J7' 
three parts of the cube of a number, the tens of 105 823 817 
which are 47, and the units remain to be found. 000 000 000 
These units are therefore obtained as in the example given in 
the preceding article, by separating the last two figures on the 
right of the remainder, and dividing the part on the Jeft by C627, 
triple the square of 47. Then making trial with the quotient 3, 
arising from this division, by raising 473 to a cube, we obtain for 
the result the proposed number, since this number is a perfect 
cube. 
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The explanation, we have given, of the above example, may 
take the place of a general rule. If the number proposed had 
contained another portion, we should have continued the operation, 
as we have done for the third ; and it is to he recollected always, 
that a cipher must be placed in (lie root, if the numher to be divided 
on the left of the remainder happen not to contain the number nscd 
as a divisor ; we should tlien bring down (bo following portion, and 
proceed witli it as with the pieceding. 

149. Since the culie of a fraction Is found by multiplying this 
fraction by its square, or which amounts to the same thing, by tnking 
the cube of the numerator and thai of the denominator ; r<ver$ing 
this process, we arrive at the root, liy extracting the root of the ni-w 
numerator and tliat of the new denominator. The cube of f , for 
example, is ^^| ; taking the cube root of 125 and of 21C, we 
find|. 

We always proceed i i y 1 1 d I 

inator are perfect cube b h I 1 ) 

avoid the necessity of e g I f 1 I by 

multiplying tiie two tern flppdf nbl q f 

this denominator. The dm i j^ II I 1 

cube of the original de d II V 1 j 

then to find the root of the numerator. If we have, for example, 
|, by multiplying the two terms of this fraction by 25, the square of 
the denominator, wo obtain 

75 
X 5 X 5' 
The roo oi I e d o o 'i ; while that of 75 lies between 
4 and 5 Adoj 1 ve 1 e f for the cube root of a [o within 

one fiftl If d ^ e c de ree of accuracy be required, we most 
take the a| p o te roo of 5, by the method I shall soon pi'o- 
ceed to expla n 

If tl L denom nato be 1 eady a perfect square, it will only be 
necessary to 1 ply 1 c t o erms of the fraction by the square 
root of tl de on nato Tl u in order to find the cube root of a, 
we mul plj 1 e t o e s bj 3, the square root of 9 ; we thus 
obtain 

l a 
3 X 3 X :f 

Taking the root of the greatest cube 8, contained in 12, we 
have f for the root sought, within one third. 
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]60. It follows from what has been demonstrated in art. 97., 
that the cube root of a number, tvbicb is not a jierfecl cube, cannot 
bpd lybyf I jbl 
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mbers, we have y, or 2}, for die approxlmat 



expressed in w!iolc r 
root of 22. 

152. It is the practice of most persons, however, in cxtracdng 
the cube root of a number, by apjiroximation, to convert this 
number into a decimal fraction, bnt it is to be observed, tliat this 
fraction must be either ibousandUis or millionlhs, or of some higher 
denominaiioi) ; because when raised to the diird power, tenths 
become thousandths, and thousandths mihiondi^, and in general, 
the number of decimal Jigures found in the cube, is triple the number 
contained in the root. From this it is evident, that we must place 
after ihe proposed number three times as many ciphers, as there 
are decimai places required in the root- The root is then to be 
extracted according to the rules already given, and the requisite 
number of decimal figures to be distinguished in the resuh. 

If we would find, for example, die cube root of 327, within a 
hundredth part of unity, we mustwrlte six ciphers after ibis number, 
and exiract the root of 327000000 according to the usual method. 
This is done in the following manner ; 



327,000,000 



688 



.Alg. 



125 630,00 
32.'> C60 672 
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Separating two figures on the right of the result for decimals, 
we have 6,88 ; but 6,89 would be more exact, because the cube of 
this last number, oUliough greater than 327, approaches itmore 
nearly than that of 6,83. 

If the proposed number contain decimals already, before we 
proceed to extract the root, we must place on the right as many 
ciphers, as will be necessary to render ihe number of decimal 
figures a multiple of 3. Let there be, for example, 0,07, we 
must write 0,070, or 70 thousandths, which gives for a root 0,4. 
In order to arrive at a root exact to hundredths, we must annex 
three additional ciphers, which gives 0,070000. The root of the 
greatest cube contained in 70000 being 41, that of 0,07 becomes 
C,41, to within a hundredth. 

153. Hitherto I have employed the formula for binomial quan- 
tities only in the extraction of the square and cube roots of num- 
bers ; this formula leads to an analogous process for obtaining 
the root of any degree whatever. 1 shall proceed to explain this 
process, after offering some remarks u|)on the extraction of roots, 
the exponent of which is a divisible number. 

We may find the fourth root by extracting the square root twice 
successively ; for by taking first the square root of a fourth power, 
a*, for example, we obtain tlie square, or o'*, the square root of 
which is a, or the quantity sought. 

It is obvious also, that the eighth root may be obtained by 
extracting the square root three times successively, since Ihe 
square root of a^ is a\ and that of a* is a^, and lastly, that of 
a'isa. 

In the same manner it may be shown, that all roofs of a degree, 
designated by any of the numbers 2, 4, 8, 16, 32, fee. that is, by 
any power of 2, are obtained by successively extracting the square 
root. 

Roots, the exponents of which are not prime numbers, may be 
reduced to others of a degree less elevated ; the sixth root, for 
example, may be found by extracting the square and afterwards 
the cube root. Thus, if we take o* and go through this process 
with it, we find by the first step a^, and by the second a ; we may 
also take first the cube root, which gives a", and afterwards the 
square root, whence we have a, as before, 

154. 1 now proceed to treat of the general method, which I 
shall apply to roots of the fifth degree. The illustration will be 
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rendered more easy, if we lake a pariicular example; and by 
comparing the different steps with the methods given, for the 
extraction of the square and the cube root, we shall readily per- 
ceive, in what manner we are to proceed in finding roots of any 
d( gree whatever. 

Let it he required then to extract (be fifth root of 231554007. 
Now the least number, it may be observed, consisting of 2 figures, 
that is 10, has in its fifth power, which is 100000, six figures; we 
therefore conclude, that the fifth root of (he number proposed 
contains at ieast two figures ; this root may then be represented 
by fl + 6, a denoting the lens and b the units. The expression for 
the proposed number will then be 

(tf + i)= = a^ + 5 «H + 10 a^ h^ 4- fee. 
I have not developed all the terms of this power, because it is 
suiRcieni, as will be seen iramedialely, that the composition of the 
first two be known. 

Now it is evident, that as o*, or the fifth power of the tens of 
this root, can have no figure, that falls below hundreds of thou- 
sands, it does not enter into the last five figures on the right of the 
proposed number ; we, therefore, separate these five figures. 
If there remained more than five figures on the left, we should 
repeat the same reasoning, and thus separate the proposed number 
into portions of live figures each, proceeding from the right to the 
left. The last of these portions on ibe left, will contain the fifth 
power of the units of the highest order found in the root. 

We find, by forming the fifth powers of 2315,540071 47 
numbers consisting of only one figure, that 1024 ' I 
2315 lies between the fifth power of 4, or 1291 5^07 1 1280 
1024, and that of five, or 3125. We take, therefore, 4 for the 
tens of the root sought ; then subtracting the fifth power of this 
number, or 1024, from the first portion of the proposed number, 
we have for a remainder 129!. This remainder, together with 
the following portion, which is to be brought down, must contain 
5a^6 -f- lOa^i'' -f- ^c, which is left, after a^ has been subtract- 
ed from {a -\- by ; but among these terms, that of the highest 
degree is 5 a^ b, or five times the fourth power of the lens multi- 
plied by the units, because it has no figure, which falls below tens 
of thousands. In order to consider this term by itself, we sepa- 
rate the iast four figures on the right, which make no part of it, 
and the number 12915, remaining on the left, will contain tbis 
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term, lo^efber with the tens of thousands arising from the suc- 
ceeding terms. It is obvious, therefore, that by dividing 12915 
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We found in art. 143., the sixth power oi 2^ — 5 a^ ; we 
shall now extract the root of this power. The process is as fol- 
lows ; 
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x^ 
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37500 a'^x 
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4- 1 5625 a' 
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— 64a:'8 















192^5^ 



rem. —960a?ce^^+ Sic. 

The qiianlily proposed being arranged wilh reference to tlie 
letter a;, its first term must be the sixtii power of the first term 
of the root arranged with reference to ibe same letter ; taking then 
the sisih root of 64 x^^, according to the rule given in art. 129., we 
have 2 x^ for the first term of the root required. 
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If we raise ihis result to the sixth power, and subtract it from 
tlie proposed quanlily, tlie remainder must necessarily commence 
with ihe second term, produced by tlie developement of the sixih 
power of the first two terms of the root. Bui, in the expression 

(a + i)a — o<^4-ChS6 + &c. 
this second term is the product of six times the fifth power of the 
first terra of tlie root by the second ; and if we divide it by 6 a*, 
ihe quotient will be die second term b. 

We must, therefore, take six limes the fifth povver of the first 
term 2 x^ of the root, which gives 

6X 32 r''* or \^2x^\ 
and divide, by this quantity, the leim — OCOa^x^, which is the 
first term of the remaindei ifier the preceding opeiation, the 
quotient — 5 a* is the second term of the root In oider to verify 
It, we 1 use the bmomid 2 3;^ — 5 a^ to the sixth power, which we 
find is the proposed quanlitj itself 

It the qianlilj were such as to lequire another term m the root, 
«e should proceed to find, ailei liie imnner above given, a second 
remainder, which would begin w th si\ limes the [lodict ol (he 
fifth powei of the fiist two terms of the root b) the ihiid, and 
whicii consequently beiua; dn ded bj b (2 x^ — 5 u^)^, the quotient 
would be this thud term of the tool, nt, should then verdj it by 
takin^ the sixth puwer of the thite terms The same course might 
be pursued, whnlever number of teims mit;lit remain to be found. 

Of Equations with Two Terms. 

156. Every equation, involving only one power of the unknown 
quantity, combined with known quantifies, may always be reduced 
to two terms, one of which is made up of alJ those which contain 
the unknown quantity, united in one expression, and the other 
comprehends all the known quantifies collected together. This 
has been already shown with respect to equations of the second 
degree, art. 105., and maybe easily proved concerning those of 
any degree whatever. 

If we have, for example, the equation 

by bringing all the terms involving cr into one member, we obtain 

a' x> —acx' 7=hU^ + a' i% 
or {a'-' — ac)x'' =b* c^ -{. a' b". 
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Now if we represent the quantities 

fflS — ac hy p, 6' c' + "° ^^ ^7 ?' 
the preceding equation becomes 

px' =q; 
freeing x^ from the quantity, by which it is multiplied, we have 
^s „£. 
P' 
whence we conclude 



In general, every equation with two terms being reduced to the 
form 

px^^q, 



taking the root then of the degree m of each member, we have 



'=J] 



157. It must be obsened that if the exponent to is an odd 
number, the radical expression wdl have only one sign, which 
will be that of the oiiginal quanlitj (131). 

When the exponent m is even, the radical expression will have 
the doubie sign ± , it will in this case be imaginary, if the quan- 
tity - is negatue, and the question will be absurd, like those of 
which we ha\e seen examples in equations of the second de- 
gree (131) 

See some examples. 
The equation x' z= — 1024, 

gives 

5 

a;=:V' — 1024=3^ 4, 
the exponent 5 being an odd number. 

The equation 

x* = 625, 

gives x=.± v'62B = ± 5, 

as the exponent 4 is even. 



.y Google 



Equaliom toith Two Terms. 
Lastly, the equation 
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e first. We know that the second 
^■-a< = {. + .)(,:-«) (34). 
and ihe others may be easily decomposed by division. If we 
divide cT" — a"* by x — a, wc obtain for a qjotient 

^"^1 4- a x^^ + fl' x"^ + Sic. 
ihe exponent of x, in each term, being less by unity than in the 
preceding, and that of a increasing in the same ratio. But instead 
of pursuing the operation through its several steps, I shall present 
immediately to view the equation 

^^=x:'-' + aaf^ + a^x'^ .... + «"-^ * + a-i, 

which may be verified by multiplying ihe second member by x — a. 

It then becomes 

a!" + a a^i + a^ .C^ + «"^^ a:" + a'^' x 

all the terms in the upper line, after the 6rst, being the same, with 
the exception of the signs, as those preceding the last in the lower 
hne, there only remains after reduction a;" — a", that is, the divi- 
dend proposed. 

It must be observed, that the term <fi x'"-'^, in the upper line, is 
necessarily followed by the term a^ x"-^, which is destroyed by 
the corresponding term in the lower line ; and that, in the same 
manner we find, in the lower line, before the term a""' x, a term 

n'^^a;^, which destroys the corresponding one in the upper line. 

These terms are not expressed, but are supposed to be compre- 
hended in the interval denoted by the points. 



ly Google 



176 Ekmtnts of Algebra. 

159. This leads lo very important consequences, relalive to the 
equation with Iwo terms x^ = -. 

If we designate by a the number, whicli is obtained by direcily 
extracting the root according to the rules given in ait. 154., we 



transposing the second member we obtain 

The quantity x"' — a" is divisible by x — a, and we have by the 
preceding article 

x- — a- = (x- «) (^-1 + ai—' + o-^i + 0-1). 

This last result, which vanishes when x ^: a, is also reduced to 
nothing, if we have 

a;"^' + fl ^"-^ . . + o"-' 1 + a-"-^ = (IlO), 

and, consequently, if there <\!sts a vilue of x, which ';atishcs {his 
last equation, it will saliily also the equation proposed 

These values have with unilj verj simple rchtions, which may 
be discovered by making a. =ay, then the equation x"" — a" =- 



„:.^™_^»_ 0, or (,"— 1 = 0, 
and we obtain the values of i, b^ multipljing those of y bj the 
, number a. 

The equation y™ — 1 =0, y\es in ihe fii t place 

i,™— 1, J/ = v" =1, 
then by dividing y'" — I h) j — 1, we hive 

ym~l _^ yM-^ ^ ^-,-3 4. J," ^ y ^ 1 

Taking this quotient for one of (he members, ind aero for the 
other, we form the equation on iihich the other values of y de- 
pend ; and these value-- wdt, in the same manner, satisfy the 
equation 

y" — 1 = 0, or y" = 1, 
that is, their power of the degree m will be unity 

Hence we infer the f.)ct, "iingular at first view, that unity may 
have many roots beside itself These roots, though imaunarj, are 
Still of frequent use in analysis I can, however, exhibit here only 
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those of ibe four first degrees, as it is only for these degrees, that 
we can resolve, \>y preceding observations, the equation 

y^'i-y"-^ + 1^0, 

from wlitch they are derived. 
(1.) Let m = 2, we have 

y^ — l=0, 
whence we oh tain 

y = + 1, y- — 1. 
(2.) By making m — 3, we have 

f - 1 ^ 0, 
whence we deduce 

S= 1, 
then y^ -^ y -{- I ^ 0. 

This last equation being resolved, gives 

y — 2 ' " 2 ' 

thus we have for this degree the three roots 

— 1 + v^^ , __ — 1 — V^3 

y~\, y-~ ^ , y = 3 

The last two are imaginary ; but if we take the cube, forming that 
of the numerator, by the rule given in art, 34., and observing that 
the square of v — 3 being — 3, its cube is — 3 v — 3, we still 
find ^ =; I, in the same manner as when we employ the root 

(3.) Taking m = 4, we have 

/ ~ 1 = 0, 
from which we deduce 

then f + y^ -}- y + i = 0. 

We are not, at present, furnished with the means of resolving this 

equation ; but observing that 

y* — 1 ^ (/ + (/ - 1). 
we have successively 

f—l=p, y« + I = 0, 
whence 

j,= + l, y= — i, y-^v"^^!, !/= — v-"^"!. 
Two of these values only are real ; and the other two imaginary. 
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braic signs. 

Of Equations which may he resolved in the same manner as those 
of the Second Degree. 

160. These are equations, which contain only two different 
powers of the unknown quantity, ibe exponent of one of which is 
double that of ihe other. Their general formula is 

p and q being known quantities. 

Now if we lake a:™ for the unknown quantity, and make x" =i u, 
we have 

whence 

u'^ -f- ^ M = q, 

« 3. — ij> ± V?Tl? (109); 
restoring a;™ in the place of m, we have 

an equation consisting of two terms, since the expression 

— sP ± %/<l + \pS 
as it implies only known operations, to be performed on given 
quantities, must be regarded as representing known quantities. 

Designating the two values of this expression by a and a', we 
have 

x" = a and x" := a', 
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from which we obtain 

X ;= y'o and a; -r^ y'a'. 
If the exponent m, he even, instead of the two values given 
above, we shall have four, since each radical expression may take 
the sign ± ; then 

a^ = 4- V^i a; ^ -f v'"'. 

and these four values will be real, if the quantities a and a' are 
positive. 

All the values of a; may be comprehended under one formula, 
by indicating directly the root of the two members of the equation 

which gives 

The following question produces an equation of this kind. 
161. To resolve ike number G into two such factors, thai the sum 
of their cubes shall be 35. 

Let X be one of these factors, the other will be - ; then taking 



which may be reduced to 

up 4-216 — 35 a^, 
or a;« — 35x= ^ — 216. 

If we consider r' as the unknown quantity, we obtain, by the 
rule given for equations of the second degree, 
a^i = V ± ^(s)^ —""216. 
By going through the numerical calculations, which are indi- 
cated, we find 

(vr= ■"/^^ 

V{V)'-2I6 = V"(' = v, 
and consequently, 

a:" = V + V = V = 27, 
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whence 

a; = vsr = 3, 

The first value gives for the second factor f or 2, while the second 
value presents f or 3 ; we have, therefore, in the one case 3 and 
and 2 for the factors sought, and in the other 2 and 3. These 
two solntions differ only in the order of ilie factors of the given 
number 6. 

162. The equations, we have been considering, are jlso com- 
prehended under the general law given in art. 159. ; for ihe values 

of \/a, V^' are to be multiplied by (he roots of unity belonging to 
the degree denoted by the exponent m. 

Applying what has been said to the equation, 
a;«— 35^3 =: — 21C, 
we find the six following roots ; 

a; — 1 X 3, a^ — 1 X 2, 



of which the first two only are real. 

Calculus of Radical Er^ressioris. 
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and the differences 

3_ 5_ '■) _ 3_ 

can be expressed only under tlieir present form. 
The same cannoi be said of die expression 

4 a v"36 + V WJ^i — ^^ ^2^, 

because the radical quanlides, of which it is composed, become 
similar, when they are reduced Co their more simple forms, accord- 
ing to the method explained in art. 130. First, we have 

^/Hia^b = \/Saa .^b or 2 « ^Th 
V2ttH — v'«'>-26 or a^ s/'ib ; 
ibe quantity, therefore, becomes 

4 a V26 + 2 (t v'Sfc — "^-^ V2i, 

which gives, wher: rediiced, 

(iay/2b — '^~ -y-^b or {G d — 5 c) ^ v^fi. 

104. With respect lo other operations the calculus of radical 
quantities depends upon llic principle already referred Co, namely ; 
that a product, consisting of several factors, is raised to any power 
by raising each of the factors to this power. So also, by suppress- 
ing the radical sign, prefixed to a quantity, we raise Cliis quantity 
to the power denoted by the exponent of this sign. For example, 

\/a raised to the seventh power, is a simply, since this operation, 

being the reverse of that which is indicated by the sign v^t merely 
restores the quantity a to its original state. 

According to the principles here laid down, if, for example, in 
the expression 

V" X vh 
we suppress the radical signs, the result a h will be the seventh 
power of [he above product ; and taking the seventh root, we find 

V" X Vh = y/'^b- 
This reasoning, which may be applied Co all similar cases, shows, 
that in order to multiply two radical expressions of the same degree 
together, we must take the product of the quantities under the radi- 
cal s^n, ohserfing to place it under a sign of the same degree. 
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We have by this rule 

3 VSaW X 7 VSaSftc = 21 VlOo'li^c = 
21 a^ 6^ vIO^ ; 
4 v' n^ — is X V^M^ =^ 4 V'C^'^^^TaH^ 

„4_64 X ^ -^ — 

— -^ a« - i* ^ rf* 



_ |a3 63 ci 



, 2 a^ _ 66 



a'-b* = {a^ + &^) (a^ - 5=). 

165. As the sevenlh power of the expression -^j— , for esample, 

is T, it will be seen, by lakiiig the seventh root of this last result, that 

^= 1« 
V6 ^ 

Hence to divide a radical quantity by another of the same degree, 
we mtist take the quotient arising from ike division of the quantities 
under the radical sign, recollecting to place it under a sign of the 
aame degree. 

We find by this rule, that 
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166. It follows from tlie rule, given in art. 164,, for the multi- 
plication of ladical (luanlities of the same degree, (hat to raise a 
radical quantity to any ■power whatever, we have only to roue to 
this power the quantity under the radical sign, observing that the 

result must lake ike same sign ; tlius to raise vn&i fo'' example to 
the third power is to take the product 

V^ X \/^ X \/ab, 
and as the radical signs are all of the same degree, the quantities 
to which they belong are to be multiplied together, and the radi- 
cal sign lo be prefised to the product, which gives 

In the same manner vi^^ raised to the fourth power, gives 
\/oPW, which may be reduced to 

a b x/oP, 
by resolving a^ 6'^ into a' I/' X a h^, and taking the root of the fac- 
tor a'6' (130). 

It may he observed, that when the exponent belonging to the 
radical sign is divisible by that of the power to tohich the proposed 
quantity is to be raised, tJte operation is performed by dividing the 
first exponent by the second. For example, 

because | z= 3. 

Iddyd qnylh maf aa 

dh^ yv Ih b Ibjdd hybg 

ly 1 1 q ly J 1 he 

1 d f 1 1 ! f d 1 I h nd 

power of one of these factors, or of v a. 

The same reasoning may be applied to all similar cases, as in 
the following 'example ; 

\\/^) = \/^b. 

167. If we reverse the methods given in the preceding article, 
we shall be furnished with rules for extracting the roots of radical 
quantities. 
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We perceivii, by attending to the rule first stated, that if the 
exponents of the quantities under the radical sign are divisible by 
that of the root required, the operation may be performed as if there 
were no radical sign, only it is to be observed, iltat the result must 
be placed under the original sign. 

We find, for example, that 



S\/~aH^ = V x/o^i" — VoT^- 

From the second rule given in llie preceding article, it is evident, 

that the general method for finding the root of radical quantities, 

is to multiply the exponent belonging to the radical sign by that of 

the root, which is to be extracted. 

By tbis last rule, we find, that 

In fact \/o^ is a quantity, which is five limes a factor in a* 

(24, 129) ; but the cube root of vo*, being also three times a fac- 
tor in this last quiiniity, is found 5x3 times or 15 limes a factor 

in (he first a''; ihcrefore Vvo* — s/a*- In ihc same manner it 

might be shown, that Vvo^ = V^- 

168. Since by multiplying the exponent of a quantity under a 
radical sign, by any number (166), we raise the root which is indi- 
cated, to the power denoted by this number, and by multiplying 
also the exponent belonging to the radical sign, by the same num- 
ber (167), ^e obtain for the result a root of a degree equal to ihat 
of the power which was before foimeil, it is evident, tiiai this 
second operation reduces the proposed quantity back to its original 
state 

The expression, ^ o^, for example, may be changed into \/a^, 
by multipl)mg the exponents 5 and 3 by 7 ; for multiplying the 
exponent of n^ by 7, we have, making use of the radical sign, 

yo^, the seventh power of the proposed radical quanlity, and 
multipljmg by 7 the exponent 5 belonging to the radical sign in 
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the expression v^^i we oblain the seventh root of the former 
result ; this last process, therefore, restores the eKpression to its 
original value. 

169. By this double operation, we reduce to the same degree any 
number of radical quantities of different degrees, hy multiplying, at 
the same time, the exponent belonging to each radical sign, and those 
of the quantities under this sign, by the product of the exponents 
belonging to all the other radical signs. That the new exponents, 
which are thus found for the radical signs, are the same, is obvious 
at once, since they arise from the product of all the exponents 
belonging to the original radical signs ; and after what has been 
said above, it is evident that the value of each radical quantity is 
the same as before. 

By this rule we transform 

v/oap and Ve^ d^i 
into v'aaiTw and -./^S^s. 

In the same manner, the three quantities, 

\/ab2, v^^j Vb*^, 
become respectively 

105 105 105 

If we meet with numbers, under the radical signs, we shall be 
led, in applying this rule, to raise ibem to the power denoted by 
the product of the exponents belonging to the other radical signs. 

170. In the same way, we may place under a radical sign a 
factor which is without one, by raising it to ike power denoted by 
the exponent which accompanies this sign. 

We may change, for example, 

a^ into \/ai^, and 2 a yi into ^8 a^ b- 
ni. Afier having, by the transformation explained above, 
reduced any radical quantities whatever, to the same degree, we 
may apply to them the rules, given in articles 164. and 165. for 
the multiplication and division of radical quantities of the same 
degree. 

Let there be the general expressions 

Alg. 24 
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VoP M, ^/b'-i 



then by ihe rule given in art. 164. we have 

for the product of the proposed radical quantities. 
We have also by the rule, art. 165. 

Remarks on some peculiar cases, which occvr in the Calculus of 
Radical Quantities. 

172. The rules to which we have reduced the calculus of 
radical quantities, cnay be applied without difficulty, when the 
quantities employed are real. But they might lead the learner 
into error with regafd to imaginary quantities, if they are not 
accompanied with some remarks upon the properties of equations 
with two terms, 

For example, the rule laid down in art. 3 64. gives diceclly 
V^^ X V^^ = ^'^a X~a — V «^ ; 
and if we take -|- a for \/a^, we evidently come to an erroneous 
result, for the product \/~^'a X V — "i being the square of 
Y/ZZTa, must be obtained by suppressing the radical sign, and is 
therefore equal to — a. 

Bezout has obviated ibis difficully, by observing, that when we 
do not know by what method the square a^ has been formed, we 
must assign for its root both -j- a and — a; but when, by means 
of steps already taken, wo know which of these two quantities 
muhiphed by itself produced o^, we are not allowed, in goiitg back 
to the root, to take the other quantity. This is evidently the case 
with respect to the expression \/ — a X V— ■"« j here we know, 
that the quantity a^, contained under ihe radical sign in the expres- 
sion V"'' ii^'ses ftom — a muSliplied by — a ; the ambiguity. 
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thererore, is prevenled, and it will be readify seen, iliat Jn taking 
the root, we are limited lo — a. 

Tlie difficulty above mentioned would present iiself in regard to 
the product \/a X i/a, if we were not led, by tbe circumstance of 
there being no negative sign in the expression, to take immediately 
the positive value of V"^- I" this case, since a^ arises from + a 
multiplied by + a, ils root must necessarily be + a. 

There can be no doubt with respect lo examples of the kind we 
liave been considering ; but there are cases, which can be clearly 
explained only by attending to ihe properties of equations with Iwo 
terms. 

173. If, for example, tt were required lo find tbe product 

^a y- — I- rediicmg the second of these radical expressions to the 
same degree wuh tlie firat (169), we have 

\/a X \/{ — IJT— v'a X V + I = Va, 
a result which is real, although it appears evident, that the quanlily 

Va multiplied by the imaginary quanlily v— 1, ougbt lo give an 
imaginary product. It must not be supposed, however, that the 

expression \/a is in all respects false, but only that it is to be taken 
in a very peculiar sense. 

In fact, v'oi considered algebraically, being the expression for 
the unknown quantity x, in the equation with two terms, 

3f — a = 0, 
admits of four different values (159) ; for if we make a = a*, by 

taking a to represent the numerical value of \/a, considered inde- 
pendently of its sign, or the arithmetical determination of this quan- 
tity, we have the four values 

a X +1, aX — 1, a X + V^L> a X — V'^X 
the third of which is precisely the product proposed, 

By a little attention, it wit! be readily perceived, whence the 
ambiguity, of which we have been speaking, arises. The second 
power + I of the quantity — 1 under ihe radical sign, as it may 
arise as well from -j- 1 X + I, as from — I X — 1, causes tbe 

quantity v'l to have two values, which are not found in v — 1- 
In general, the process by which the product \/a X x/Fh 
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formed, is reduced to that of raising this product to the power 
•atn; for if we represent it by z, thai is, if we make 

by raising the two members of this equation, first to the power m, 
we have 

again, raising it lo the power n, we obtain 

This p odu I e efore, being determined only by means of its 
power of he d ee m », or by an equation of this degree with 
two ter n h e mn values (159). This wili be perceived 

at once f e fl hat the expressions \/a and \/'S, being noth- 
ing bu 1 e alu f he unknown quantities x and y, in the equa- 
tions with two terms, 

a;™ — n = 0, y" — S in 0, 
and, consequendy, admitting of m and of n determinations, we 
have, by uniting the several m determinations of x, with the sev- 
eral n determinations of y, mn deierminaiioos of the product 
required. 

When we are employed upon real quantities, there is no diffi- 
culty in finding the values, because the number of those, that are 
real, is never more than two (157), which differ only in the sign. 

174. If we use the transformation explained in art. 159., ihe 
difficulty will be confined to the roots of -f- ^ snd — 1 j for if we 
make x =. at and y =.pu, a and (S denoting the numerical values 

of Vo( VS" considered without regard to the sign, the equations 

a;"" ^ a = 0, j" up 6 = 0, 
become 

f" zp 1 = 0, «» qz I = 0, 
whence 

in which a (9 represents the product of the numbers \/a, \/^, or the 
arithmetical determination of the root of the degree mn of the 
number a' &"■, 
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If we would give a determinate value to the product of the 

radical quantities \/ ± a, \/ ±b, by 6xing the degree of the radi- 
cal signs, we must obtain from the equations 

(» zp 1 = 0, M" =F 1 = 0, 

the several expressions for y' ± 1, y' zh 1, and combine them in a 
suitable manner. 

To conclude, these operations are not often required, except id 
some very simple cases, of which the following are the principal ; 

(1.) v"^^" X 1/^^' = V" X vf (V^^ X v'^^) ; 
I suppress the radical sign in the expression v — h 3Q<^ obtain 
V'^^ X V — "6 = --/ab X — 1 =: — \/'al. 

(2.) V"^=^ X V^~b — V^ W^^? ; 

I do not here multiply ■ — 1 by — 1, because this would lead to 
the ambigiuty mentioned in art. 173. ; but observing, that the 
square of the fourlh root is simply the square root, we have 

V"^^^ X v' ~T = V"^ X y''^^^- 

(3.) v'"^^^ X V'^^b — \/'ab X (V — l)*^ = V'ab X V""^^ 

= V^ X — 1 = — V"^- 
The results will he thus found to be alternately real and imaginary. 

Calculus of Fractional Exponents. 

■ 175. If we substitute in the place of the radical signs, their 
corresponding fractional exponents (132), and apply immediately 
the rules for the exponents, we shall obtain the same results, as 
those furnished by the methods employed in the calculus of radical 
quantities. 

If we transform, for example, 

5 5 

IDtO 

a^ i% a^ c^, 

we bare 

y/^^ X v"^^ = a' 6^ X a'^c^ = 
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then, since | ^ 1 -f- i, and, consequently, 

J=a^ +> = ax J (25), 

and a° 6^ c^ is equivalent to s/VPT^, we have 

s/'e^ X Vo^ = « \/'^W^, 
a result which is not only exact, hut is reduced to its most simple 
form. 

Let there be the general example \/afb^ X x/b'c^ ; the radi- 
cal expressions here employed may be transformed into 



we then have, according to the rules for exponents, (25), 

t 1 II £2,!L1 

a" &" X b" C^ = a'^ b"' 'I' " c" . 

Now ia order to add the fractions — , -, we must reduce them to 

the same denominator; and to give uniformity to the results, we 

must do the same with respect to the fractions A - J we obtain 

by this means, 

and placing this result under the radical sign, we have 



176, The manner of performing division is equally simple, we 
liave for example 

i? = 44 = ^^ (38), 
which may be reduced to 

jL 

this placed under the radical sign becomes 
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We have in general, 



reducing ihe fractional exponents to the same denominator, in 
order to perform ihe subtraction, which is required, we find 

It 13 obvious, that the reduction of fractional exponents to the 
same denominator, answers here to the reduction of radical ex- 
pressions to the same degree, and leads to precisely the same 
resiiits {171). 

177. It is also very evident, by the rule given in art. 127,, that 

and by the rnle laid down in art. 129., ibat 



JV«^ ^Ja-^a'"''*- V""- 



The calculus of fraciionaf exponents affords one of the most 
remarkable examples of the utility of signs, when well chosen. 
The analogy which prevails among exponents, both fractional and 
entire, renders the rules, that are to be followed wilh respect to the 
latter, applicable also to the former ; but a particular investigation 
is necessary in each case, when we use the sign \/', because it 
has no connexion with the operation that is indicated. The fur- 
ther we advance in algebra, the more fully shall we be convinced 
of the numerous advantages, which arise from Ihe notation by 
exponents, introduced by Descartes. 

Examples in the Formation of Powers of Compound Algebraic 
Expressions. 

1. (a~by = a^~-3a^b + 3ab^ — bK 

2. (4 — 3i/=: 64 — 144 6 + 1086^— 27 R 
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3. (5 — 4a:)* = 625 — 2000a; + 2400 a;=— 1280 x^+ 256a;*. 

4. (a^ + 3aby = a^^+ 12 a"" b -^ b4 a^ b^ + 108 aH^ 

+ 81 a< 6*. 
fi. {5o''c=<;:— 4aSd*)*::^ C25oBc8^ _ 2000a'fic«(^* 
-f- 2400 a^ i*' c* (/« — 1280 a^ 6= c^ (P + 256 n* b^ d^. 

6. (Sac — 2J(^)^ — 243a=c= — 810a* e*S(i-f- 1080 0^(^6^ rf^ 

— 720 a ^ c' b^ eP + 240 a c 6* d* — 32 6^ rfs. 

7. (Vo + V*")* = a° + 6 a & + 6^ + (4 a + 4 S) V^- 

8. (a + i + cf = a3-|- 3an + 3 a** c + 3 a 6^ + 6 a J e 

+ 3 a c^ + P + 3 b^ c + 3b c^ -^ c^. 

9. (a + 2 6+c)^ = a3 + 6a^i + 3a3c+ 12ai^4- 12aJc 

+ 3cc^ + 863+ 12 b^c + Qbc^ + c\ 
10. (a + J + c + (Z)^ = a= + 2 a i + 2 a c + 2 a d 4- J^ 
+ 26c + 26(i + <? + 2cd + d«. 



11. (a ±6)" = fl" rt 



.1J1 + 



„(„-l)f„-2) 
1X2X3 
12. Make n = 4, » = i, ji = i, 



»(»-!) 




1 X2 




'4' + .. 
w — 4. . 





b^ 



Examples in the Extraction of the Cube Roots of JYumbers, 
1. vI^jW = 23. / / __ 



3. 


V88»3li 


= 96. 


3. 


3 
V1I91016 


= 106. 


4. 


V^465375 


= 135. 


5. 


Vi5 


= 2.28942 . . . 


6. 


V578 


= 1.79670 . . , 


7. 


Vi 


= i. 


8. 


•/» 


= h 


9. 


If 


= 0.87368 . . 


10. 


Vf 


= 0.94103 . . 


11. 


VSI 


= 1. 56049 . . 
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Examples m the Extraction of the Cube Roots of Algebraic 
Expressions. 

I. 1/(6^+3:34-8 + \2x) :=x-\-2. 

3. V (*^ — 6 c a:^ + 12 e^ a^'' — 8 c^ K^} :^ *= — 2 c a:. 

4. y/{a^~e,a^ ^x" -^^ 12a'"+2a^— aa^x^") 

= 0™ — Sa^". 

7. v (a' + 3 0^ 6 + 3 fl^ r + 3 a i^ + 6 a 5 c + 3 a c^ + 6' 

+ 3 6*c + 36c^+c') = a + A + c. 

8. V (27 z^ ~ 54 « z^ + 63 a^ 2^ — 44 a^ z^ + 21 a* «^ 

— 6a=s + a^) :=3 2^— 2a5r + a^ . 

9. v' (8 a;^ + 48 c a!^ + 60 c^ a;^ — 60 c^ a^ — 90 e< a^ 

+ l<iQi?x—2n(?) = 2a^ + 4cx~3c^. 

,„ > . „ -, l3 *« 5l9 IO1I2 

1 0. V (a' - ^) = « - 3^, - 9^5 - 81^6 - 243 5^1 - • • ■ • 
U. v(a^ + a:') = «+ ^,-g^,+gj^-g-^3-^„ + .... 

12. ^■(1 -a.) =1_^_^_|;-_1^»J_ 

13.^(1+.) = ! + ^-^ + ^^-^+ 



Examples in the Multiplication of Radical Expressions. 

l.^BP^i Vy X cv^ = abcy-JJ^. 

3_ ' 3 _ :' _ 3 

2. ^4 X 7 V6 X I V5 = ^ V120. 

^fe. 25 
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B _ 6 _ 

B. 4 K 2 va X V72 — Q-^G. 
4. 5 v3 X 7 v| X V3 = 140. 
b. cy/a X d.s/a = acd. 

3 _ 4 _ 19 

6. v2 X v3 X V5 = v'648000. 

7. v2 X v| X v3 = VH"- 

13 8 54 

10. (V5 + 2 v'r H- 3 vio) X 2 v-S := 10 + 4 V35 + 6 V^- 

11. (3 + v-S) X C2 — V5) = 1— V5- 

12. (7 + 2 vS) X (9 — 5 vS) = 3— 17 vC- 

13. (_ 5 _ v-|) X ( — 5 + V-?) = 241. 

14. (9 + 2 VIO) X (9 — 2vi0) = 4l. 

15. (2 VS + 3 V^ — 7 V3) X {\/n — 5 v20 — 2 V2) 

= — 174 +42 vio- 
ls. (v5— 2vS) X (3V4 — v'3e) = 12 + 3 V20 — 6vS[ 
— VlM 

17. (2^3 + ^2/ X(2 + vy)— 4^/^ + 2^3 + ^18 + 6^3. 

18. (vS — Vfc ) X (Va + VE) = « — ^■ 

19. (cVa + rfs/i) X {cvct — <? Vi") — ac^—h(P. 

21. Cv'o + V6 + V'c)^ = Va + Vfc" + V-; + 3 V^ 
+ 2v^c + 2v-6^. 

Examples in the Division of Radical I^xpress^u^ 

- - rr. l*^ 
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Calculus of Radical Expressions, 

, W 



L 4 V I'i ^ 3 v3 — 2 vV- 

i. v(«»' — i't)-^ V(»-c) = S. 

r. ( V 72 + v"^ — 4) ^ vl? = 5 — v'2 . 

5. ( v5 + 4vl« — 3~8v2) -f- v3 = V2 +4vfi — V3 

— Sv-i. 
). (2vS + 3v5+4)^4v8= V + tV2- 
>• l^(v3 + 2) = 2 — v3- 
I. 3-i-(l +v2)=3va— 3- 
!. (l+v2)-+-(2 — v!i) = 2 + (v2- 
1. (5 — 7v3)-i-(l + v5)=6v3— 13. 
;. (6— 3v5)^(vi— l)= ivs—t- 
■ (V3 + V2) -^ (v3— V2) = 5 + 2 vo- 

M^(v2+ yS- v=) = 5^ + ^ + ^'. 

■. 7 -H (vio — v2 — v'3 } = 35 v^iO H- 77 v3 + 63 v^ 

+ 14 vOO- 
i. (2 — V3) -^(1 + v2 + v'3) = 1 + 5 v-s — 4 V3— « v8. 

'. (v/i + vD ^ (v; ~ vs ) ■* 

a -^/j -^2 v-^ + 2 v;in + 2 v/"^i3 
•^ a — b 

I 

# 
Examples in the Calmlus of Fractimial Exponent^, 



3. « ^ X « 



(ft) Multiplication. 



-v 

^ 
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3. a~' X (.~* = (i~ V=-4^ 

5. Vo^ X V-^ X V^ ^ a * ■ a'f ■ a= — ftTo s _ flS ^ ^_ 
'! (■'-»'>' X 'l *'"-"'')' = (c" - f)"' (a + i) - » 



7. Vo V6 



,, + a;)'>»J(c«-jT 



tI_ [^ 



8. (v/HJ + vw) X (v«> — VS>) = («' + i') X (a- — i') 
=1 a* — 6^ =a\/a — \/b*. 

(b) JMviaion. 

3. Jb'-i-a1t}b~ic = ?-'fi = - vE 

IS ■ . • 

a^b^c I tP *_ 

^^ 5. (m^- 2 Vo^ — a° \/'?6^ -{- 2 i v^) "^ (^H^^) 
= a^ — 2 6^ ^^BVo-^S vtT ^^^|b 



+ j^6V»l 
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Cakulua of Radical Expressions. 
(c) Powers of Powers, 




6. v (o" h v-iSJlf = o'i vJ. 



General Theory of Equations. 
118. Equations of ibe first and second degree are, properly 
speaking, the only ones, which admit of a complete solution j but 
there are general properties of equations of whatever degree, by 
which we are able to solve them, when they are numerical, and 
which lead to many conclusions, of use in the higher parts of 
algebra. These properties relate to the particular form, which 
every equation is capable of assuming. 

An equation in its most general form must contain all the powers 
of the unknown quantity, from that of the degree of the equation to 
the first degree, multiphed each hy some known quantity, together 
with one term wholly known. 
I A general equation of the fifth degree, for example, contains all 
the powers of the unknown quantity, from the first to the fifth j 
and if there are several terms involving the same power of the 
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unknown quantity, we must suppose them to be united in one ; 
according to (he method given for equalions of the second degree, 
art. 108. All the terms of tlie equation are then to be brought 
into one member, as in the article above referred to ; the other 
member will necessarily be zero ; and when the first term is nega- 
tive, it is rendered positive by changing the signs of all the terms 
of the equation. 

In this way we obtain an expression similar to the following j 
nx^ -{- px'^ + qsP -\~ TX^ + sK -\- I = 0, 
in which it is to be observed, that the letters n, p, q, r, s, t, may 
represent negative as ivell as positive numbers ; then dividing the 
whole by n, in order that the first term may iiave only unity for its 
coeiBcient, and making 

?■ = r, '^= q, - = R, - - s, - = T, 

we have 

In future, I shall suppose, that equations have always been pre- 
pared as above, and shall represent the general equation of any 
degree whatever hy 

a^'^ + Pcv^^ + qx^--' + Tx+U=0. 

The interval denoted by the pdftts may be filled up, when the 
exponent n takes a determinate value. 

Every quantity or espresslon, whether real or imaginary, which, 
put in the place of the unknown quantity x in an equation prepared 
as above, renders the first member equal to zero, and which con- 
sequently satisfies the question, is called the root of the proposed 
equation; but as the inquiry does not at present relate to powers, 
this acceptation of the term root is more general, than that, in 
which it has hitherto been used (90, 129). 

179. Take a proposition analogous to those given in articles 
116 and 159, and one which may be regarded as fundamental. 

Jfthe root of any equation whatever, 

X" + P x"-i + Q x-^^ + T X + U = 0, 

be represented by a, the first member of this equation may be exactly 
divided fiy x — a. 

Indeed, since a is one value of x, we have necessarily, ' 

a" + Pa"-! + Qa"-^ + Ta+ U= 0, 
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and, consequently, 

U= — a^ — Pa-i ~qa^--' ~ T a, 

SO that the equation proposed is precisely \he same as 

which may be reduced to 

+ r(i-a)J-"- 

As the quantities 

a;" — a", jc"-^ — a"^', .t;"— ^ — a"—®, a? — a^ 

are each divisible by j^ — a (158), it is evident, that the tirst 
member of the proposed equation is made up of terms, all of which 
are divisible by this quantity, and may consequently be divided by 
3; — a, as the enunciation of the proposition requires.* 

180. To form the quotient we have only to substitute for the 
quantities 

the quotients, which are obtained by dividing these quantities by 
in — a, and which are respectively 



• D'Alembett has proved tlie same proposition in the following 



5 the tirst member of the proposed equation to be 
divided by x — a, and the operation continued until ali the terms 
involving x are exhausted, the remainder, if there be any, cannot con- 
tain X. If we represent this remainder by K, and the quotient to 
which we arrive by Q, we haie necessarily 

J* + Pi"-' + &.C. — Q (s — fl) + fi. 

Now if we substitute « in the place of i-, the first member is reduced 
to nothing, since a is the value of i ; the term Q (x — a) is also 
nothing, because the factor x — a becomes zero ; we must, therefore, 
have ffi — 0, and it is so, independently of the substitution of a; for 
as this remainder does not contain ar, the substitution cannot take 
place, and it still preserves the value it had before. 

Hence it follows, that in every case, R = 0, and that, consequently, 
x'^ + P ^,-1 ^ Q ^n-a &c. 
is exactly divisibie by i — a. 
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I— ■ + o I— » + 0—=, 

!"-» + o"-", 

+ 1- 

Arranging the result with reference to the powers of j;, we have 

.-■ + 01— + b'i-J + 0-1, 

+ Px'^^ + Pa3^^ + Pa"^, 

+ <?«■-' + Q«-^, 

+ T.'" 

181. It is evident from the rules of division simply, that if the 
first member of the equation, 

x" + Pa;"-! + Qa:" " + he. = 0, 
be divided by .c — a, (lie quotient obtained will be exhibited under 
the following form, 

x"-' + P' x'^ + Of x'^ + &c. 
P', Q', &c. representing known quantities different from P, Q, 8ic. 
we have then 

a^n _|_ P n"-^ + kc. = (a; — a) (j;""^ + P'x'^ + 8tc.) ; 
and according to what was observed in art. 116., the proposed 
equation may be verified in two ways, namely, by making 
w — a := i>, or a:"-' ■+■ /" x"-" -f &c, =: 0. 
Now if the equation 

a;"-! -I- P'x"-^ + &c. — 
has a root b, its first member will be divisible by x — b ; we have 
then 

^«-l _|_ p, ^«-^ -1- gjc. :z: {a; ~b) (x'-s + ^"^"-3 + &c.), 
and, consequently, 

J. +P»-i + !ic.= (j,-o)(a:-S)(t— +/»'»-' + &c.); 
the equation proposed may, therefore, be verified in three ways, 
namely, by making 
x~a = 0, orx — b = 0, or a:"-^ + P" x"^ + &c. = 0. 
If the last of these equations has a root, c, its first member may 
s^U be decomposed into two factors, 

a; — c, a;»-3 + P"' x—* + Sic. = ; 
we then have 

x" +P «"-! + &e. 
= (x — a) {x-h) (x — c) (x-~^+P"'x^+kc.); 
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from which it is obvious, that the proposed equation may be veri- 
fied ill four ways, namely, by making 

x — a = O,x — b — 0,x — c = 0, x"-^ + P'" x"-* + he. = 0. 
Pursuing the same reasoiiiog, we obiaiu successively factors ol 
the degrees 

M — 4, 7i~ 5, n — Q, kc. ; 
and if each of these factors, being put equal to zero, is susceptible 
of a root, the first member of the proposed equation is reduced to 
the form 

(^_„,(l_J)(,,_,)(^_rf) (^_i); 

ihat is, it is decomposed into as many facto s of the first degree, 
as there are units in the exponent n, which denotes the degree oi' 
the equation. 
The equation 

may be verified in n ways ; namely, by making 

a: — a = 0, or x — b = 0, or a: — c — 0, or x — el = 0, 
or lastly, ^ — ? — 0. 

It is necessary to observe, tiut these equations are to be regard- 
ed as true only when taken one after the other, and there arise 
manifest contradictions from the supposition, that they are true at 
the same time, in fact, from the equation x — a = 0, we obtain 
X = a, while x — h ^ gives x =:=. h, results, which are incon- 
sistent, when a and h are unequal quantities. 

182. If the first member of the proposed equation, 
x" + Pa;"-' + &c. = 0, 
be decomposed into n factors of the first degree, 

X — a, X — h, X — c, X — d, x — /, 

it cannot be divided by any other expression of this degree. 
Indeed, if it were possible to divide it by a binomial x — a, differ- 
ent from the former ones, we should have 

aJ-' + Pa^"-' +&C. ={x — a) {x"-^ +^a:'^+8tc.) 
and, consequently, 

^^-a)^,-^){x-c){^-,l) i^-l) 

= (i — .)(i— +i.»->+&c.): 
now by changing x into «, tliis becomes 
Alg. 26 
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(._„)(„_ I) (.]_,) (,_<;) (,_;) 

= (,_.)(..-+,„— + &c.)i 
The second member vanishes by meansof ibe factor a — a, which 
is nothing ; this is not ihe case with respect to the first, which is 
the product of factors, all of which are diiferenl from zero, so long 
as a differs from the several roots a,b, c, d . . .1. The suppo- 
sition we have made then is not true; tSierefore, an equation of 
any degree whatever does not admit of more binomial divisors of 
the first degree, than there are units in the exponent denoting its 
degree, and consequently cannot have a greater number of roots.* 

183. An equation regarded as the product of a number of 
factors, 

equal to the exponent of its degree, may lake the form of the pro- 
duct exhibited in art. 135., with this modification, that the terms 
win be alternately positive and negative. 

If we take four faclors, for example, we have 

x'^ — ax^-^abw^ — abcx + abcd = 

— b3^ -\- ac x^ — ahdx 

— c 3? -|- ad s^ — ac da: 

— dx^ -{- be x^ — bcdx 

+ bdx^ 
-\- cdx^ 

The second terms of the binomials x — a, x — b, x — c, &c. 
being the roots of the equation, taken with the contrary sign, the 
properties enumerated in art. 135., and proved generally in art. 
136., will, in the present case, be as follows. 

The coefficient of the second term, taken with the contrary sign, 
will be the sum of the roots ; 

The coefficient of the third term will he ihe sum of the products of 
the roots, taken two and two ; 

The coefficient of the fourth term, taken with the contrary sign, 
mil be the sum of tke products of the roots, multiplied three and 
three, and so on, the signs of the coefficients of the even terras 
being changed ; 

■ This demonstration is taken from the Armalcs ile MalAimaliques 
published by M. Gergonne. See vol, iv, pp. 209, 210, note. 
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The last term, subject also to this law, will be the product of all 
the roots. 
Making, foi- exam|ile, (he product of tlie three factors 
3: — 5, X + 4, X + 3, 
equal to zero, we form the equation 

a:3 4. 2 K^ — 22 * — 60 T= 0, 
the roots of which are 

+ 5, — 4, — 3 ; 
we have for their sum 

5_4_3=;_2; 
for the sum of (heir producis, taken two and two, ■ 

+ 5x— 4-f-5x — 3 — 4X — 3 = — 20— 15+12=— 23, 
and for the prodact of the ihree roots, 

+ 5x— 4X— 3 = 00. 
In this way we form the coefficients, 2 — 23, — 60, changing ihe 
signs of those for the second and fourth terms. 
If we make the product of the factors 

X — 2, X — 3, and a; + 5, 
equal to zero, the equation thence arising 

a:^ — ] 9 ^ + 30 rn p, 
as it has no term involving 3^, the power imtnediatety inferior to 
that of the first term, wants the second term; and the reason is, 
that the sum of the roots, which, taken with the contrary sign, 
forms the coefficient of this term, is here 
2 + 3 — 5, 



or zero, or 
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p d f 1 


Till f 


f f he 


first (Jegree, 


1) a 


J of 1 


f bee 


are units in i 


p n d 


le d 


f 1 qua on 


but if we CO i 


1 1 


1 


I Ti q an e of 


tite secont! d 


11 II 1 


b f 


f 1 e p opo ed 


equation, tlie n 
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1.2 


(140). 





c at the end of this treatise. 
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For example, the first member of the eijuation 

x* — aa^ + abx^~abcx + abcd = 

— h.7p + ac:e' — abdx 

— rfa;^-}- b cw^ — be dx 

■ +bdcc^ 
-\- cdx^ 
being the product of 

(«-a)x (^-1.) X (.-e) X (»-<!), 
may be decomposed into factors of the second degree, in the six 
following ways ; 

(i _ „) (a; _ J) X (l — e) [I — i) 

.'-'} X (»-S)(^-rf) 

>-<i)X(.-i){a.-c 

x — c) X [x ~- a) {x — d) 

■d)x{T-a)(,- 

- )X( -«)(x- 

ap ea n qu n fourth degree may have 

h d 

mb n n m fac o h ee and three, we form quan- 

he d d the proposed equation ; 



when e 
sx d 
By 



Of Elimination among Equations exceeding the First Degree. 

185. The rule given in an. 78., or the method pointed out in 
art. 84., is sufficient in all cases, for eliminating in two equations 
an unknown quantity, which does not exceed the first degree, 
whatever may be the degree of tbe others ; and the rule of art. 78. 
is applicable, even when tiie unknown quantity is of the first degree 
in only one of the proposed equations. 

If we have, for example, the cqnations 

a:^-\-bxy-{-ci/^^= m% 
^ + .VS = «', 
taking, in the second, the value of y, which will he 
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and subslituiing this value and its square, in the place of y and y^ 
in the first equation, we obtain a result involving only x. 

180. If both of the proposed equations involved die ^second 
power of each of the two unknown qaantitics, the above method 
could be applied in resolving only one of tiie equations, either with 
respect to a; or ^. 

Let there be, for example, the equations 

az^-\-hxy-\-cf — m^, 

the second gives 

y ^ tt \/n^ — .t5. 

Substituting this value of y, and its square in the first, we obtain 

a(^±bx v-ila^^a + c (h^ — x^) = m\ 

Our purpose appears to be answered, since we| have arrived at a 
result, which does not involve the unliuow n quantity y, but we aro 
unable to resolve the equation containing x, ttilhout reducing it to a 
rational form, by making the radical sign, under which the unknown 
quantity is found, to disappear. 

It will be readily seen, that if iliis radical expression stood 
alone in one member, we might make the radical sign to disappear 
by raising this member to a square. Collecting together all the 
rational terras then in one member, by iransposing the terras 
± 6 a; v'^--^ snd m", we have 

ax-' -\- c{n^ — X') — m= ^ q= 6 a; v'"^^^^ ; 
taking the square of each member we form the equation 

which contains no radical expression. 

The method, we have just employed for making the radical sign 
to disappear, deserves attention, oti account of the frequent occasion 
we have to apply it ; it consists in insulating the quantity found 
under the radical li^n and thru rnisin<r the tioo members of the 
pr I d I I l> I Ibj / I J J n 

Ifa Tl mil 1 f 1 1 1 h e 

p p I b i d 1 1 dd d he 

dfR 1} f 1 1 1 r I I 1 w ! f 

f 1 k q dll ly i h r n 

m bl 1 I f 1 b 1 1 d 1 who 

1 1 d 1 k 1 1 f I g he 
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eimn hi hi 1 fhq 

lllbhl fhp qdfl i th 

p bi 

Id dipnm pi ^^q 

1 k i I f f q I 

\y by j ly th I I ! 1 m 

Ifw I i pi 

a; Jf-axjj-^bcc = cy ■\'dy-\-e, 
we bring all the terms inlo one member, and arrange them with 
reference to x ; the equation then becomes 

X' -\-{ay-^h)x~cy"—dy — e=^(i; 
abridging this, by making 

tty->rb = P, —cy^ — dy — e=q, 
we have 

^' + Px+q=io. 

The general equation of ihe degree m with two unknown 
quantities must contain all the powers of x and y, which do not 
exceed this degree, as well as those products, in which the sum of 
the exponents of x and y does not exceed m ; this equation then 
may be represented thus ; 

-¥{p-\-iy+'^y'' • • ■ +"y"~')'»^+i'M-?'y+'^y° • ■ ■ +^'^"=0. 

No coefficient is assigned to x^ in this equation, because we may 
always, by division, free any term of an equation we please, from 
the number, by which it is muUiplied. Now if we make 
a-^by = P, c + dy-\-ey^:=q, f+ gy + hy' +icy^=R, 

P + qy \-uy^^= T, J/ -\-q'y -|-u'i/"=^ 

the above equation lakes the following form, 

3^+Pa:'^'+ Q x--^ + fi jj"^ + Tx+ U=0. 

138. It should be observed, that we may immediately eliminate 
X in the two equations of the second degree, 

x" + Pa! + q = o, x^ + P'x + q' = o, 

by subtracting the second from the first. This operation gives 



whence 



Q~Q' 



substituting this value in one of ibe two proposed equations, the 
first for example, we find 



y Google 



Equations exceeding (he First Degree. 207 

(Q-g)' f (Q-Q-) I n_„. 
(f—P'jj p—pi -rt — ", 

making ihe denominators to disappear, we liave 

(«- q)'-P{P-P'} (<i_,j.)+ <^{P_P')» =0, 

tiieii developing ihe two last terms, and making the reduction 

a - «')' + c' - -P') (J" <? - <? n = 0- 

We have then only to substitute for P, Q, P', and (^', the partic- 
ular values which answer to the case under consid era lion. 

189. Before proceeding further, I shall show, how we may 
determine, whether llie value of any one of the unknown quanti- 
ties satisfies at the same lime the two equations proposed. In 
order to make this more clear, I shall take a particular example ; 
the reasoning employed will, however, be of a general nature. 
Let there be the equations 

x^ + 3 x^ y + 3 X Tf -'OS = (1), 

a:3_[_4 3,y _2j,a _ lo — (2), 

which we shall suppose furnished by a question, that gives y =: 3. 
In order to verify this supposition, we must substitute 3 in the 
place of y, in the proposed equation ; we have then 

^3 4.9a:3_^27a:— 98 = (a), 

js^. 12a; — 28 = (b), 

equations, which must present the same value of x, if that, which 
lias been assigned to y, be correct. If the value of a: be repre- 
sented by a, the equation (a) and the equation (h) will, according 
to what has been proved in art. 179., both of them be divisible 
by X — «; they must, therefore, have a common divisor, of 
which jc — B forms a part; and in fact, we find for this common 
divisor X — 2 (48); we have therefore b ^ 2. Thus tlie value 
y^^2 fulfils the conditions of the question, and corresponds to 
a; = 2. 

If there remained any doubt, whether or not the common divi- 
sor of the equations (a) and (b) must give ihe value of x, we 
might remove it, by observing, that these equations reduce them- 
selves to 

{x^+ll^-|-49){^-2) = 0, 
(*+14)(x-2) = 0, 
from which it is evident, that they are verified by putting 2 in the 
place of a^. 

190. The method I have just explained, for finding the value of 
X, when that of y is known, may he employed immediately in the 
n oix. 
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Indeed, if we take the equations (1) and (2), and go through 

the process necessary for determining whether they have a com- 

m d 1 ■ [ f fi d' 

md 11 lyi k qyjd 

bl d dhfwph 

pi ly 1 3 h I II 1 by I 

b I J (1) d()b h q () 

d (b) 1 1 1 1 r q 

Ifbykgl 1 ! Ih mb 

W p 1 d hlbl fj/mfll d 

h i w J yd ! m f 1 

sam 1 f 

Tl dj bi p 1 1 1 f h p 

relative to the equations, 

i^ -f 3 a,^ 7/ -f 3 a: / ~ 9S = 0, 
x^~i-4xy —2f — 10:^ 0, 
on which we have been empbycd in tiie preceding article. We 
find for the last divisor, 

(0,f + lQ)x~2y=~10,j — 98i 
and the remainder, being tal<en equal to zero, gives 

43/4-345/ — 1000)/^+ 750 j(2 — 2940 j/ — 4302 = 0, 
an equation, which admits, besides the value j = 3 given above, 
of all the other values of y, of which the question proposed is sus- 
ceptible. 

The remainder above mentioned being destroyed, liiat preceding 
the last becomes the common divisor of the equations proposed ; 
and being put into an equation, gives the value of.r when that of y 
is introduced. Knowing, for example, that y = 3, we substitute 
this value in the quantity 

{Oy= + lQ)a: — 2y=-10y — 98; 
then taking the result for one member, and zero for the other, we 
have the equation of the first degree 

91 x — lS2 = 0, or w = 2. 
191. The operation to which the above equations have been 
subjected, furnishes occasion for several important remarks. 
First, it may happen that the value of y reduces the remainder 
preceding the last to nothing ; in this cose, the next higher re- 
mainder, or that which involves the second power of a, becomes 
the common divisor of the two proposed equations. Introducing 
then into this the value of y, and pulling it equal to zero. 
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we have an equation of the second degree, involving only x, the 
two values of which will correspond to the known value of y. If 
this value still reduce to nothing the remainder of the second de- 
gree, we must go hack to the preceding, or that into which the 
third power of » enters, becanse this, in the case under considera- 
tion, becomes the common divisor of the two proposed equations ; 
and the value of y will correspond to the three values of cc. In 
general, we must go back until we arrive at a remainder, which is 
not destroyed by substituting the value of y. 

It may sometimes happen, that there is no remainder, or that 
the remainder contains only known quantities. 

In the first case, the two eijuations have a common divisor 
independently of any determination of y ; they assume then the 
follomng form, 

P K D = 0, qx D = 0, 
D being the common divisor. It is evident, that we satisfy both 
the equations at the same time, by making in the first place 
D ~ 0; and this equation will enable us to determine one of the 
unknown quantities by meaas of the other, when the factor D 
contains botbj but if it contains only given quantities and x, this 
unknown quandty will be determinate, and the other will remain 
wholly indeterminate. With respect to the factors, which do not 
contain x, they are found by what is laid down in art. 50. 

Next, if we make at the same lime 

P =0, Q = 0, 
we have still two equations, which will furnish solutions of the ques- 
tion proposed. 

Let there be, for example, 

{ax + b y-e){MX + ny-d) = 0, 
(a'a^ 4- i'y — (/} (mx -\- ny — d) — 0; 
by supposing, first, tlie second factor, common to the two equa- 
tions, to be nothing, we have with respect to the unknown quanti- 
ties x and y only the equation 

mx -\- ny — d = 0, 
and in this view the question will be indeterminate ; but if we 
suppress this factor, we are furnished with the equations 
ax -\-by — e — 0, a' x -{-}>' y — c' = 0, 
or ax -\~hy =. c, a' x -{- I' y = c' ; 

and in this case the question will be determinate, since we have as 
many equations as unknown quantities. 
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"Wlien the remainder contains only given quantities, the two 
propose'^ equations are contradictory ; for the common divisor, by 
which it is shown that tliey may both be true at the same time, 
cannot exist, except by a condition wliich can never be fulfilled.''*' 
This case corresponds to tliat mentioned in art. C8., relative to 
equations of the first degree.* 

192. If then we have any two equaUons, 

ar + P K™-' + q a;"^ + R x'^ + Tx + V = 0, 

af> + P' x^^ + q' x'^^ + R' !v'^ -^Y'x + Z'=0, 

where the second unknown quantity, j, is involved in (he coeffi- 
cients, P, q, k.c. P', q', he, in seeking the greatest common 
divisor of their first members, we resolve them into other more 
simple expressions, or come to a remainder independent of x, 
which must be made equal lo zero. 

This remainder will form the Jinal equation of the question 
proposed, if it does not contain factors foreign lo this question; 
but it very often begins with polynomials involving y, by which the 
highest power of x, in the several quantities, that have been suc- 
cessively employed as divisors, is multiplied, and we arrive at a 
resuh more complicated than (hat which is sought, should be. In 
order to avoid being led into error whh respect to the values of y 
arising from these factors, the idea, which first presents itself, is, 
to subslhute immediately in the equations proposed each of the 
values furnished by the equation involving y only; for all the 
values, which give a common divisor to these equations, necessa- 
rily belong to the question, and the others must be excluded. It 
will be perceived also, that the final equation will become incom- 



* It will be readily perceived, by what precedes, that the problem 
for obtaining tlie final equation from two equations with two unknown 
quantities, is, in general, determinate ; but the same final equation 
answers to an infinite variety of systems of equations with two un- 
known quantities. Reversing tlie process, by which the greatest 
common divisor of two quantities is obtained, we may form these 
systems at pleasure ; but as this inquiry relates to what would be of 
little use in the elementary parts of mathematics, and would lead me 
into tedious details, I shall not pursue it here. Researches of this 
nature must be left to the sagacity of the intelligent reader, who will 
not fail, as occasion offers, of arriving at a satisfactory result. 
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plete, if we suppress in the operation any tiictor involving y ; but 
all ihese circunislances together occasion some inconvenience in 
the application of the above method,* and lead me to [irefer the 
melhod given by Euler, which I shall explain in the following 
article. 

193. Let there be the equations 

representing by a! — a the factor, which must be common to bothj 
when y is determinate in a pioper sense, we may consider the 
first as the product of j? — o by the factor of the second degree, 
a^ + /ja- 4- q, and the second as the product of x — a by the 
factor of the third degree a^ -f- p' x^ -{- cf x -\- r" , i> and ij, fi', q" 
and r' being indeterminate coefficients. We jiave tlien 

!i*+PV+ qx' + K'l + S' = (i — „) (:t> +yi" + j'l + r'). 
Exterminating tlie binomial (x — a), in tile same manner as an 
unknown quantity of ttie first degree (84), we find 

(^ + Pt'+qx + R){i' + p'x' + fc+r') 
= (:»• + ?'«•+ q'x'+R'x + S'){x'+px+q); 
a result, which must verify hself whhout any particular value being 
assigned to x ; this cannot take place, however, unless the first 
member be composed of the same terms as the second j we must, 
therefore, after performing the multiplications, which are indicated, 
put the coefiicienis belonging to each power of x in one member, 
respectively, equal lo those belonging lo the same power in the 
other. In this way we oblain the following equations ; 

p+p'^P'-^P np'+qg'+Pr'=S' +R'i>+q;q 

q+Pp'-i-Cl'=q'+P';l>+q Rq'+qr^=iS'p+R'q 
R+qp'^Pq'^r'=R'-^q'p+P'q Rr'^S'q. 

As we have here six equations, and only five indeterminate quan- 
tities, namely, p, q, p', q', and r', all of which are of the first 
degree, these quantities may be exterminated ; we shall thus arrive 
at an equation, which, involving only the quantities P, Q, R, P', 

* On this subject see a memoir of M. Bret, in the 15th number of 
Journal deFEcok Polyteclinique, also one of M. Leftbure, 3U num- 
ber, vol, ii- of the CoTrespottdance of the same school. 
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Q', R', and S', will express a condition necessarily implied in the 
conditions of tlie question, and which, consequently, will be the 
final equation in y.* 

Should this equation be identical, it follows, that the proposed 
equations have at least one faclor of the form x — h, whatever y 
may be ; on the contrary, if the final equation contain only known 
quantities, the proposed equations are coniradiciory. 

When ihe final equation lakes place, we obtain the factor x — « 
by dividing the first of the proposed equations by the polynomial 
x^ ■\- p X '\- q ; we find for the quotient 
s + P -y, 
and neglect the remainder, because it must necessarily be reduced 
to nothing, when we substitute in the place of j a value obtained 
from the final equation- Putting the above quotient equal to zero, 
we find 

and this \tlue ol i will be known or it len^t will be expiessed b) 

• The method of Euler explaine I lipre amounts to muUipljmg 
each of thf propose 1 equilions by a lactir the coefhcienti ol which 
are indeterminite putting the products t^qml ind dispoismg the 
coefficients in such a manner that the terms containing the unknovvn 
quantity destroy each othtr In this lorm it is presented in hia 
Introduction to the i.naljtis vf Lifinifcs The exponent which de 
notes tJie degree of the products, being designated by k that ol the 
factors is i — m for the equation of the degree m anil I. — n fer that 
of the degree n. The first term of each of these factors, having unity 
for a coelTicient, the one contains h — m indeterminate coefficients, 
and the other k — ii. The sum of the products contains a number k 
of terms involving x ; but it is necessary to destroy k' — 1 terms only, 
because that, which contains the highest power of a, vanishes of 
itself. It follows from tliis, that the whole number 2 t — m — -n of 
indeterminate coefficients must be equal to A: — 1, and consequently 
k-zz. m-\-n — 1 ; we must, therefore, multiply the equation of the 
degree m by a factor of the degree n — 1, that of the degree n by a 
factor of the degree m — 1, and put the products equal, term to term, 
a method similar to that given in the text. It may be observed, that 
this former method of Euler contains the germ of that developed by 
Bezout in hia Theorie des Equations Algebriques. 
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means of y, if we substitute for p its value deduced from the equa- 
tions of the first degree, formed above. 

This expression assumes, in general, a fractional form, so that 

we have x := W ^^' ^''' — ^^ =^ ; and it may be seen in this 
case, that tlie values of y, which would cause M and A* to vanish 
at the same time, would verify the preceding equation indepen- 
dently of X ; this takes place in consequence of the fact, that by 
means of these values, the proposed equations would acquire a 
common factor of a degree above the first. It would not be diffi- 
cult to go back to the immediate conditions in which this circum- 
stance is implied ; but the limits I have prescribed to myself in the 
present treatise do not permit me to enter into details of this kind. 
194. Now let there be the equations 

Ihe factors, by which x — « is multiplied, will be here of the first 
degree, ox x -^ p and x -\- p' simply ; in this case, 

R — 0,R'=:iO,S'=0,q = 0,q'~0,r' = 0, 
and we have 

9 + Pp'= » + P- p}o, } P p -i-y = q~ q 

From the first two equations we obtain 

__ (r-fOf-(Q- Q) . 
p— i> — p' 

(P - f ) P - (Q_ Q') 



Substituting these values in the third, we have 

(P-PO<?i'-«J-*)<? = (P-P)P«-(<J-«« 

or (P_P')(P<i'-QP') + (<J- «?)' = •'■ 
Now if ia the equation 

X =i p — P; 

we put in the place of p, its value found above, we have 

_ Q-Q' 
F ~P'' 
195. In order to aid the learner, I shall indicate the operations 
Decessary for eliminating x in the two equations 

^ + P3^+qx+R = o, x^ + P'x^ -{•q;x + R' = o. 
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In this case, we have 

S' =0, r'=0 (193), 
and are furnished with these five equations} 
P+p' =P' +p, 
^+Pp' + 2' =0: +P'p + q, 
R+qp' + Pq' = R' +q:p + P'q, 

Rp'+qq'=R' P+q:q, 

R(f = R'q, 
which may take the following form, 

p—p' =P~P', 
P'p-Pp'+ q-q' =Q-Q', 
9:p—€lp'^-P'q~-Pq' = R — R', 
R'p~Rp'+q'q—qq'=0, 
R'q — Rq'=^0. 
We may, by the rules given in art. 88., obtain immediately from 
any four of these equations, the values of the unknown quantities 
p, p', q and q' ; but the simple form, under which the first and the 
last of the equations are presented, enables us to arrive al the 
result, by a more expeditious method. In order to abridge the 
expressions, we make 

P~-P'=e, q—q; = e', R — R' — e"; 
and proceed to deduce from the first and last of the proposed 
equations, 

p' = p-e, ?' = ^; 
then substituting these values in tile three others, and making the 
denominator R to disappear, we have 

[P' — P)Rl> + (R — «')}=«((' —Pe) ... (a), 
{q- Q)Ki. + (iiP'-Pff), = K(e"-<Je) . . . (b), 

[R' — R)Hp + [Rq-qR')q = -W, (o). 

If now we obtain, from the equations (a) and (b), the values of p 
and 2 (88), and suppress the factor R, which will be common to 
the numerators and the denominator, we have 

_ (.' _p.)(JiF_fJi.)-(K-fi-)(," -Q,) 

^~(P' — P) {RP'—PR)—{R—R'){Q'—Q)' 

__ (p.-P) (,-._Q,)ii-K(«._p, )(Q--(j) ^ 

'— (f— P)(fiP' — PK') — («— S'XQ' — Q) ' 

putting these values in the equation (c), we obtain a final equation, 

divisible by R, and which may be reduced to 
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(R'-B)[(e'-P.)(fiP'-Pii')-{B-J!') («"-*)] 

+ (B<i'-<jflO[('"—P) («"-««)-(«'--''')(«'-«] 

= _ Ji e [(P'-P) {BP'-PR) - (fl_ R') {(i- Q)] ; 
it only remalos then to substitute for the letters e, e', e", the quan- 
tities they represent, 

196. If we have the three unknown quantities -t, y, and z, and 
are furnished with an equal number of equations, distinguished 
by (1), (2), and (3) ; in order to determine these unknown quan- 
tities, we may combine, for example, the equation (1) wllh (2) and 
with (3), to eliminate r, anil then exterminate y from the two re- 
sults, which are obtained. But it must be observed, that by this 
successive elimination, the three proposed equations do not concur 
in the same manner, to form the final equation ; the equation (1) 
js employed twice, while (2) and (3) are employed only once ; 
henco the result, to which we arrive, contains a factor foreign to 
the question (84). Bezout, in his Tlieorie des Equations, has 
made use of a method, which is not subject to this inconvenience, 
and by which he proves, that ihe degree of the final equation, re- 
sulting from the elimination among any number whatever of com- 
plete equations, containing an equal number of unknown quantities, 
and quantities of any degrees ivhatever, is equal to the product of (he 
exponents, which denote the degree of these equations. M. Poisson, 
has given a demonstration of the same proposition more direct 
and shorter than that of Bezout; hut the prehminary information, 
which it requires, will not permit me to explain it here ; it will he 
found in the Supplement. At present, I shall observe simply, 
that it is easy to verify this proposition in the case of the final 
equations presented in articles 194. and 195. If we suppose the 
proposed equations given in tiiose articles to be complete, the 
unknown quantity y enters of the first degree into P and P', of 
the second degree into Q and Q', of the third into R and il'; 
hence it follows, that e will be of the first degree, e' of the second, 
and e" of the third, and that the terms of the highest degree found 
in the products indicated in the final equation given in art. 194., 
will have 4, or 2 . 2, for an exponent, and those of the final equa- 
tion art. 195., will have 9 or 3 . 3. 
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Of Commensurahh Roots and the equal Roots ofJ^umerical 
Equations. 

197, Having made known the most important properties of 
algebraic equations, and explained the method of eliminating the 
unknown quantities, when several occur, I shall proceed to the 
numerical resolution of equations with only one unknown quantity, 
that is, to the finding of their roots, when their coefficients are 
expressed by numbers.* 

I shall begin by showing, that when the proposed equation has 
only whole numbers for its coefficient, and that of its first term is 
unify, its real roots cannot be expressed by fractions, and conse- 
quently can be only whole numbers, or numbers, that are incommen- 
surable. 

In order to prove this, let there be the equation 

a," ^ p ^«-j _j_ Q^™-3 -^ Tw + V^O, 

in which we substitute for x an irreducible fraction j ; the equa- 
tion then becomes 

t + P'^+'i'^. + r? + (7=o; 

reducing all the terms to the same denominator, we have 

tt''-f-r«"-'6+ qa'^^b^ -{-Tab'-'-i-Ub'' = 0, 

which is equivalent to 

a" -i-b(Pa—^-i-qa''~H + Tab'^ + Ub—>) = 0. 

The first member of this last equation consists of two entire parts, 
one of which is divisible by b, and the other is not (98), since it is 

supposed, that the fraction -r is reduced to its most simple form, 
or that a and b have no common divisor ; one of these parts cannot 
therefore destroy tlie other. 

198. After what has been said, we shall perceive ihe utility of 
making the fractions of an equation to disappear, or of rendering 

• There is no general solution for <lcgreos higher than the fourth ; 
propefly speaking, it is only tliat for tlie second degree, which can 
be regarded as complete. The expressions for the roots of equa. 
tions of the third and fourth degree are very complicated, subject to 
exceptions, and less convenient in practice than those, which I am 
about to give ; I shall resume the subject in the Supplement. 

Ak. 28 
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its coefficienis enlire numbers, in such a manner, lioivever, that 
the first term may have only unity for its coefficJenl. This is 
done by making the unknown quantity proposed, equal to a new 
ankaoten quantity divided by the product of all the denominators of 
the equation, then reducing all the terms to the same denominator, 
by the method given in art. 52, 

Let there be, for example, the equation 

we take x = ~ — , and introducinj; this expression for ce into the 
tnnp ° ' 

proposed equation, we obtain' 

mJjjJpJ rn^n-'p^ mn^p p 
as the divisor of the first terra contains all the factors found in 
the other divisors, we may multiply by this divisor and thus re- 
duce each term to i« most simple expression ; we find then 
y^ +anpy' +bm^ np^y-i- cm^ n^ jr- — Q. 

If the denominators, m, n, p, have common divisors, it is only 
necessary to divide y by ilie least number, which can be divided at 
the same time by all the denominators. As these methods of 
simphfylng expressions will be readily perceived, I shall not slop to 
explain them ; I shall observe only, that if all the denominators 
were equal to m, it would be sufficient to make x =: —. 

The proposed equation, which would be in this case, 

then becomes 

» + 3^ + S + s; = °' 

and we have 

y= + ay^ -\-l>my + m^c = 0. 
It is evident, tliat the above operation amounts to mulliplying 
all the roots of the proposed equations by the number m, since 

a; = ^ gives y = mx. 

199. Now since, if a be the root of ibe equation 

x'+p x'^^ + q .x"-^ + T ^ -f- [/ = 0, 

we have 

I7=_a''~Pa«-i — ^rt-'-'i — To (170), 
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Mo I n ly one of ! e d o of he ent e 

nu ob [ ' o i b i I n n be 1 b few d 
so s we 1 a e o I o b I em u elj n ! e place of 

a- n 1 e [ Of o d ju on n o de o le e m e 1 e he or not 
i equa n I a any oo o hole un be s 
If e 1 e fo e an p! 1 e cq a on 

j_6 -|-7-~3S = 
as the numbers 

I, 2, 1% 33, 
are the only divisors of the numbLr 33, we make Inal of these, 
both in diejr positive and negative slile ; and wo find, that the 
whole niimbn -\~ 2 onlj s^Ils^lLs the proposed equation, or that 
I ^: " We then d vjde thu pioposcd equilion by r — 2 , put- 
tOg le J e^ 1 o zc ), ni. fjiin the equation 

a. ~-4a + IJ = 0, 
the roots of 1 ch are a a ary ; and resolving this, we find that 
the 1 reposed equal on 1 as 1 ree roois, 

T — 2 3> = 2 + V"^=T5. x — 2 — ^"^=715: 

"00 The e hod jus exj-'aiiied, for finding the entire number, 

\ 1 cl sat he a c [ a o becomes impracticable, when the last 

te n of 1 efua o 1 great number of tlivisors ; but the 

ei a o 

I =- -I -'-qa^-K.-.-Ta, 
furn I es ne V con I o by means of which the ojjeraiion may be 
very mucl b d(,ed I o ler to make the process more plain, I 
lall ke as a exa pie d e equation 

x*-\-P + qx^ + Rw-i- S = 0. 
Ti e root 1 ^ co s n ly Cf resented by a, we have 

S=-R -qa'-Fa^~a\ 

from which we obtain 

'?^ — R—qa — l'a^ — a\ 

S 
It is evident from this iast equation, that - must be a whole number. 

Bringing R into the first member, wc have 
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abridging the expression by making - + R = R', and dividing ihe 
two members of the equation 

R' ~ — qa — P a^ — a^ 
by a, we have 

whence we conclude, that — must also be a whole number. 

Transposing Q, and making — + ^:= Q^, then dividing the 
two members by a, we obtain 



and dividing by a, we have 



Putting together the above mentioned conditions, we shall per- 
ceive tliat the number a svill be the root of Uie proposed equation, 
if it satisfy the equations 

- + R = r; 

i+.=o, 

iu such a manner, as to make R', Q', and 1" whole numbers. 

Hence it follows, that in order to determine, whether one of the 
divisors a of the last term S can be a root of the proposed equa- 
tion, we must, 

1st. Divide the last term by the divisor a, and add to the quotient 
the coefficient of the term involving x ; 

2d. Divide this sum by t/te divisor a, and add to the quotient the 
coefficient of the term involving x^ ; 
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3d. Divide this sum hy the divisor a, and add to the quotient the 
coefficient of the term involving x^; 

4lh. Divide this sum hy the divisor a, and add to the quotient 
unity, or the coefficient of the term involving x* ; the result will 
become equal to zero, if a is, in fact, the roof. 

The rules given above are applicable, whatever be the degree 
of the equation ; it must be observed, however, dial the result will 
not become equal to zero, uotil we arrive at the first term of the 
proposed equation.* 

201. In applying these rules to a numerical example, we may 
conduct the operation in such a manner as to introduce the several 
triaJs with all the divisors of ihe last term, at the same time. 
For the equation 

cd* — 9 a^ ■{- 23 x^ — 20 a -f 15 ^ 0, 
the operation is, as follows ; 

+ 15, -J- 5,+ 3, -i- 1,— I,— 3,— 5,-15, 
+ 1. + 3,+ 5,4-15,-15,— 5,— 3,— ], 
-19, — 17, — 15,— 5,-35,-25, —23, —21, 

— 5, — 5, + 35, 
+ i8, 4- 18, + 58, 
+ 6, -[- 18, — 58, 

— 3, -i- 9, — G7, 

— 1,+ 9, 4-C7, 
0. 

All the diiisors of the last term 1 1 are ariaiiged, in the older of 
magnitude, both with the sign -f- and — , and phced in the same 
line ; this is the Ime occupied by the divisors a 

The second line contains thu qictienta iiibrng from the number 

15, divided successively bj til its dmaois, tins is the hne for the 

. . & 
quantities - . 

* It would not be difficiih to prove by means of the formula for the 

quotients given in art. 180., that the quantities - , — , — , taken with 

the contrary sign, and with llie order inverted, arc tlie coefficients of 
the quotient arising from the polynomial 

I' + Pi'+Qx' + Rx + S 
divided by t — a, and which is, consequently, 
,, <i' „ If S 
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the preceding, 
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h d 1 q ^ 

Th Ih I p f d h 1 m of the numbers 

thpd ddd h ffi — 9 by which cc^ is 

m 1 pi d hi f d I 1 ^ + P. 

L ly 1 1 hi 1 c! ^J d I h everal numbers 

1 p d g lij 1 p d g d w) is the line for 

-As fid — lly I 1 111 of which +3 

i I d h 1 I [)o 1 J h only ono com- 

m b! 1} +3 1 f d blebya^ — 3.* 

Tl d + 1 d — y I d he table, as it is 

k 1 f i m I) b h mmediately in 

h p p d 1 

20 A 1 1 1 r pi 

- + =0 

H d i 1 1 -(- 1 d — 1 do not 

fy 1 j 1 m 1 bl bj d cording to the 

p d ! b g 1 1 1 g a; is warning 

h ^ b d d 1 la coefficient ; 

w h f pp i i 1 1 1 1 d ice Ibe fourth 

mm d ly f m 1 d 

* Forming tbe quotient accordiiig to tliu preceding note, we find 
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4- I, 4- 4, + 9, + 9, + 4, + 1, 
_ C, — 3, + 2, + 2, — 3, — G, 
-1,-1, _l,+ i, + i, 

0, 0, 0. 

We find in this example itiree numbers, which fulfil all the 
cooditions, namely, + C, -[- 3, and — 2. Thus we obtain, at the 
same time, the three roots, which the proposed equation admits 
of J we conclude then, that it is the product of three simple factors, 
a; — 6, a; — 3, and a; -I- 2. 

203. It may be observed, that there are literal equations, which 
may be transformed, at once, inlo numerical ones. 
If we have, for example, 

f + 2pf—55p^y+l4.p^ = 0, 
making y=px,we obtain 

y^3^2p3j^_33p3^_|_ 14 p3 — 0, 
a result, which is divisible by p^, and may be reduced to 
a:3 + 2a:3— 33a^ + 14^0. 
As the commensurable divisor of this last equation is x-^T, 
which gives a: ^ — 7, we have 
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v+U=0, 


and let a, b, c, rf, fcc. 


be il3 roots; substituting 


a + yh the place 


of X, and developing ( 


iie powei-s, we 1 


iiave 







• For a more full account of the commensurohle divisors of equa- 
tions, the reader is referred to the third part of the EUmcns d'Alge- 
brc of Clairaut. This geometer has treated of literal as well as 
numerical equations. 
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+ Q«-^+(».-2)(io-^,+<=-2fc=3)(J.— 1,=+... 

+u 

The first coiumn of this result, being similar to the proposed 
equation, vanishes of itself, since a is one of the roots of ihis 
equation ; we may, therefore, suppress this column, and divide all 
the remaining temis by y ; the equation then becomes 

+ (».-I)p. 

+ (» - 3) K o— ' + (i=?)^(!!=D K „.-5, +... 

+ r 

This equation has evidently for iis m — 1 roots 

y — & — a, y—c — a, y — d — a he. 

I shall represent it by 

•*+!!'+»»" + »'"' = " (■')■ 

abridging the expressions, by making 

„„— + („_,) p„— + („_2) (Jo" + T = J1, 

„ (,„_,) „.-=+(„ _ 1) {„_2) Pa-» =B, 

and I shall designate by f^the expression 

o- + Po— + <J«— +Ta+V. 

20S. If the proposed equation has two equal roots ; if we havej 
for example, a =i I, one of the values of y, namely, h — «, be- 
comes nothing; the equation [d) will therefore be verified, by 
supposing y 7:zO; but upon this supposition all the terms vanish, 
except the known term A ; this last must, therefore, be nothing of 
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itself; ihe value of a must, therefore, satisfy, at tlie same time, the 
two equations 

F^O and .4—0. 

When the proposed equation has three roots equal to a, namely, 
a^b^=c, two of tlie roots of the equation {d) become notliing, 
at the same time, namely, b — a and c — a. In this case iha 
equation {d) will be divisible twice successively by y — 0(179) 
or y; but tills can happen, only when the coefficients ^ and jB 
are nothing ; the value of a must then satisfy, at the same time, tha 
three equations 

V^O, A = 0, B — 0. 

Pursuing the same reasoning, we shall perceive, that when the 
proposed equation has four equal roots, the equation (rf) will have 
three roots equal to zero, or will be divisible three times successively 
by y ; the coefficients. A, B, and C, must then be nothing, at the 
same time, and consequently the value of a must satisfy at once the 
four equations, 

F=0, Jl = ii, B — 0, C^O. 

By means of what has been said, we shall not only be able to 
ascertain, tvhethcr a given root is found several times among the 
roots of the proposed equation, but may deduce a method of de- 
termining, whether this equation has roots repeated, of which we 
are ignorant. 

For this purpose, it may be observed, that when we have 
^ = 0, or 

m 0-"-^ + (m — 1 ) P a«-^ + (m — 3) Q «'-3 . . . + T z= 0, 
we may consider a as the root of die equation 

ma^"'-' + (w— l)Pa;™-=+(OT — 2) Qaf^. . . + r=0, 
a: representing, in this case, any unknown quantity whatever; and 
since a is also the root of tlie equation f = 0, or 

a;» + p x"-^ + &c. = 0, 
it follows (189), that x — a is a factor common to the two above 
mentioned equations. 

Changing in the same manner a into x in the quantities, B, C, 
&ic. the bino 'al t — a becomes likewise a factor of the two 
new equations B = C = 0, &x. if the root a reduces to nothing 
the original qu n c B C, fcc. 

What has b en s I v h respect to the root a, may be applied to 
every otiier oo Ids everal limes repeated ; thus, by seeking, 

4lg. -> 
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according to the method given for finding the greatest ( 
divisor, the factors common to llie equnlions, 

V—O, Jl — 0, B — 0, C = 0, fee, 
we shall be furnislietl with the equal roots of the proposed equation, 
in ihe following order ; 

The factors common to llie fi o e|ua o so 1) are twice 

factors in the equation proposed; ll e tin i ior a common 

divisor of V=: and ^ = 0, an ex| es o ol 1 e io ti (a = «) 
(x — 6), for example, Ihe unknow j n yrwlllie o values 
equal to a, and two equal to tf, or I e i 0{ o d ej a o vill have 
these four factors, 

(«-.), (x-o), (>-«), (x-«). 

The factors common, at the same time, to the first three of the 
above mentioned equations form triple factors in the proposed 
equation ; that is, if the former are preseuted under the form 
(x — a) {x — 6), the latter will take the form, (t — a)^ (a — sf, 
This reasoning may easily be extended to any length we please. 

206, It may be remarked, that the equation ^ = 0, which, by 
changing a into t, becomes 

ma"-i + (M_l)Pt''-"+ {m — 2)qx''-\.+ T=0, 
13 deduced immediitel} fiom the eq 1 an / — 0, or from the 
pioposed equation, 

by multiplying tich tt,im of tiis It-i bj ihc {.\pjnent of the power 
of T, whcli It contains, and ihcn diiniiii''iiin^ this exponent by 
unity We miy remark here tbit the term U, which is equiva- 
lent to U X T°, 's reduced to notl uig in this operation, where it 
IS muhiphed by The eqmtion B ::^ is obt ined from ^ := 0, 
in the same manner aa .1 = is ilcductd fiom f^ ^ ; C = 
IS obtained from ^ = 0, in the same nnnnei is this from ^ = 0, 
and so on * 

• It IS shown though very imperfcctlj m mo t elementary trea- 
tises that the dnisor common to thp t«o equations Vz= and A:=0 
contains equal factors raised lo i prwer less by unity than that of 
the equation proposed this nnj b rcidily inftrred from what pre- 
cedes but for a demonslrat on of this propc sition h e refer the reader 
to the Suppkmeiit wheie it is proved in a manner which appears to 
me to be simple and new 
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207. To illustrate what has been said, by an example, I shall 
take the equation 

■x^— 13 a.'* + r)7,x^~ 171 .r- + 216« — 108 = 0; 
the equation ^ :^ becomes, in this case, 

5 3;*— 52x^ + 201 (c' — 342j; + 216 = 0; 
the divisor common to this and the proposed equation is 

a^ — Sai^ + aia-— 18. 
As this divisor is of the third degree, it must itself contain several 
factors ; we must therefore seek, whether it does not contain some 
that are common lo the equation B = 0, which is here 

20a;3 — 156a;S + 403 a;— 342 =^ 0. 
We find, in fact, for a result x — 3 ■ the jiroposed equation then 
bl 113 1 f( — ) Im 

b f f r d i f 1 by —3 

my ( bl I i 1—3 

AtJd m ]ylp]dq dh 

q 3=0 1 t 1 P d q 

I 1 i i 1 q q I 

{-)(-}- 
2\li (0 IdiT b fidh 

al h \ I d f 1 dfl 

b d ! 1 1 I d f S. d 

d I f bj 1 lb 

glcoil bl bq ppd y 

h d 1 q [ 1 1 11 II h 

dff b 1 1 b d d F 

1 p p I y ' by m f h 

q 

a''+Pa'^'-+ Qa"^ + Ta-^- U = ; 

for the result being expressed simply by the coefficients, and ex- 
hibiting the root under consideration in no form whatever, answers 
alike to all the roots. 

It is evident, that the final equation must be raised to the degree 
m[m — 1) ; for its roots 

a — b, a — c, a~d, he. 
h — a, b — c, b — d,&ic. 
c — a, c — b, c — d, &c- 



.y Google 



238 EkmenU of Mgehra. 

are equal in number to the number of arrangements, which the m 
letters, a, i, c, Stc. admit of when taken Iwo and two. Moreover, 
since the quantities 

a — b and J — a, a — c and c — a, b — c and c — b, £ic. 
differ only in the sign, ihe roots of the equation are equal, when 
taken two and two, independently of the signs ; so that if we have 
y = B, we shall have, at the same time, y =^ — a. Hence it fol- 
lows, that this equation must be made up of terms involving only 
even powers of the unknown quantity; for its first member must 
be the product of a certain number of factors of the second degree 
of the form 

^_«=^(y-«)(y + „) (184); 
it wi]], therefore, itself be exhibited under the form 

f+py'^ + qy^"-* -i~ty^ + u = o. 

If we put if = z, this becomes 

2" -J* P ■^""^ + ? ^""^ -j-iz-|-wr::0; 

and as the unknown quantity 2 is the square of y, its values will be 
the squares of the differences between the roots of the proposed 
equation. 

It may be observed, that as the differences between the real roots 
of the proposed equation are necessarily real, their squares will be 
positive, and consequently the equation in z will have only positive 
roots, if the proposed equation admits of those only which are real. 

Let there be, for example, the equation 

putting a; ^ a + y, we have 

„3 ^sd^y + 3ay^ + y^) 

Suppressing the terms a' — 7 a -j- 7, which, from their identity 
with the proposed equation, become nothing when united, and 
dividing the remainder by y, we have 

eliminating a by means of this equation and the equation 

0.^ — 7 o -[- 7 = 0, 
we have 

/_42/ + 44ij,s_49 = 0; 
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putting 3 = j(^, this becomes 

r> _ 42 s^ + 441 2 — 49 = 0. 
209. The substitution of « + y in the place of x in the equation 

3^" + P a-m-i _j_ Qa!™-= -f. (7 — (204), 

is sometimes resorted to also in order o malte one of he ernis of 
this equation to disappear. We then a dnge I e e t w !i refe- 
rence to the powers of y, which takes ! e pi ce of he known 
quantity x, and consider a as a secon i u k o vn quan ) hich is 
determined by putting equal to zero ho coeflic en of he erm we 
wish to cancel ; in this way we obiam 

jr + »«,— + i<i=-Uo»J,-^!' + „- j 

+ Pr- + (m - 1) P» J--" + p«— L 

+ Qr-' + <j»— p • 

'+'V '} 

If the term we would suppress be the second, or that which 
involves y^\ we make mo -|- P =: 0, from which we deduce 

P 

a ^ . Substituting this value in the result, there remain only 

the terms involving 

f> y"~^f f^, Sic. 
Hence it follows, that we make ike second term of an equation to 
disappear, hy substituting for the unknown quantity in this equation 
a new unknown quantity, united with the coefficient of the second 
term taken with the sign contrary to that originally belonging to it, 
and divided by the exponent of the first term. 
Let there be, for example, the equation 

cc^ i-Qx — Sx + 4 =iO; 
we have by the rule 

« = y — f— y— 2; 
substituting this value, the equation becomes 

+ 61/^— 24y + 24| 

+ 4j 
which may be reduced to 

f ~ 15 y + 2<y = 0, 
in which the term involving if does not appear. We may cause 
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the tlurd term or that imolimi; y"'—" to disappear by putting equal 
to zero tlie sum of the quintiiiLi 1 \ whicii it is inuhiphed, that is, 
by foiming the equation 

ii!L-=Ji„ +(„_i)P„ + Q = o. 

Pursuing this mctliod, we shall readily perceive, that the fourth 
term will be made to vanish by meins of an equation of the third 
degree, and so on to the jjst, nhich can be made to disappear 
only by means of llie equition 

perfectly similar to the rqntion j ropoiod 

It IS not difticuJt to discover tht reason of thii similarity. By 
making Ibe \\il term of iIjg equation in y erjiial to zero, we sup- 
pose, th-it one oi the valurs ot ihib unliiionn quantity n zero ; and 
il we admit tl is supposil on w ith les] eel to the equation x =:y -\- a, 
It foJlons thnt a; = a, that is the quintitj a, ui this case, is neces- 
sarily one oi the ^^lues of j. 

210 We have sometimes occasion to resolve equations into 
factors of the second and higher degrees. I cannot here explain 
in detail the several processes, which may be employed for this 
purpose ; one example only will be given. 

Let there be the equation 

a^ — 24 j,3 -f- 12 ^ — U a; + 7 ^ 0, 
in which it is required to determine the factors of the third de- 
gree J I shall represent one of these factors by 

the coefficients p, q, and r, being indeterminate. They must be 
such, that the first member of the proposed equation will be ex- 
actly divisible by the factor 

independently of any particular value of x ; but in making an actual 
division, we meet with a remainder 

— (f — 2.pq — 2ip-\-r— n)x^ 

— {f r — qr — 'iA r — 1), 
an expression, which must be reduced to nothing, independently of 
X, when we substitute for the letters, p, q, and r, the values that 
answer to the conditions of the question. We have then 
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/ — 2p7 — 24;j + r — 12 = 0, 
piig — pr — <f^24q+]l^ 0, 
pa r — 5 r — 24 f — 7 :^ 0. 
These three equalions fiiraish us with the nieims of determining 
the unknown quanlities, p, q, and r ; and it is to a resolution of 
these, that tlie proposed question is reduced. 

Of the Resolution of Kumtrical Equations bij Approxtmaiion, 

211 Ha.vi\g com) leted llie investi-^ i on of com ne isurable 
divisors we must 1 ive lecoiisp to tlie n clJiodi of finding roots by 
approximation »lnch depend iii the fjllfVMn^ principle, 

n ken we ai rtve at two qnanhtie^, uh rh bul stUutsd m the place 
of the uaknovm quantity in an cqtmlion lead to tu,o results with 
contrary signs, we may mjet, that otie of the roots of th" proposed 
equation hes betucin these iiio quaniitiP^, and is co isequently real 

Let there he, for example, the equation 

x3— 133:^+ Ix—l =0, 
if Ke snbbtitute snccessivclj , 2 and 20 in the phce ot a in the 
first irenber imcid of being leducod to zcio this member 
becomes iii the lormcr cnso tq nl to — ul nnd in the litter, to 
-\- 293J , «(, nnj UilicIoic coidil ih t tl is equation has a 
leil root betHcen 2 a id U ii t is gitntci than 2 and less 
than 2U 

As theie mil be lieqiciit occasion to e\|ie'!s this lelation I 
shall enploy the si^ns > and < HJiich nl^cbniats haie adopted 
to denote thi, ini,quilit) ol two ii a^ iliidcs |hcn-, t' e greater of 
tno qnntiiies o|poa te the o]ieuiigf fthu hue , ail the le a against 
the point of n eetmg Thus I shall unte 

1 > 2 to denote, thai i is greatei tlian 2 
I < 20, to denote, that j; is less than 20 

Now m ordei to prove v.h t has been liid do« i above, ne may 
reason m the lolloning mannt-i Bi i-, i g to^elhei the positive 
terms of the proposed ejuaiioi, ind also those which aie negative, 
we have 

f> + 7z-{li +1] 
a quantilj which \ II be n ^il \t, iM c su| pise x = 2, because, 
upon this supposition 

t +7,<lo, +1 
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and which becomes positive, when we make x = 20, because, 
in this case, 




^•+7x> 13^+1. 




Moreover, it is evitient, that the quantities 
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Tl ] t 1 I 1 h d 

i^^_ 7x = ]3s^4- 1, 
and sucli a value has been proved to exist, gives 
x^ + 1 X— {IZx^ + 1) =: 0, 
or a;^ — 13 j;'^ + 7 X — 1 =: 0, 

and must necessarily, therefore, be tlie root of the equation pro- 
posed. 

What has been shown with respect to the particular equation 

a;.3_ 13^:2 _|_ 7j; _ 1 — 0, 

may be affirmed of any equation whatever, the positive terms of 
which I shall designate by P, and the negative by J^. Let a be 
the value of a;, which leads to a negative result, and b that which 
leads to a positive one ; these consequences can take place only 
upon the supposition, that by substituting the first value, we have 
P < JV, and by subsiititting the second, P > JV; P, therefore, 
from being less, having become greater than A*, we conclude as 
above, that there exists a value of x, between a and h, which gives 
P = JV* 

* The above reasoning, though it may be regarded as sufficiently 
evident, when considered in a general view, has been developed by 
M. Encoutre in a manner, that will be found to be useful to those, 
who may wish to see the proofs given more in detail. 

1. It is evident, that the increments of the polynomials P and N 
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The statement here given seems to require, that the values as- 
signed to X should he both positive or both negative, for if they 

may be made as small as ive please. Let 

P = ux^ + Gx- -i^Sxi, 

m being the highest exponent otx; if we put a -|- y in the place of ar, 
this polynomial takes the form 

A + Bi/ -^ Cys ^ Ty^, 

the coefficients, A, B, C, . . . . T, being finite in number and having 
a finite value ; the first term A will be the value the polynomial P 
assumes, when % =^ a; tiie remainder, 

B,jJrC,J'.... + T,j- = ,{B + C,.... Ty—'), 
will be the quantity, by tvbicb the same polynomial is increased when 
we augment by y the value x ^i a. This being admitted, if iS desig- 
nate the greatest of the coefficients, B, C, . . . . T, we have 

B + Cy....+ T,j"-i < « (1 + y . . . . -(- y"-') ; 

l+y.-.. + r-' = {^"- (158); 
therefore, 

J (B+ Cj, . . . . + T,-') < Sj, '\'Z!'^\ 
and, consequently, tbe quantity by which the polynomial P is increas- 
ed, will be less than any given quantity m, if we make - ^ — ^-— / 

less than this last quantity; this is effected by making -—- 



n the quantity m, 
which is indefinitely small. 

2. If we designate by k the increment of the polynomial P, and by 
k that of the polynomial N, the change, which will be produced in 
the value of their diflerence, will be k — k, and may be rendered 
smaller than a given quantity, by making smaller than this sam^ 
quantity the increment, which is the greater of the two ; we may, 
therefore, in the interval between i := a and x =z b, take values, 
which shall make the difference of the polynomials P and N change 
by quantities as small as we please, and since this difference passes in 
this interval from positive to negative, it may be made to approach as 
near to zero as we choose. See Annales He Mathimatiques pares tt 
appliquces, published by M. Gergonne, vol. iv. p. 210, 

Alg. 30 
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have different sign h h h g v" produces a change in 

llie signs of llios 1 1 j [ d equation, which conlain 

odd powers of tl Iv j j d, conseqiicnlly, the ex- 

pressions P and IS f d 1 same manner, when we 

subsiilute one val h b te the olher. This difE- 

culty vanishes if k =^ i case, the proposed equa- 

tion reduces itseli 1 1 h has necessarily a sigu 

contrary to that of 1 1 f n tlie suhstitution of one or 

the other of the ah e m d 1 Let there be, for exam- 

ple, the equation 

a^_2a;3— Sa^s— 15j: — 3 = 0, 
the first member of which, when we put 

X ^ — I and X := ^, 
becomes -\- 12 and — 45. If wc suppose a; =: 0, this member is 
reduced to — 3 j substituting, therefore, 

a; = and x =. — 1, 
we arrive at two results with contrary signs ; but putting — y in 
the place of x, the proposed equation is changed to 
y^+^f — tiy^Jt 15y — 3 = 0, 
and we have 

P = y*-|-2y^-F ]5y, JV^3;r'-|-3, 
whence 

P < JV, when y = % 

P> A", wJien !/ = I. 
Reasoning as before, we may conclude, thai the equation in y has 
a real root, found between and -|- I ; whence it follows, that the 
root of the equation in x lies between and — 1, and, conse- 
quently, between -{- 2 and — 1. 

As every case the proposition enunciated can present, may be 
reduced to one or the other of those which have been examined, 
the truth of this proposition is sufficiently established. 

212. Before proceeding further, I shall observe, that whatever 
he the degree of an equation, and whatever its coefficients, we may 
always assign a number, which, suhitituted fon the unknown quan- 
tity, willrender thejirst tetin greater than the sum ofallihe others. 
The truth of this proposition will be immediately apparent from 
what has been intimated of the rapidity, with winch the several 
powers of a number greater than unity increase (126) ; since the 
highest of these powers exceeds those below it more and more in 
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proportion to ilie increased magnitude of the number employed, so 
tliat there is no limit to t!ie excess of (lie first above each of the 
others. Observe, moreover, the method by v/hich we may find a 
number that fulfils the condition required by the enunciation. 

It is evident, that the case most unfavorable to the supposition 
is that, in which we make all the coefficients of the equation nega- 
tive, and each equal to the greatest, that is, when, instead of 

x- + p^' + qt-'... . + Tx + u = 0, 

we take 

a:^ — Si^^^—Sx'^^.... — Sx~S=0, 

S representing the greatest of the coefficients, P, Q, T, U. 

Giving to the first member of this equation the form 

^._S(«,— + 1— + 1), 

we may observe, ihat 

a)"^' + x'^^ + 1 — ^^^^J (15S); 

the preceding expression then may be changed into 

x" 1 j-^, or into a;" — ^ -i 7, 

X — 1' X — I ' X — 1 

If we substitute M for x, this becomes 

^" jriTT + BrrTi 

a quantity, which evidently becomes positive, if we malte 

Now if we divide each member of this equation by M", we have 

^=j^l or M=S+ I. 

By substituting therefore for a; the greatest of the coefficients 
found in the equation, augmented by unity, we render tlie first term 
greater than the sum of all the others. 

A smaller number may be taken for M, if we wish simply to 
render the positive part of the equation greater than the negative ; 
for !o do this, it is only necessary to render the first term greater 
than the sum arising from all the others, when iheir coefficients are 
each equal, not to the greatest among all the coefficients but to the 
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gfealest of those which are negative ; we have, therefore, merely to 
talte for Jf this coefficient augmented by unity.* 

Hence it follows, that the positive roots of the proposed equa- 
tion are necessarily comprehended within and S -f- 1. 

In the same way we may discover a limit to the negative roots; 
for this purpose we inirst substitute — y for x, in the proposed 
equation, and render the first term positive, if it becomes negative 
(178). It is evident, that by a transformation of this kind, the 
positive values of y answer lo (he negative values of x, and the 
reverse. l( R be the greatest negative coefficient after this change, 
R -\- 1 will form a limit to the positive values of y ; consequently 
— R — 1 will form that of the negative values of x. 

Lasdy, if we would find for the smallest of the roots a limit 
approaching as near to zero as possible, we may arrive at it by 

substiluling - for x In the proposed equation, and preparing the 

equation in y, which is thus obtained, according to the direciions 
given in art. I7S, As the values of y are the reverse of those of 
a^, the greatest of the first will correspond to the least of the second, 
and, reciprocally, the greatest of the second to the least of the first, 
t to the values of y, 



If, therefore, S' 
that is, if 

Which gives 


+ 1 represent the highest lim 




^ < -S' + I, 


we shall have, s 


uccessively. 




l<(S'+l)-.sr^< 



Indeed, it is very evident, that we may, without allcring the 
relative magnitude of two quantities separated by the sign <; or 
)>, multiply or divide them by the same quantity, and that we 
may also add the same quantity to or subtract it from each side of 
the signs <; and >, which possess, in this respect, the same pro- 
perties as the sign of equality- 

* In the Risolution des equations nunteriques, by Lagrange, there 
are formulas, which reduce this number to narrower limits, but what 
has been said above is sufficient to render the fundamental proposi- 
tions for the resolution of numerical equations independent of the 
Consideration of infinity. 
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213. It follows from what precedes, that every equation of a 
degree denoted by an odd nuviher has neeessarlly a real root affected 
with a sign contrary to that of its last term; foi- if we take ibe 
number Msach, iliat ihe sign of ilie (inantiiy 

M"' -f PJ/"-i + qM-"-^ + TM-± U, 

depends solely on that of its first term Jl/™, the exponi^nt m being 
an odd number, tbe term M" will have the same sign as the num- 
ber M {128). This being admitted, if the last term U has the 
sign +, and we make x := — M, we shall arrive at a result 
affected wilii a sign contrary to that, which the supposition of 
X = woidd give; from which it is evident, that llie proposed 
eqnalion has a root between and — Jil, ihnt is, a negative root. 
If the last term V has the sign — , we make a: — + JW; the 
result wil! then have a sign contrary to that given by the supposi- 
tion of a: = 0, and in this case, the root will be found between 
and -J- -^1 'hat is, it will be positive. 

214. When the proposed equation is of a degree denoted by 
an even number, as the first term M'" remains posilive, whatever 
sign we give to M, we are not, by the preceding observations, 
furnished with the means of proving the existence of a real root, 
if the last term has the sign +, since, whether we make x ^^ 0, 
orcr^± Ji, we have always a positive result. But when this 
term is negative, we find, by making 

x= -\-M, x = 0, x = — M, 
three results, affected respectively with the signs -f-, — , and +, 
and, consequently, the proposed equation has, at least, two real 
roots in this case, the one positive, found between M and 0, the 
other negative, between and — M; therefore, every equation of 
an even degree, the last term of which ts negative, has at least two 
real roots, the one jiositiie and the other negaiite. 

216. I now proceed to ilie resolution of equations by approxi- 
mation ; and in order to render what is to be offered on this 
subject more clear, I shall begin with an example. 

Let there be the equation 

the greatest negative coefficient found in this equation being — 4, 
it follows (212), that the greatest positive root will be less than 
6. Substituting — y for x, we have 

J* + 4j3-|-3y-|-27 = 0; 
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and as all tlie terms of this result are positive, it appears, that 
y must be negative ; whence it follows, lliat x is necessarily posi- 
tive, and that the proposed equation can have no negative roots ; 
its real roots are, therefore, found between Oand -|- 5. 

The first method, which presents itself for reducing the Umits, 
between which the roots are to be sought, is to suppose succes- 
sively 

a;=l, x = 2, x=::3, x = 4; 
and if two of these numbers, substituted in the proposed equation, 
lead to results with contrary signs, they will form new hmits to 
the roots- Now if we make 

a; = 1, the first member of the equation becomes + 21, 

cc=2 + 5, 

T = 3 ~ 9, 

a^ — 4 + 15; 

!t is evident, therefore, that this equation has two real roots, the 
one found between 2 and 3, and the other between 3 and 4. To 
approximate the first still nearer, we take the number 2,5, which 
occupies the middle place between 2 and 3 {Arilk. 129), the 
present hmits of this root ; making then x == 2,5, we arrive at the 
lesult 

+ 39,0525 — 62,5 — 7,5 -f 27 ^ — 3,9375 ; 
as this result is negaiive, it is evident, that the root sought is be- 
tween 2 and 2,5. The mean of those two numbers is 2,25 ; taking 
X = 2,3, we have the root sought within about one tenth of its value, 
and shall approximate the true root very fast by the following 
process, giien by Newlon. 

We make a, rr 2,3 -j- y ; it is evident, that the unknown quan- 
tity y amounts only to a very small fraction, the square and higher 
powers of which may be neglected ; we have then 
x'= (2,3)*+ 4(2,3)«y 

„4^ = _ 4 (2,3)3 _ 12 (2,3)^ y 
— 3x = — 3(2,3) — 3i/; 
substituting these values, the proposed equation becomes 

— 0,5339 — 17,812 y r= 0, 
which gives 

_ 0^839 
y 17,812" 



y Google 



Resolution ofJ^vmericat Equations by Approximation. 239 

Slopping at hundredths, we obtain for the result of the first opera- 
tion 

y = — 0,03 and .x = 2,?, — 0,03 — 2,27. 
To obtain a new valne of x, more exact than the preceding, we 
suppose X ^: 2,27 + y' ; substituting ihis value in tlie proposed 
equation and neglecting all the powers of i/ exceeding the first, we 
find 

— 0,04595359— 18,040408^' ^ 0, 
whence 

and, consequently, x := 2,2075. We may, hy pursuing this pro- 
cess, approximate, as nearly as we please, the true value of x. 

If we seek the second root, contained between 3 and 4, by the 
same method, we find, stopping at the fourth decimal place, 
X =: 3,0797. 

216. We may ascertain the exactness of the method above 
explained, by seeking the limit to the values of the terms, which 
are neglected. 

If the proposed equation were 

^■ + J'^—+<J«" +ri+c7 = o, 

substituting a + y for x, we should have for the resuh the first 
of the equations found in art. 204,, because a being not the root of 
the equation, but only an approximate vaiue of x, cannot reduce to 
nothing the quantity 

«-+P«-'+ (Ja-= +Ta+U. 

Representing this last by l^, we have, instead of the equation (d) 
above referred to, the following 

^+1^+172^+172:3^ +r=o; 

from which we obtain 

^y=^_F-j-2 3^ — 17273^' — y- 

_ F__ Btj^ gya y« 

^ — ~A 1. 2 A rr273Z ~'j- 

Neglecting the powers of y exceeding the first, we have 
V 
^ = -A' 
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and this value differs from the real value of y by 

rrwA 1 .2.\sA X' 

If a differs from the true value of x only by a quantity less 

than -a, the above mentioned error becomes less than that, 
P 

which would arise from putting - a in the place of y, which would 

give 

l.^A \p/ I. 2. -3 A \pj A \p/ 

Finding the value of this quanliiy, we sbaJl be able to determine, 
whetlier it may be neglected when considered with reference to 

V 

-J, and if it be found too large, we must obtain for a a number, 

which approaches nearer to the true value of x. 

To conclude, when we have gone through the calculation with 
several numbers, y, y', y", fee. if the results tlius obtained form a 
decreasing series, an approximation is certain. 

217. The method we have employed above, is called the 
Method by successive Substitutions. Lagrange has considerably 
improved it.* He has remarked, that by substituting only entire 
numbers, we may pass over several roots without perceiving them. 
In fact, if we have, for example, the equation 

(i-i)(«-l)(i-3)(.-4)=0, 
by subsiiliiling for a; the numbers, 0, 1, 2, 3, Sic. we shall pass 
over the roots ^ and I, without discovering that they exist ; for we 
shall have 

(0 — 1) (0 — 1) (0 — 3) (0 — 4) = +-!. X ^ X a X 4, 
(1—1) (1_±) (1—3) (I— 4) = + l X i X 2X 3, 
results afiected by the same sign It «ill be leadily peiceiied, 
that this circumstance takes place in consequence of the Ijct, 
that the substitut on of 1 for t chint,t,s at tlit same time the 
signs ol both the factors x — J, and i — ', wh ch pass fiom the 
negative state in which ihev ^re when is put in the place of 
a;, to the positive, but if we sul stituie for t a niirrbei between 
J and ' the sign of the factoi x ■— nione will be chai s;ed, and 
we sbdU obliin a negative reaitlt 

• See Re olulwn la Ejualtun Auntrijua 
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squares of Ihc difforences of ibe rools (208). 
Let lliere be tbe equation 
J- +ys-' + qz-'' . . . . + li + « = . . . . (B), 

(o obtain tbe smallest limit to tbe roots, we make (212) 2 ^ - ; tve 
have tben tiio equation 

} + P i^ + '1 ^ ■ ■ ■ ■ + 'I + ' = «■ 
or, reducing all the terms to liie same deiiominaior, 

1 -i-pv + qv^ + ' ^''*"' + w JJ" ^ 0, 

then disengaging V, 

• Equal roots cannot be discovered by this process, when their 
number is even ; lo find these we must employ the method given in 
art. 205. 

/Ilg. 31 
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o--|.ii,n-i... + 3t,2_[_P^ ^1 -.0; 

and if - reprRsent the greatest negative coefficieut found in this 
equation, we shall have 

It is only necessary to consider here tlie positive limitj as tliis alone 
relates to the real roots of the proposed equation. 
Knowing the limit 



„ + ' 



. + „• 



less than the square of the smallest difference between the roots of 
the proposed equation, we may find lis square root, or at least, take 
the rational number next below tliis root ; this number, which I 
shall designate by k, will represent the difference which must exist 
between the several numbers to be siibsli luted. We thus form the 
two series, 

0, -{- k, -i- 2 k, +3 Jc, he. 
— k, —2 k, — 3 ft, &c. 
from which we are to take only the terms, comprehended between 
the limits to the smallest and the greatest positive roots, and those 
to the smallest and the greatcsi negative roots of the proposed 
equation. Substituting (hese different numbers, we shall arrive at 
a series of resuhs, which will show by the changes of the siga that 
take place, the several real roots, whether positive or negative. 
218. Let there be, for example, the equation 
a^3 _ 7 a; + 7 :z= 0, 
from which, in art. 208., was derived the equation 
33 _ 42 3^ ^ 441 2 _ 49 — ; 

making « = -, and, after substituting this value, arranging the re- 
sult with reference to v, we have 

from which we obtain 
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fulfilled ,if we make k = \; but it is only necessary to suppose 
A ^ ^; lor by pulling 9 in the place of « iti the preceding equa- 
tion, we obiain a positive result, which must become greater, when 
a greater value is assigned to v, since the ternas i? and 9 v^ already 
destroy each other, and ^%v exceeds -^^. 

The highest limit to the positive roots oT the proposed equation 
^■3 — 7 a; + 7 = 0, 
is 8, and that to the negative roots — S ; we must, Iherefore, sub- 
stitute for X tlie nutnbers 



We may avoid fractions hy making a; = tt ; for in this case the 

differences between the several values of x' wilt be triple of those 

between the values of a;, and, consequently, will exceed unity ; we 

shall then have only to substitute, successively, 

0, I, 2, 3 24, 

_ 1,-2, — 3, — 24, 

in the equation 

•c^ — Ooa- -f 189 = 0. 

The s gns of he res ! s II I e hanged between + 4 and -f- 5, 

betveen -\- o a A -\- t> ad be veen — 9 and — 10, so that we 

si all 1 e for tl e pos t ve alues 

X > A nnd -Co) . ( a^ > i and <" 1^ 

/ C c J J^ ci whence < C S j J> S 
a;' _> 5 and <. 6 J i ■'' > f an" <! f 

and the negative value of x' wiU be found between — 9 and — 10 

that of a' between — ^ and — y. 

Knowing now the several roots of the proposed equation within 
\, we may approach nearer to the true value by the method ex- 
plained in art. 215. 

219. The methods employed in the example given in an. 21 5, 
and in ibe preceding article, may be apphed to an equation of any 
degree whatever, and will lead to values approaching the several 
real roots of this equation. It must be admitted, however, tha 
the operation becomes very tedious, when die degree of the pro- 
posed equation is very elevated ; but in most cases it will be un- 
necessary to resort to the equation (D), or rather its place may be 
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supplied by methods, with hIucIi ihe siudj ol the higher branches 
of analysis will make us acquainted * 

I sliall observe, howevei, that by substituting successively the 
numbers 0, 1, 2, 3, &c. in the place of x, we shall often be lead 
to susjiect the esislence of roots, (hat differ from each other by a 
quantity less (ban unity. In the example, upon whitb ne have 
been employed, the results die 

+ 7, + 1, + J> + 13, 
which begin to increase after having decreased from + 7 to -|- 1. 
From this order being reversed it may be supposed, that between 
tbe numbers + 1 and -j- 2 there are two roots either equal or 
nearly equal. To verify this supposition, tbe unknown quantity 

sho 1 11 e ul 'pl'ed Making x = |^, we find 
^ — 700 y + 7000 ~ 0, 
an eq at on \\ cl I as t^o positive roots one bet 13 d 14 

and i! e o ! b 6 d 17 

Ti e nu h f 1 > f ' ^ ts ot 

great; for lb 10 1 20 I If 

J, ; and th 1 f ! k i t 1 d 

whole numb y f d 1 f 1 If 

220. AM h ffi ! q j ] d f I 

lion are V J 1 11 b f 1 f I 

equation i 1 ill IT 1 11 1 d d 

smaller nu b If 1 f pi 

an4 — 80 -I- 1998 — 9 + 00 = 
we may make x =: 10 z ; the equation then becomes 

gi^Sz^ + 19,98 z^ — 14,937 ^ + 0,5 = 0. 
If we take the entire numbers, which approach nearest to the 
coetBcients in this result, we shall have 

z*—6s^ + 20z^—15z + 0,5 — 0, 
It may he readily discovered, that 2 has two real values, one be- 
tween and I, the other between 1 and 2, whence it follows, that 
those of the proposed equation are between and 10, and 10 and 
20. 

* A very elegant method, given by Lagrange for avoiding the use 
of the equation (D) may be found in the Trail6 de la Resolution dcs 
Equations numeriqyes. 
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I shall not here enter into tlie invesligafion of" imaginary roots, as 
it depends on principles we cannot at present stop to illustrate; 
I shall pursue the subject in the Suppltment. 

221. Lagrange has given to the successive substitutions a form 
which has lliis advantage, that it shows immediately what ap- 
proaches we make to the true root by each of the several opera- 
tions, and which does not presuppose the value to be known within 
one tenth. 

Lei a represent liie entire number immedialely below the root 
sought ; to obtain this root, it will be only necessary to augment a 

by a fraction; we have, therefore, « := a -j- -. The equation 

involving y, with which we are furnished by substituting this value 
in the proposed equation, will necessarily have one root greater 
than unity ; taking b to represent the entire number immediately 

below this root, we have for (he second approximation a: ^^ a -j- r- 

But b Iiaving the same relation to y, which a has to x, we may, in 

the equation involving y, make y ^=b -\ — j, and j/will necessarily 

be greater than unity ; representing by 1/ the entice number imme- 
dialely below the root of the equation in y', we have 
,1 66' + 1 

substituting this value in the expression (or t, we have 

I '' 
':=' + F¥+-v 

for the third approximation to x. We may find a fourth by making 

y = 6' -f — ; for if b" designate the entire number immediately 

below y", we shall have 



whence 



y = i^+v7 



= j + 



^ 5' 6" + 1 



_ bb'b" -\-b''-\-l, 



b' 6" + 1 "" 6' b" 

b'b" + l 
"'T bi'b« + i}" + b' 
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222. I shall apply this method to the equation 
a:^ — 7 a: + 7 ^ 0. 
We have already seen {318), that the smallest of the positive roots 
of this equation is fouisd between i and 4, that is, between 1 and 

2 : we make, therefore, a^ := 1 -I — ; we shall then have 

y> — 4/ + 3y+ 1 ^0. 
The limit to the positive roots of this last equation is 5, and by 
substituting, successively, 0, I, 2, 3, 4, in the place of y, we imme- 
diately discover, that this equation has two roots greater than unity, 
ooe between 1 and 2, and the other between 2 and 3. Hence 

X =^ 1 -]- \, and 3? = 1 + 5> 
that is, 

X = 2, and a: =; |. 
These two values correspond to those, which were found above 
between J and |, and between f and i, and which differ from 
each other by a quantity less (ban unity. 

In order to obtain (he first, which answers to the supposition of 
y := 1, to a greater degree of exactness, we make 

we then have 

3/" — 2 y'^ — y + 1 = 0. 
We find in this equation only one root greater than unity, and that 
is between 2 and 3, which gives 

whence 

Again, if we suppose y' = 2 -\ — ^, we shall be furnished with the 

equation 

y"3 _ 3 ya _ 4 y" _ I = ; 
we find the value of y" to be between 4 and 5 ; taking the smallest 
of these numbers, 4, we have 

y'=2 + h 1/ - 1 + A = V. X:=l + j%^^. 

It would be easy to pursue this process, by making y" =:: 4 + -;;;, 
and so on. 
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I return now to the second value of x, which, by the first ap- 
proKJination, was found equal to ^, and which answers la the sup- 
position of y =2. Maliing y = 2 -] — ; and substituting this 

expression in the equation involving y, we have, after changing the 
signs in order to render ihe first term positive, 

y'3 + y's _ 2 j' _ I - 0. 
This efjiialioii, hke the corresponding one in the above operation, 
has on]y one root greater than unity, which is fount! between 1 and 
3 ; taking / = 1, we have 

Again assuming 

;/' = ' + 4. 

we are furnished with the equation 

y'l'i 3 y"'^ 4y" J — Q, 

in which y" is found to be between 4 and 5, whence 

We may coniinue the process by making y" ■= ^ -\- — , and 
so on. 

The equation a;' — 7a^-j-7z:=0 has also one negative root, 
between — 3 and — 4. In order to approach it more nearly, we 
make x =i — 3 ; which gives 

yJ_20y2— 9y — I =:0,y>20and<21, 
whence 

To proceed further, we may suppose y = 20 -|- -- 8ic., wo 
shall then obtain, successively, values more and more exact. 

The several equations transformed into equations in ij, y', u", 
&c. will have only one root greater than unity, unless two or more 
roots of the proposed equation are comprehended within the same 
limits a and n + 1 j when ibis is the case, as in the above example, 
we shall find in some one of the equations in y, y', 8jc. several 
values greater than unity. These vafues will introduce the different 
series of equations, which show the several roots of the i 
equation, that exist within the limits a and a -|- 1. 
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The learner may exercise himself upon the following equation; 
a^ — 2a^— r. :=0, 
ihe real root of which is betsveen 2 and 3 ; we find for the entire 
values of y, y', Sic. 

JO, 1, 1, 2, 1, 3, 1, I, 12, fcc. 
and for the approximate values of x. 



Of Proportion and Progression. 

223. Arithmetic introduces us to a knowledge of the defini- 
tion and fundamental properties of proportion and equidifference, 
or of what is termed geometrical and arithmetical proportion. I 
now proceed to treat of the application of algebra to the principles 
there developed ; this will lead to several results, of which frequent 
use is made in geometry. 

I shall begin by observing, that equidifference and proportion 
may be expressed by equations. Let A, B, C, D, bo the four 
terms of the former, and a, b, c, d, the four terms of the latter; 
we have then 

B — J1=D—C {Arilh. 127), - = - {Arith. 1 1 1), 
equations, which are to be regarded as equivalent to the expres- 

sioDS 

A.B-.C.D, a:b::c:d, 
and which give 

A + D=B-\'C, ad = hc. 
Hence it follows, that, in equidifference, the sum of the extreme 
terms is equal to that of the means, and in proportion, the product 
of the extremes is equal to the product of the means, as has been 
shown in Arithmetic (127, 113), by reasonings, of which the above 
equations are only a translation into algebraic expressions. 

The reciprocal of each of the preceding propositions may be 
easily demonstrated ; for from the equations 

A-i-D^B-i- C, ad=be, 
we return at once to 
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and, consequently, when four quantities are suck, thai two among 
them give the same sum, or the same product, as the other two, the 
first are the means and the second the extremes {or the converse) 
of an indifference or proportion. 

Wlien B =3 C, the equiditfei-ence is said to be continued; the 
same is said of proportion, when b = c. We have in this case 

A-\-D=22B, ad = h^; 
that is, in continued equidifference, the sum of the extremes is equal 
to double the mean ; and in proportion, the product of the extremes 
is equal to the square of the mean. From this we deduce 

the quantity B is the middle or mean arithmetical proportional be- 
tween A and Z), and die quantity h the mean geometrical proportional 
between a and d. 

The fundamental equations, 

lead also to the following ; 

a b' 
from which it is evident, that we may change the relaive places 
of the means in the expressions A . B : C . D, a '. b : : c : d, and in 
this way obtain A . C : B . D, a : c : : b : d. In genera!, we may 
make any transposition of the terms which is consistent with the 
equations 

^ + I> — B-j- CanAad = bc{Arith. 114.) , 

I have now done with equidifference, and shall proceed to 
consider proportion simply, 

224. It is evident, that to the two members of the equation 

- = - we may add the same quantity m, or subtract it from them } 
so that we have 



reducing the terms of each member lo the same denominator, we 
obtain 

e c ~' 

Aig. 33 
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an equatioHj which may assume the form 

c d±:me 



and may be reduced to the following profjortion, 
b ± ma -.d ± m c : : a: c ; 
and as - =: V-, we have likewise 

d±mc __ d 
b=izma ~ b' 
or b ziz ma : d±mc -.lb -.d. 

These two proportions may be enunciated thus ; TIte first conse- 
quent plus or minus its antecedent taken a given number of limes, is 
to the second consequent plus or minus its antecedent taken the same 
number of times, as the first term is to the third, or as the second is 
to the fourth. 

Taking the sums separately and comparing liiem logetlier, and 
also the differences, we obtain 

rf-f-_mc _ c_ d—mc _ c 
b-\-ma~a' l — ma~a' 
whence we conclude 

d-\-m c _d—mc 
b + Ma — b — ma' 
that is, 

b -j-ma : d -^-mc:: h — ma :d — mc; 
or rather, by changing the relative places of llie means 
b -{-mfl:A — ma: -.d -\- mc id — mcj 
and if we naake m =■ I, we have simply 

b-\-a:b — a::d -{~c:d~c, 
which may be enunciated thus; 

The sum of the first two terms is to their difference as the sum of 
ihs last two is to their difference. 

225. The proportion a:b ■.•.c:d may be written thus ; 
a:c::b -.d; 
we have then 
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and lastl}', 

c±ma:d-:i=mh -.-.a :b or :: c:d, 
from which it follows, that the second anlrcedent plus or minus the 
first taken a given number of times, is to ike second consequent plus 
or minus thejkst taken the same number of times, as any one of the 
antecedents whatever is to its consequent. 

This proposition may rIso be deduced immediately from that 
given in the preceding article ; for by changing the order of the 
means in the original proportion 

a:b::c:d, 
and applying the proposition referred to, we obtain, Sdccessively, 
a:c::b:d, 
c±mtt:d±mli::a:b or : :c:d, 
and denominating the letters, a, b, c, d, in this last proportion, 
according to the place they occupy in ihe original proportion, we 
may adopt the preceding enunciation. 

Making m = 1, we obtain ihe proportions 
czha:d±h:ta:b 
i:c:d 
c + a:c — a:id + b:d — b; 
whence it appears, that (Ae sum or difference of the antecedents is 
to the sum or difference of the consequents, as one antecedent is to 
its consequent, and that the sum of the antecedents is to their differ- 
ence as that of the consequents is to their difference. 
In general, if we have 



-?-/- 



= q, we shall have 



/=. 



;, uc, 



= q, he, 



which gives 

b=aq, d = cg, f=eq, h=gq, &c. 
then, by adding these equations member to member, we obtain 

b + d+f+k^a, +eq + eq+gq, 
or b + d+f+h = qla+ c + , +g). 
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whence it follows, that 

a + c + e+g-'i-a 
Tills result is eininclaled thus ; in a series of equal ratios, 

a : b : : c ; d : : e ; f : : g : h, Stc. 
the sum of any number whatever of antecedents is to the sum of a 
like nun^er of consequents, as one antecedent is to its consequent. 

226. If we have the two equations 

b d , f I' 

- = -, and •'- = -, 

and muhiply (he first members together and the second together, 
the result will be 

bf _dk_ 

ae~ eg' 

an equation equivalent to the proportion 

ae :bf::cgidh, 
which may be oijtained also by multiplying the several terms of the 
proportion 

a ; b ' : c : d, 
by the corresponding ones in the proportion 

,:f::e:l,. 
Two proportions multiplied thus term by term are said to be mul- 
tiplied in order ; and the products obtained in this way, are, as 
will be seen, proportional ; the new ratios are the ratios compounded 
of the original ratios [Aritk. 123). 

It will be readily perceived also, that if we divide two propor- 
tions term by term, or in order, the result will be a proportion. 

227. If we have 



we may deduce from it 

6" d" 



which gives 

a" : 6" : : c" : rf™ ; 
whence it follows, that the squares, the cubes, and, in general, the 
similar powers of four proportional quantities are also proportional. 
The same may be said of fractional powers, for, since 
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or 

\/a '• \^b '• '■ -i/c ■ s/i, 
if a : 5 : : c : (? ; that is, tht roots of the same degree of four pro- 
portional quantities, are also proportional. 

Such are the leading principles in the theory of proportion. 
This theory was invenletf for the purpose of discovering certain 
quantities by comparing them with others. Latin names were for 
a long time used lo express the different changes or transforma- 
tions, which a proportion admits of. We are beginning to relieve 
the memory of the mathematical student from so unnecessary a 
burden ; and this parade of proportions might be entirely super- 
seded by substituting the corresponding equations, which would 
give greater uniformity to our methods, and more precision lo our 
ideas. 

228. We pass from proportion to progression by an easy tran- 
sit™. After we have acquired the notion of three quantities in 
continued equidlfference, the last of which exceeds the second, as 
much as this exceeds the first, we shall be able, without difficully, 
to represent lo ourselves an indefinite number of quantities, a, 6, c, 
d. Sic, such, that each shall exceed the preceding one, by the 
same quantity S, so that 

b= a + 5, c = h ■{■ S, d = c -{- S, e = d + S, he. 
A series of ihese quantities is written thus ; 

-T-a.b.c.d.e.f, Sic. 
and is termed an arithmetical progression ; I have thought It pro- 
per, however, to change this denomination to that of progression by 
differences. (See Arith. art. 127, note.) 
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We may determine any term whatever of this progression, with- 
out employing the intermediate ones. In fact, if we subslitule for 
6 its value in the exptession for r, we have 

c = a +2S; 
by means of this last, we find 

d — a + QS, then e = a + 4 a, 
and so on ; whence ii is evident, that representing by I the term, 
the place of which is denoted by n, we have 

Let there be, for example, the progression 

-^ 3. 5 . 7 . 9 . 11 . 13 . 15 . 17, &;c. 
here the first term a = 3, the difference or ratio d = 2; we find 
for the eighth term 

3 -I- {8 — 1)2 = 17, 
the same result, to which we arrive by calculating the several 
preceding terms. 

The progression we have been considering is called increasing; 
by reversing the order, in which the terms are written, thus, 

-4- 17 . 15 . 13 . a . 9 . 7 . 5 . 3 . 1 . — 1 . — 3, &c. 
we form a decreasing progression. We may still find any term 
whatever by means of the formula a -{- (n — 1)3, observing only, 
that S is to be considered as negative, since, in this case, we must 
subtract the difference fi'om any particular term in order to obtain 
the following. 

229. We may also, by a very simple process, determine the sum 
of any number whatever of terms in a progression by differences. 
This progression being represented by 

-^a.b .c i.k.l, 

and S denoting the sum of all the terms, we have 

S = a + b + c ^i + k -^l. 

Reversing the order, in which the terms of the second member of 
this equation are written, we have still 

S = l + }c + i ^c+b + a. 

If we add together these equations, and unite the corresponding 
terms, we obtain 

2S=(«+0+(J+i)+(t+i)....+{i+=)+C4+J)+(!+«)i 
but by the nature of the progression, we have, beginning with the 
first term, 
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a-^S — b, 6-j-3 = c i+8 = k, fc + 3 = /, 

and, consequently, beginning with the last 

l — S~k,k~S=ii, c — 3 = h,h~-S = a} 

by adding the corresponding equations, we shall perceive at once, 
that 

a + i — h + k = c + i,iic. 
and, consequently, tiiat 

2S = «(« + (); 
whence it follows, that 

S- J—. 

Applying this formula to the progression 
-^ 3 . 5 . 7 . 9 &c. 
we find for the sum of ihe firsl ei^ht terms 
1±P^ = 60. 
230. The equation 

together with 

s = L±_0_ 

f ] i I i f d J r 1 q 

? d S wl I 1 1 k I I 11 

n p f 1 I ! I J b p d 

2J F p p d 1 1 g by i 

g h ^ 1 h f f h 

I 1 q gf h d f ij 1 1 h 

p d i m t m 1 p f h ! 

k Tl 

— 2 6 18 54 16 & 
4f 45 : 15 : 5 : I : f : &c. 
are progreasions of this kind ; the qnotie 
and i in the other ; the first is increasin 
ing. Each of these progressions forms a series of equal ratios, and 
for this reason is written, as above. 
Let 

a,b,c,d, k,l, 

be the terms of a progression by quotients ; makiDg - = j, we have 
by the nature of the progression. 



ient or ratio is 3 in the first, 
and the second decreas- 
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b -c d e I 

or israj, c = bq, d=:cq, e^dq, . . . I =i kq. 
Substituling, successively, ihe value of b in ihe expression for e, 
and llie value of c in the expression for d. Sic, we have 
6= q =2 ^^ 9 ^^ ? ^ ^^ 9 

kg [ 1 pi f h / 1 b f 

11 1 p p d p g 
Bym flfm!Z=y myd y 

ml h k 11 1 1 

Th 1 fU p 

~ 6 18 &t 
for example, is equal lo 2 X o =^ oOoGG, 

232. We may also find the sum of any number of terms we 
please of the progression 

-i^a:b:c:d,&cc. 
by adding together the equations 

b ^ a q, c ^= h q, d := cq, t^=.dq, ..,.l = kq; 
for the result will be 

6 + c+(i + e...+/ = (a + 6 + e + t?...+A)y; 
and representing by S the sum sought, we have 

J-f-c + rf+e + Z =S—a, 

a-^b-^c-\-d J^-k-S — l, 

whence S — a = g(S — I), 

and, consequently, 

q — \ 

t The truth of this result may be rendered very evident, indepen- 
dently of analysis. If it were requited, for example, to find the sum 
of the progression 

^ 2 : 6 ; 18 : 54 : 162, 
mulUplying by the ratio, we have 

~ 6 : 18 : 54 ; 162 : 486. 
The first series being subtracted from this gives 486 — 2, equal to so 
many times the first series, as is denoted by the ratio minus one, 
that is 
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In ihe above example, we find for ihe sum of the first ten terms 
of I he progression 

4f2:C:18:8;c. 
2X3'° — ^ — 310 — 1 — 59048. 

233. The two eqiialions, 

— <"l ' — y—T' 

compreliend the muHnl tel^1lons, winch e\]Bt among the five 
qudntilies, «, '/■ Ji, I, ant! S, in a piogresMon by quoiients, and 
enable u^> to find aiij two of these quantities, when the other three 
are given. 

234. If we substitute aq^~^ in ihe place of Z, in the expression 
for S, we have 

q—l 

When ^ is a whole number, the quantity 9* ivill become greater 
and greater in proporlion to the increased magnitude of the number 
n ; and 5 may be made to exceed any quantity whatever, by as- 
signing a proper value to n, that is, by taking a sufficient number of 
'erms in the proposed progression. But if 5 is a fraction, represent- 
ed by - , we have 

"<iz0^.i<izi)_!r:#.. 



If we multiply by the ratio q the generai series 

-.l-a-.b-.c-.d-.e I, 

we have -^ aq :b(i : c q: d q : eq Ig. 

Then, because 6 ^^ aq, &c,, the second scries minus the first hlq — a, 
equal to so many times the first series, as is denoted by the ratio mintia 

Hence a -]- b -{- c + d + e +/ = ^-^~. 

f Multiplying the numerator and denominator by — m. 
AUr. 33 
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and it is evident, that as the number n becomes greater, the tetm 

— ;pij- will become smaller, and, consequently, the value of S will 

approach nearer and nearer to the quantity : from which it will 

differ only by 



therefore, the grenter the number of terms we take in the pro- 
posed progression, the more neaily will iheir sum approach lo 

_^ . It may even differ from — - - -^ by a quantity less than 

any assignable qtiantiiy, without ever becoming in a rigorous sense 
equal to it. 

The quantity , which I shall designate by L, formsj we 

perceive, a limit, lo which ihe particular sums represented by S, 
approach nearer and nearer. 

Applying what has been said to (he progression 
* 1 : i : S .■ ' : ,V, 8tc. 
we hava 

whence 

m 1= 2, L= £^ =1 2 ; 

and the greater the number of terms we take in the above pro- 
gression, the nearer their sum will approach to an equality with 2. 
We have, in fact, 

1 = ! =±2— 1, 

1 + ^ =1=2 — 1, 

I + i+l =J=2-J, _ 

l+^ + i + i =V=2_i, 

i '¥ i + i + I + i\ = U = ^ ~ t\- 
&c. 
The expression for L may be considered as the sUm of the 
decreasing progression by quotients, continued to infinity, and it is 
thus, that it is usually presented ; but in order lo form a clear idea 
of it, we must represent it in a limited view. 
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235. We may obtain from the expression 

3—1 

all the terms of the progression, of which it denotes tlie sum ; for, 
if we divide j" — 1 by 'jT — 1 (15S), we find 

f=rr= "1^ = 1 +« + !'+«' + ?' +!". 

which gives 

S = a-\-aq-j-aq^ +a (f-\ 

We may employ the value of Z. for the same purpose; in this 
case, m is lo be divided by m — 1, as follows ; 

_ m + 1 1 -f ^ + ^ + -\ + &;c. 

m^ ~ w¥ 
inc. 
We begin, by dividing, according lo the usual method, by the 
first term, and find I for the quotient; we multiply this quotient 
by the divisor and subtract the product from the dividend; then, 
dividing the remainder by the first term of the divisor, we obtain 
— for the quotient, and have — for a remainder ; we go through 
the same process with tiiis remainder as with the preceding. Pur- 
suing this method, we soon discover the law, to which the several 
particular quotients are subjected, and perceive that the expressioa 
1 is equivalent to the series 

I + ^ + ^ + ^ + 8^0- 
continued to infinity. Substituting for tn its value -, and muUiply- 
jiig by a, we find as before 

a + a q -^ af -\- aq^ -^- &ic. 
for the progression of which L represents the limit. 
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236. The series 

'+^+i + i + *'- 

is considered as ihe value of the fraction ;, whenever it is con- 

m — 1' 

verging, that is, when the terms, of which it is composed, become 

smaller and smaller the further they are removed from the first. 

Indeed, if we make the division cease successively at the first, 

second, third remainder, we have 



the quotients 1 



&c. 



and Ihe remainders 1 



Uc. 



the former of which approach the true value, exactly in proportion 
as the latter are diminished; and this lakes place, only when ot 
exceeds unity. In all other cases we must have regard to the 
remainders, which, increasing without hmit, make it evident, that 
the quotients are departing further and further from the true value. 
To render this clear, wo have only to make, successively, 
m = 2, m ^ 1, m 1= i. Upon the first supposition, we have 

^ = 2 = 1 + 1 + I + 1 + A + Sic. 

and it has been shown (234), that the series, which constitutes the 
second member, approaches, in fact, nearer and nearer to 2. 
The second supposition leads us to 

^^i = i = 1 + 1 + i + 1 + 1 + I + 1 &c. 

This resuh, l + l-f-l + '+i ^^^-j conlinued to infinity, pre- 
sents in reality an infinite quantity, as the nature of the expression 
i implies ; yet if we neglect the remainders in this example, we 
are led into an absurdity ; for since the divisor, multiplied by the 
quotient, must produce the dividend, we have 

1 = (1+1 + 1 + 1 + )0; 

but the second member is strictly reduced to nothing, we have 
therefore 1=0, 

The third supposition leads to consequences not less absurd, if 
we neglect the remainders, and consider the series, which is obtain- 
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ed, as expressing the value of the fraction, from which it is derivecl. 
Making m ^ ^, we find 

wliich is evidenlly false. 

Tiiere will be no contradiclion of lliis Itind, if we observe, thai, 
in the second casi?, the rciniiinders 



are each equal 1o J, iind liinl, since ihey do not diminish, they can 
never be neglected, to wiiatever extent the series is continued. If 
we add, therefore, one of these remainders to the second member 
of the equalion 

1 = (1 + I + 1 + 1 + 1 + )0, 

the equation becomes true. In the third case, the remainders. 



form the increasing progression, ], 2, 4, S, 16, &lc. and, if we add 
to the several qiiotienls llie fractions, arising from the correspond- 
ing remainders, the exact expressions for — __ -' | ' will be 
1 







"r; 


«— 1 












1+,' 


'.^.^ 












' + ; 

fcc, 


l + ± + 


1 










. + ,„« + „.(„ 


f=T) 






each of wliid) 


give, - 1 


, »l,oi, » = 1. 








Ifv 
series, 


ve lake m = — n, {lie fraction — ' 
vvliicli is produced by develoiiiiig 


—J becomes 
this fraction, 


assumes the 



I- 

and making n ^^ 1, we have 

I — I + i — 1 + 1 — 1 + Sic, 
a series, which becomes alternately 1 and 0, and which, conse- 
quently, as often exceeds, as it falls below, the (rue value of 
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— ; — , equal in this case to i : but as the above series is not con- 

verging, it cannot give this true valtie ; and we must, tlierefore, 
taite into consitieralion the remainder, at whatever term we stop. 
If we suppose, in tlie preceding series, n =; 2, we have 
1— + — + — S. 



I 



1; m II 
b 1 

All ! d 



I 



I 



i 



II) b 



- I 1 
I P ^ 

I I hg 



d 

1 




( 5) 

11 1 

I m 



d by 



I), b) 



d b 1 y 

1 i b m 1 
I I I II t 



Examples 



t Arithmetical Pro 



Let a denote the first, / the last term, n the number of terms, S 
the common difference, and iStbe sutn of an arithmetieal progression. 



l=a + {n-l)!l, S = (a + !)2 = (2« + (» 

1. Given a =: 1, 3 = 
% Given 0=^2, S = 

3. Given a=^T, 8 = 

4. Given a := ^\, & = 

5. Given a = i, & =^ ■ 



^)d)l 



: 14; Ihen?= 14, S =: 105. 

: 17 ; then / = 50, S = 442. 

: 16; then I — 10a,S— 142. 
, n = 100 ; then I = 35^, 5 = 1900. 
, » = 2fi ; then I =i ^, S = 60^. 

6. Given = 4, S = l^,n =.13', then / = 20^, S =1 159?. 

7. Given a = ~7, 8 = 3, n = S ; then / = 14, S = 28. 

8. Given a = — 6, 5 = |, m = 30 ; then I ^ 153, s = 146J. 
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9. Given o = |., a = — |, n — 20 ; then ? = — l ', 
S^ — 133. 

10. Given a = 3l, s = —^, n = 15; ihen I — — 361, 

S = — 2A1\. 

11. Given a = 0, S = \, n = 11 ; llien Z ^ 5, S =. 2^\. 

12. Given a - — 10, 5 = — 2, n z= G ; ti.en Z r^ _ 20, 

S = — 90. 

13. Given a = — |, a — — . i, n ^ 25 ; then / = — 2lf, 

S^~2Sll. 

Examples in Geometrical Progression. 

Let a be the first term, g the common ratio, I the last term, rt 
the number of terms, and S the sum of all the terms ; thea 

^ 9—1 2—1 

1. Given a = 1, q = 2, n = T ; then I =i 6i, S = 127. 

2. Given a =: 4, y = 3, w — 10; then I = 78732, 

S— 118096. 

3. Given a = 9, q ~ }, n =. 7 ; then ? — 258|«||, 

S = 59 1 jVVf- 

4. Given a = 61, y = ^, n = S ; then I =z lOOi^f, 

S = 307^1. 
6. Given a := 6, g rz: 2^ » — 6; then /= Ifii, S= 19|f|. 

6. Given a — 5, g::z4, w^fl; then I = 327680, 

S = 436905. 

7. Given a — 8, 5 = i, n = 15 ; then I = ^^\j, 

S — I5|J|i. 

8. Given « = 31, g zz |, n :z= 8 ; then Z ;= ^yj_y- 

S = 2HHK- 

9. Given a = f, g — l, n — 11; then ? = ^.a^io^, 
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238. In the several questions we have resolved thus far, ihe 
Unknown quantities have not been made subjects of consideration 
as exponents; this will be requisite, however, if we would deter- 
mine ibe number of terms in a progression by quotients, of which 
the first term, the last teroi, and the ratio are given. In fact, wo 
are furnished bv a question of this kind with the equation 
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l^aq^^ (231), 
in which n will be Ihe unknown qiiiintity ; abridging the expres- 
sion, by making n — 1 =^ ,r, we iinve I =^ a q . Tliis equation 
cannot be resolved by llie direct meihods liilberto explained ; and 
quantities like x cannot be represented by any of tlje si^ns already 
employed. In order to present tliis subject in a more clear liglil, 
I shall go back to state, according lo Enler, tbe connexion which 
exists between the several algebraic operations, and the manner, in 
which they give rise to new species of quantities. 

239. Let a and 6 be two quantities, which it is required to add- 
together ; we have 

a + b = c; 
and in seeking a or & from this equation, we find 
a = c~b, h=c — a; 
hence the origin of subtraction ; but when this last operation can- 
not be performed in the order hi whicJi it is indicated, the result 
becomes negative. 

The repealed addition of ihe same quanlily gives rise to multi- 
plication ; a represeiiting the nnikiplier, h the multiplicand, and c 
the product, we have 

ab^c, 
whence we obtain 

and hence arises division, and fractions, in which this division ter- 
minates, when it cannot be performed without a remainder. 

The repeated multiplication of a quantity by itself produces the 
powers of this quanlily ; if J represent the number of times a is a 
factor in the power under consideration, wo have 

This equation differs e ent II fo le i ce 1 ^ i t! e quan 
titles a and 6 do not 1 otl e ter lo t of I e s e f r and ! ence 
the equalLon cannot 1 e esol ed n ll e sa w y ! respect to 
both. If it be reqi red to f nd a I n v he obla ed by s [ ly 
extracting the root, and tl s optra pec es 

of quantities, denom nated irrat onal b J n b d ed by 

peculiar methods, which I shall proc d II af having 

explained the leading properties of ih qu n = 
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240. It is evident, that if we assign a constant value greater than 
unity to a, and suppose that of b to vary, as may be requisite, we 
may obtain successively for c all possible numbers. Making 
i = 0, we have c =^ 1 ; then since b increases, the corresponding 
values off will exceed unity mo/e and moie, and may be rendered 
as great as we pleas'!. The cnlrary will he the case, if we suppose 
b negative ; the equplion a' ::z c being then dianged into o~* = c, 

or -J- = c, the values of c will go on decreasing, and may be ren- 
dered indefinitely small. We may, therefore, obtain from the same 
equation all possible positive numbers, whether entire or fractional, 
upon the supposition, that a exceeds unity. The same is true, if 
we have a <^ I ; only the order, in which the values stand, will be 
reversed ; liil if we suppose a = 1, we shall always find c = ], 
whatever value be assigned to b ; we must, therefore, consider the 
observations which follow, as applying only to cases, in which a 
differs essentially from unity. 

In order to express more clearly, that a has a constant value, 
and that the two other quantities b and c are indelerminate, I shall 
represent them by ihe letters x and y ; we then have the equation 
a' = y, in which each value of y answers to one value of x, so that 
either of these quantities may be determined by means of the other. 

241, This fact, that all numbers may be produced by means of 
tbe powers of one, is very interesting, not only when considered in 
relation to algebra, but also on account of the facility with which it 
enables us to abridge numerical calculations. Indeed, if we take 
another number y*, and designate by x" the corresponding value of 
X, we shall have a^' i= y', and, consequently, if we multiply y by 
y, we have 



if we divide the same, the one by the other, we find 



lastly, if we take the m."" power of y, and the n"' root, ^ 
y» = (a')" — ft™ 



for the other. 



y' = i^f = 
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it follows from the first two results, that knowing the exponents 
X and x' belonging to the numbers y and y', we may, by taking 
their sum, find the exponent which answers lo the product yy', 
and by taking their dliference, that which answers lo the quoiienl 

=--. From the last two equations it is evident, that the exponent 

belonging to the m"" power of y may be obtained by simple multi- 
plication, and that which answers lo the n"' root, by simple division. 

Hence it is obvious, that by means of a table, in which, against 
the several numbers y, are placed the corresponding values of x, y 
being given, we may 6nd x, and the reverse ; and the multiplica- 
tion of any two numbers is reduced to simple addition, because, 
instead of employing these numbers in the operation, we may add 
the corresponding values of x, and ilien seeking in the table the 
number, lo which this sum answers, we obtain ihe product requir- 
ed. The quotient of the proposed numbers may be found, in the 
satne table, opposite the difference between the corresponding 
values of x, and, therefore, division is performed by means of sub- 
Iraction. 

These two examples will be suHicient to enable us to form an 
idea of the utility of tables of the kind here described, whicli have 
been applied lo many other purposes since the time of Napier, by 
whom they were invented. The values of ar are termed logarithms, 
and, consequently, logarithms are the exponents of the powers, to 
which a constant number must be raised, in order that oU posnhle 
numbers may be successively deduced from it. 

The constant number is called the base of the table or system of 



I shall, in future, represent the logarithm of y by ly ; we have 
then lT ^= 1 y, and since y := a' , we are furnished with the equa- 
tion y =1 a'". 

242. As the properties of logarithms are independent of any 
particular value of the number a, or of their base, we may form an 
infinite variety of difTerent tables by giving to this number all pos- 
sible values, except uniiy- Taking, for example, a =:: 10, we 
have y — (hi/', and we discover at o^-ce, liial the numbers 

1, 10, 100, 1000, 10000, 100000, kc., 
which are all powers of 10, have, for logarilhms, the numbers 
0, I, 2, 3, 4, 5, ht. 
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The properties meaiioned in the precetiiug article may be veri- 
fied ill this scries; thus if we add logetlier tlie logarithms of 10 
and 1000, which are 1 and 3, we perceive, tliat their sum, 4, is 
found directly under 10000, which is the product of the proposed 

243. The logarithms of the intermediate numbers, between 1 
and 10, ID aud 100, 100 and 1000, Sic. can be found only by 
approximation. To obtain, for example, the logarithm of 2, we 
must resolve the equation (10)^ = 2, by tbe metliod given in art. 
221., fiuding first the entire number approaching nearest to the 
value of X. It is obvious at once, that x is between and ] , since 
(10)" = I, (10)' =: 10 ; we make therefore x = -, the equalioD 

then becomes (10)* r= 2, or 10 =; 2' ; now z is found between 3 
and 4 ; we suppose, therefore, 2 ^ 3 -J — -, and hence '■ 

10 = 2^'' = 2^ X 2^' = S X 2~ ; 

or 2-' = V = i' 

or, lastly. 

As the value of 3' is between 3 and 4, we make 

we have then 

2 = (})»<-.-=(,)>. (;)■', 
wihence we obtain • 

{!)*=3(f)' = }H,or(H{)" = n 
and after a few trials we discover that z" is between 9 and 10. 
The operation may be continued further ; but as I have exhibited 
this process merely to show ihe possibility of finding ihr? loE;nrithms 
of all numbers, i shall confine myself to the supposition of s" =: 9 ; 
we have tlien, going back through tbeseverai steps. 

This value of x, reduced to decimals, is exact to the fourth figure, 
as it gives 

X = 0,30107. 
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By calculations carried to a greater degree ol" exactoess, it is found, 
that 

X = 0,5010300, 
the decimal figures being eiteiided to seven places. 

Regarding this value of x as an exponent, we must conceive 
the number 10 to be raised to the power denoted by the number 
3010300, and the root of tlie result lo be taken for the degree 
denoted by 10^00000; we thus arriva at a number approaching 

very nearly to 2; that is (10)' ""''"^"'^ = 2, very nearly; the first 
member is a httle greater than 2 ; but (lO)^'^'"^^!^ jg g,miler * 

" The method explained in this article becomes impracticable, 
when the uumbcra the logarithms of which are requiied, are large , 
another method, however, which may he very useful, is gnen by 
Long, an English geometer, m the Pkihsopktcal Tran^aclions for the 
year 1734, No 339 

As the process for determining x in the pqualion (lO)'^ irr y is 
very laborous, we may rcver-ing the order, lurnifh ourselves with the 
several expressions for x, then forming a tabie of the values of y cor- 
responding to those of I, we shall afterwards, as will he perceived, be 
able, in any particular case, to determine i by means of y. 

We take first for x the values co;nprehended between 0,1 and 0,9 ; 
we have then only to determine the value of y, which answers to 
x:= 0,1, or (10)'"'", because the several other values of y, namely, 

(I0)"r^, (iO)T^, &.C. 
are the Sii, 3d, fi,c. powers of the first. 

By extracting the square root, we discover at once, that 

(10)* or (10)^'^ - 3,162277660 ; 
then taking the fifth root of this resuh, we have 
(10)1*5— 1,258925412. 
By a similar process, we deduce from 

(10)"!^ — 1,258925412, 
the value of 

>/(10r' = (10)^'^ =z (10)'"«- 1,122018454; 
then taking the fifth root, wt have 

(10)t?5 _ 1,023292992; 
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ithm of 2, successively by 2, 3, 4, 
'"■"";., which are 



244. By multiplying (he loganLuin oi --i, suci 
&c., we obtain logaritliiiis of the numbers, 4, 8, 
Ihe 2*, 3*, 4'\ &c. powers of 2. 

and raising the result to the 2'', Z^, 9''' powers, we obtain the 

values of y, correspooding to those of x comprehended between 0,01 
and 0,09. 

It will be readily seen, that by this method, we may also find the 
values ofy for those of z between 0,001 and 0,009, between 0,0001 
and 0,0009 ; thus we shall be furnished with the following table. 



Log. NS.Num: 


Los. 


' Nat. tiiin: — ■ 


0,9 


7,943282347 


0,00009 


r,000207254 


S 


6,;J09573445 


8 


1,000184224 


7 


5,011872336 


7 


1,000161194 


6 


J,98I07I706 


6 


1,000138165 


5 


3,l®a77660 


5 


1,000115136 


4 


2,511836432 


4 


1,000092106 


3 


1,995262315 


3 


1,000069080 


2 


1,584893193 


2 


1,000046053 


1 


1,258925412 


1 


1,000023026 


0,09 


1,230268771 


0,000009 


1,000020794 


8 


l,2ffii264435 


8 


1,000018421 


7 


1,174897555 


7 


1,000016118 


6 


1,148153621 


6 


1,000013816 


5 


1,I2201S4,>4 


5 


1,000011513 


4 


1,096478196 


4 


1,000009210 


3 


1,071519305 


3 


1,000006908 


3 


1,047128548 


2 


1,000004605 


1 


1,023292992 


1 


1,0000(^302 


0,009 


1,020939484 


0,0000009 


1,000002072 


8 


1,018591388 


8 


1,000001842 


7 


1,016248694 


7 


1,000001611 


6 


1,013911386 


6 


1,000001381 


5 


1,011579454 


5 


1,000001151 


4 


1,009252886 


4 


1,000000921 


3 


1,006931669 


3 


1,000000690 


2 


1,004615794 


2 


1,0000004611 




1,002305238 


I 


1,009000230 


0,0009 


1,0021)74475 


0,00000009 


1,00000020? 


S 


1,001643766 


8 


1,000000184 


7 


1,001613109 


7 


1,000000161 


6 


1,001382.506 


6 


1,000000138 


5 


1,001151956 


5 


1,000000115 


4 


1,000921459 


4 


1,000000092 


3 


1,000691015 


3 


1,000000069 


2 


1,000460623 


2 


1,000000046 


1 


1,009230285 


1 


1,000000023 



By means of this table, we may find the logarithm of any number 
whatever, by dividing it by 10 a sufficient number of timea. To 
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By adding to the logarithm of 2 tile logarithms of 10, 100, 
1000, 8ic. we obtain those of 20, 200, 2000, &.c. ; it is evidenr, 
therefore that if we have the logariliiins of lUe former riumhers, we 

obtain, for example, the logarithm of 2549, we first divide this num- 
ber by (10)^ or 1000, which is the greatest power of 10 it contains; 
we have then 

2549 — (10)3 X 2,549; 
we then seek in the table the power of 10 immediately below 2,549, 
and find 

(lO)O'* =12,511886432; 
dividing 2,549 by this last number, we have 

2,549 — (10)0,4 X 1,014775177, 
Again seeking in the table the power of 10 immediately below 
1,014775177, we find 

(10)0006,— 1,013911386; 
then dividing the preceding quotient 1,014775177 by this number, we 
obtain a third quotient 1,000851742. This process is to be continued, 
until we arrive at a quotient, which differs from unity only in those 
decimal places we propose to neglect. 

If we consider, in the present case, the third quotient as equal to 
unity, Ihe proposed number will be resolved into factors, which will 
be powers of 10, for we shall have 

2549=: (10)3 X (!0)M X {10)'>.i'm = (10)3.« 
from which it is evident, that 3,406 is the logarithm of the number 
2549. By extending the divisions to 7 in number, this logarithm will 
be found to be 3,406369. 

The same table enables us with still more ease to find a number by 
means of its logarithm, as in the following e.'cample. 

Let 2,547 be the given logarithm ; the number sought will be 
(10)9,547 ^ (io)a X (10)0.5 X (lO)*.* X (lO)".*" ; 
it will, therefore, be equal to the product of the numbers 
(10)2 _ 100, 
(iO)*'^ — 3,162277660, 
(10)0.0* — 1,096478196, 
(10)0.«OT = 1,016248694, 
taken from the table ; and will, consequently, be 
2,547 — 1 . 352,357. 
A table of the same kind with the above, but much more estended, 
has been published in England, by Dodson, the object of which is to 
furnish the means of finding the number answering to a given loga- 
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may find the bgarilbms of all numbers composed of idem, which 
latter can be only powers or [iroducts of the former. Tlie number 
210, for example, being equal to 

2X3X5X7, 
its logarithm is equal to 

12 + 13 + 15 + 17, 
and since 5 =: y, we have 

15 = 110 — 12 

245. Logirilhms, nhich nre ilwi^b evpres^ed h\ decimaJs, 
are composed of mo parts, namelj, the units placed on the left 
of the comma, ind iht deciiml fij;uies fo nid on the njht The 
first of these is called ihc characteiistic, because in the losirilhms 
under considention, nlitch are adiptLil to ilie supiiotitioii of 
a =::! 10, and which are c tiled common logarithms, th s part shows 
to what order ol units the numbei coriesponding to the loga- 
rithm belongs. The several logariliims of the numbers between 
1 and 10, as they are between and 1, hive, necessarily, for 
their characteristio; those of the numbers between 10 and 100, 
have 1 for their characteristic ; those of the numbers between 
100 and 1000 have 2; in general, the characteristic of a loga- 
rithm contains as many units, as the proposed number has figures, 

246. It is important atso to remark, that the decimal part of the 
logarithms of numbers, which are decuple the one of the oiher, is 
the same ; for example, 

the iogarilhm of 54360 is 4,7352794, 

5436 3,7352794, 

543,6 2,7352794, 

54,36 1,7,352794, 

5,43C 0,7352794; 
for, as each of these numbers is the quotient of that which precedes 
il, divide! by 10, the logarithm of the one is found by taking an 
unit from the characteristic of that of the other (241,242). 

247. According to what has been said in art. 240., the logarithms 
of fractional nu.ubers are, tip m our present hypothesis, negative ; 
and we may easily deduce them from those of entire numbers, 
if we observe thai a fraction represents ihe quotient arising from 
the division of the numerator by the denominator. When the 
numerator it less than the denominator, its logarithm is also lesE 
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than tliat of the denominator, and, consequently, if we sublract the 
lalier from the former, the result will be negative. 

In order to obtain the logarilhin of the fraction ^, for example, 
we subtracl from 0, vvhicli denotes the logarithms of 1, the fraction 
0,3010300, which represents that of 2 ; the result is 

— 0,3010300. 
If we subtract from ilie number 1 ,30 1 0300, which is the logarithm 
of 20, we have the logarithm of j'j, equal to 

— 1,3010300. 
The logarithm of 3 being 0,4771213, that of § wiii be 
0,3010300 — 0,4771213=: — 0,1 760913. 

248. It is evident from the manner in which the logarithms of 
fractions are obtained, that, considered independently of their 
signs, they belong (241) to ihe quotients, arising from the division 
of the denominator hy the numerator, and, consequently, answer to 
the number, by which it is necessary to divide unity in order to 
obtain the proposed fraction. Indeed, |, for example, may be 
exhibited under the form p and 1 1 r^ I 3 — 1 2 = 0,1760913. 

It would be inconvenient, in order to find the value of a fraction, 
10 which 3 given negative logarithm belongs, to employ the number 
to ivhich the same logarithm answers when positive, since it would 
be necessary to divide unity by this number; but if we subtract 
this logarithm from 1, 2, 3, Sic, units, the remainder will be the 
logarithm of a number, which expresses the fraction sought, when 
reduced to decimals, since this subtraction answers to the division 
of the numbers, 10, 100, 1000, &c. by the number to which the 
proposed logarithm belongs. 

Let there be, for example, — 0,3010300; if, without regarding 
the sign, we take (his logarithm from 1, or 1,0000000, the re- 
mainder, 0,6989700, being the logarithm of 5, shows, that the 
fraction sought is equal to 0,5, since we supposed unity to be 
composed of 10 parts. 

If, in seeking the logarithm of a fraction, we conceive unity to 
be made up of 10, or 100, or 1000, &tc. parts, or which amounts 
to the same thing, if we augment the characteristic of the loga- 
rithm of the numerator by a number of units sufficient to enable us 
to subtract that of the denominator from It, we obtain in this way a 
poative logarithm, which may be employed in the place of that 
indicated above. 
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In order to inlrodiice uniformity inio our calculations, we most 
frequenlly augment ihe ciiaracleristic of the logarithm of the nume- 
rator by 10 units. If we do this with respect to llie fraction |, for 
example, we have 

10,3010300 — 0,4771213 = 9,S2390S7. 

It will be readily seen, that this logarithm exceeds tha negative 
logarillitn — 0,1760913 by 10 units, and that, consequently, 
whenever we add it to others, we introduce 10 units too much 
into the result; but the sublriicliou of these ten units is easily 
performed, ant! by performing it we effect at the same time the 
■subtraction of 0,1760913. Let JV be the number, to which we 
add the positive logarithm 9,8239087; ilic resuh of the operation 
will be represented by 

JV+ 10 — 0,1700913. 
and if we subtract 10, we have simply 

IV— 1 "0 r 

A d g 1 p 1 b dd 

1 1 1 1 f b hy 1 1 J d I mb 

b 1 i / I [f 1 ( wl 

t 1 h ! d f II b I 100 

OO'k 111 bdbyl 1 fh 

Illmf Odl 

Will pi ! t 

I I b I d II 

h i I pi 

I d I f 1 il j d 1 m 

b f I dl y I h m 

d 1 1 m[l i I I bj h h 

1 i I d , I, f I m f I pi m 

are employed, we must subtract for each an unit of the same order, 

or as many units as there ore complements, if they are all of the 

same order. 

Sometimes this subtraction cannot be effected ; in this case, the 
result is the arithmetical complement of the logarithm of a fraction, 
and answers in the tables to the expression of iliis fraction reduced 
tc decimals. If 10 unils remain to be taken from the characteris- 
tic, as is most frequenlly the case, the resuh is the same as if we had 
multiplied by 10000000000, the numerator of the fraction sought, 
in order to render it divisible by the denominator ; the characler- 
^Ig. 35 



I h h 1 ( 
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istic of llie logarithm of the quotien! sliows ilie highest order of the 
uoils contained in (his quotient, considered with reference to those 
of the dividend In 9 S^o90&7 the chancfenMic *) shoHs that 
ihe quotient must Iia\e one fii^uie less thnn iht number, by which 
we have inuUiplied unitj , ind, consequtntl\, if ne sefaiate 10 
figures for decmnls iht fiist significant fi^uie on the left will be 
tenths, and we sh^ll find tnl\ bundicrlths thousandths &c , foi 
the nuinbeis the arithmetic il coini Itment cl ;ih[ch h ive 8 7 S^c 
for their characteristics 

249 What has been slid resj ectm,, tiie lysLm of k^aiithm'., in 
which a =~ 10 brmi^s into *iew the eeneril piinciplea necessary 
for understanding the miuic of the tables, foi more pnrticuhr 
information the leirnei is lelerietl to the tiblrs them clvr which 
usually contTin the leqii i, insliuctioii relalii ^ to iht. i irran e 
ment and the mPtl od of using them I will nticlj mention the 
tables of Callet =tLieoH|e edition ind those of Boida, as \eiy 
complete and \eij conipiient 

250 If we have thi, io£;oiithm of i ni ulcr y foi t piiticular 
value of a, oi foi a partitutai bjse, it is ca=\ to obtain (he logarithm 
of the same number in any other s)&tciii If wf. h ive a' =: y; 
for another base A, we have A'- := y, X bting different from x ; 
hence we deduce ^" :^ a'. Taknij; the logariihins according to 
the system, the base of which is a, we have 

M' — 1 a* ; 
DOW la* = X by hypothesis, and 1^" = X.\A (241) ; tlierefore, 

XIA ^ X, or X = r-r > hut if we consider ^ as a base, X will 
1^ ' ' 

be the logarithm of y in the system founded on this base ; if, there- 
fore, we designate this last by Ly, in order to distinguish it from 
the other, we have 

and we find the logarithm of y in the second system, by dividing its 
logarithm taken in the first by the logarithm of the base of ihe 
second system. 

The preceding equation gives also ^ := \A ; from which it is 

evident, thai whatever be the number y, there is between the loga- 
rithms 1 y and L )/, a ratio invariably represetited by 1 A. 
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251. In every system the logarithm of 1 is always 0, since 
whatever be the value of a we have always a'' = 1. As logarithms 
may go on increasing indefinitely, ihey are said lo become infinite 
at the same time with the corresponding numbers ; and as, when y 

is a fractional number, we have y ■=. —=. or'; it is evident, that 

in proportion as y becomes smaller, x in its negative state becomes 
greater, but we can never assign for a: a number, whicJi shall ren- 
der y strictly nothing. In this sense it is said, that the logarithm 
of zero is equal to an infinite negative quantity, as we find in many 
tables. 

252. 1 now proceed to give some examples of the use, which 
may be made of logaritbcns in finding the numerical value of for- 
mulas. It follows from what is said in art. 241., and from the 
definition of logarhhms, by which we are furnished with the equa- 
tion a'* = y, that 

l^'-^ml^, 1>' = -\J. 

Applying these principles to the formula 

which is very comphcated, we find 

I {A^ s/B^-ZT^) = I yp v(-B + C)(B— C)] — 
2 M + i 1 (C + C) + 1 1 (B — C), 

\ {C vWeF) = \ C -{- 5 1D+ 1IE+ Jlf, 
and, consequently, 

\ C-s/WEF } 
^\A-\-\\{B^C)-\-\\{B—C) — \C—i\D~:^\E — \\F. 
If we take the arithmetical complements of I C, 1 1 JD, 1 1 iJ, ^ 1 jP, 
designating them by C, B', E', F', instead of the preceding 
result, we have 
2\A-\-iliB+C)-^\l{B^C)-^C' + B' + E' + F', 
only we must observe to subtract from the sum as many units of 
the same order with the complements, as there are compl 
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taken, (fiat ia 4. When we have found the logarithm of the pro* 
posedj formula, the tables will show the number, to whicii this 
logariihni belongs, which will be the value souglil. 

253. Logarithms are of the most frequent use in finding the 
fourth term of a proportion. It is eiideni, that if a ; 6 : : c : (^ we 
have 

d=—, whence ]d = lb + \c — \a; 

Ihat is, the logarithm of the fourth term, sought is equal to the sum 
bftke logarithms of the two means, diminhhed hy the logarithm of 
the. knovm extreme, or rather, io the sum of the logarithms of the 
means, plus the arithmetical complement of the logarithm of the 
known extreme. 

254. If we take the logarithms of each member of the equation 

- = -, which presents the ciiaracter of a proportion, we have 

]b~\az=\d — \c (253) ; 
whence it follows, that the four logarithms 
\a . 16:1c. U 
form an eqiiidifference (223.) 

The series of equations, ' 

leads also to 

\b-~lai=\c~lb = \d — lc = \e~ld,Si^c., 
and hence we infer, that the progression by quotients, 

■i^a:b:c:d:e,hc. 
corresponds to the progression by differences, 

■^\a.\b .\c.\d.lc,hc., 
and, consequently, the logarithms of numhers in progression hy 
quotients, form a progression hy differences. 

255. If we have the equation b' = c, we may easily resolve it 
by means of logarithms ; for as 1 b' is equal to zlh, we have 

z\b = \c, and, consequently, z = ^j. The equation b' =. d may 

be resolved in the same manner ; making c"- = w, we have 

J" = (?, u]b =\d, u = YTt or c'= T-r', 
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Theory of Exponential Quantities and of Logarithms. 277 
Again taking the logarithms, we find 

I i/lA 11 J 111 r Drf — lii 
zlc = l(^^ I — lla — lib and s — ; . 

In this la?t expression, 11& re}3rcsents the logariliini of the loga-- 
ritlimof 6, and is found by considering tliis logaritlim as a number. 

The quantities, 6*, 6°, and all which are derived from them, are 
called exponential quantities. 

iSpplication to finding the Logarithms of Literal Expi 



2. log o" i" €*■ :=:; m log a + 7i log Ji -|- ^ log c- 

^- ^°5 "^-i^ = m log a — n log 5 ~ ;) log c — g log d. 

4. log a" i Tc — — log a — ^ log 6 -f- log c. 

5. log Ja" i'"" c^ — — ioga — log & + -^ log c. 

^' ^^S ST^ ~ log a + ^ log c — log 6 — ^ log d. 

7. log i^J^^ = « log {« + 6) + m log c^log (c + ^J 
(c + d) v# 

— f log rf. 

9. log-^r-^ = — llos(« + i). 

10. log ^(o" — 1») = t- log (o + a;) + ^ log (o _ i). 

11. a; logo — log a'. 

12. n log a + m log 6 — p log c = log —^^ 

13. « log (« + ,) + log c— m log (o — y)= log lt±3^. 



14. - log (2 » + 3 S) — I log e 



v^(2o + 3t) 
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Application to finding the Logarithms of JVumerical Expressions. 

1. log (93 X 3514) = 5.51428. 

2. log t62S X 493) = 5.49080. 
5. log i — 0.09691. 

4. log y = 0.74596. 

5. log y = 0.G690O. 

6. log 15J ^ 1.19728. 



319 X •J'Go 
138 



7. ]02 — —^ — 3.24757. 



6. log3's= 7.156S1. 
9. log 5" = 1S.87219. 

10. logG)" = 5.151G7. 

11. log (V)^ = 12.16G75. 

12. log V5 — 0.34948. 

13. log v^56r = 2.43334. 

14. log v-ias = 0.71011. 

15. log v-ia^ 0.011139. 

16. log ^^ — 0,08200. 

17 

17. log s/'^f ~ 2.10321. 

Calculation of Numerical Expressions hy Logarithms. 

1. V8 ~ 1.34590 

2. s/zms = 13.70179 

5 __ 

3. Vil =: 0.95932 

4. y-ujlj — 1.19074 

5. VW/ — 1-14605 

6. {if^ = 11.86322 

7. (21)"=: 11707.35 

8. (fif)''' = 3.16810 
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s , 

9. vCJ-v/e) = 1.295G9 

10. 253 — - = 2010.914 . . . 
\ V'2 

n. v'(21 + v-iy) = lA-768 

Questions relating to the Interest of Money. 

256. The principles of progression by quotients nnd of loga- 
riih.iis will be found to occur in the cnlcuhiiions relaiini; 1o interest. 
To understand what 1 liave to offer on this subject il must be recol- 
lected, that the iocome derived from a sura of money employed in 
trade, or in executing some productive work, will be in proportion 
to the frequency witli which it is esclianged in either case. Hence 
it follows, that he, who borrows a sum of money lor any purpose, 
ought, upon returning lliis money at the expiration of a given lime, 
to allow the lender a premium equivalent !o the profits, wliich he 
might have received, if he had employed it himself. Such is the 

1 1 I bj f p If I d 

d 1 f ) m I I 1 100 

d 11 k > 1 fill 111 

b 1! df 1 1 1 d f , 1 J f 

mpl I I 1! ! d 1 1 f 1 h 

dff kltpl 1 dfUl 

! b 1 g 11 fp 1 1 d 11 

wl 1 1 Id b I d d by fid f 

1 ^\y bj 1 f 11 1 !j I 

q I I f 1 1 I b) q 

T p ! !j g Ij f 1 I il p 

p ! 1 p 11 d I h p d 

bj 1 6 f d ! 1 f 

10 f 1 m lib 1 I f J 1 

11 b d d b) f i 1 1 by 1 

By m f 1 r 1 6 d 1 i j m 

wh 1 I f J 1 f k m 

g 1 f 1 k d b 1 1 il i i>7 

interest. 

257. But if the lender, instead of recieving annually the interest 
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of his money, leaves ii in ihe hands of the borrower to accumulate, 
togetlier wiiii tlie original sum, during tlie following year, ihe value 
of ihe wlioie at the end of this year may he found in the following 
manner. The original sum being a, if we add to it the interest 
a r, it becomes at the end of the first year 

«+«>■ = «(!+'■)■ 
Now if we make 

»(i + r) = .', 

the interest of the sum a' for one year being a' r, ihat of the sum 
a{\ -j- r) will, be, for a second year, ar {\ + r) ; and as, at the 
end of (he first year, the principal a augmented by the interest, 
becomes 0(1+ r), t!ie principal a' amounts at the end of the 
second year, to 

.'(l+r) = „(l+r)- = a", 
If the lender does not now whhdraw the sum a", but leaves it to 
accumulate during a third year, at the end of this, it will become, 
according to what precedes, 

a"{l+r) = a(l + 0' = «"'. 
It will be readily perceived, that a'" will become at the end of the 
fourth year 

»'"(l + r) = o(l +r)<, 
and so on; and that, consequently, tlie sum first lent, and the 
several sums due at the end of the first, second, third, fourth, Sic. 
years, form the following progression by quotients j 

^a:a{\.^-r):a{i-\-rf:a{\ + rf :«{l + r)* :&c. 
of which the quotient is 1 -}- r, and the general term 

a (1 + r)" — A, 
the number n representing the number of years, during which the 
interest is suffered to accumulate. 

If tlie rate of interest be 5 per cent,, for example, that is, if for 
100 dollars during one year 105 dollars are paid back ; we have 

I00r = 5, or r = jJs ;= Jj, and I -\- r =. \\. 
If we would know to what the sum a amounts, when left to accth- 
mulate during 25 years, we have 

. = 25, and a (55) 

iDstead of the original sum. The 25th power of |^ may b? eaeily 
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found by means of logarilhms, since we have (252) 

1 (Uy = 25 1 |l = 25 (1 21 — I 20) =: 0,5297322, 
which gives 

3,386 nearly, ^i= 3,386 a; 



Q"= 



and hence it may be readily seen, that 1000 dollars will in ihis 
way amount at compound interest lo 3386 dollars, at the end of 
25 yea,,. 

If the sum lent were for 100 years, we should have 



="(ir 



nearly; thus 1000 dollars uould juoduce, at the end of this pe- 
riod, a sum of 131000 dollars nearly. These examples will be 
sufficient to show with what rapidity suras accumulate by means of 
compcitind interest. 

258. The equation 

A^ail+r)", 
gives rise to four (Questions; the first, which is to find ^, when 
n, r, and n, are known, presents itself, whenever we seek the 
amount of the principal at tiie end of a number n of years. I 
have already given an example of this. 

The second, which is to find r, when a, A, and n, are known, 
occurs whenever it is required to determine the rale of iiileresi by 
means of tlie original sum, the vvhnie amount that has become due, 
and the time during which it has been accumulating ; we have in 
this case 



I + , 



^J!- 



The third, which is to find a, when A, r, and n are known, the 
formula for which is 

A__ 

"-(i + O-' 

has for its object lo delerraine (he principal, which it is necessary 
to employ in order to be entitled after a number n of years, to a 
gum A. 

The fourth, which is to find u, when A, a, and r are known, 
can be resolved only by means of logarithms (238, 252). Taking 

Ale. 36 
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the logarithm of each member of the proposed equation, we have 
l^ = U + »l(l+r), 



•whence 

\ A — ]a 



"-i(l+ ry 
By means of this last equation we determine how many years the 
principal a must remain at interest in order to amount to a sum A, 
To illustrate this hy an example, I shall suppose that it is re- 

! douhled, 



quired to find the t 


imeh 


1 whic 


h the c 


.riginal sum 


will 


the rate of interest 


being 


5 per 


cent. ; 








A. 


= 2« 


, lA 


— 1 a + 1 2, 




and, consequently, 












_ 12 


_ _ 


12 


0,3010300 


14.21 



'121— 120~0,021189a" 

nearly. 

259, The following question is one of llie most complicated, 
that we meet with relating to this subject. We suppose, that the 
lender during a number n of years, adds each year a new sum, 
to the amount of this year ; it is required lo find what will be the 
value of these several sums, together with the compound interest 
that may thence arise at ibe expiration of tlie term proposed. Let 
a, b, c, d, . . . . k, be the sums added the first, second, third, 
fourth, &ic. years; the sum a remaining in the hands of the bor- 
rower during a number n of years, amounts to 

»(l+r)-i 
the sum b, which remains n — 1 years only, becomes 

4(1 +r)-, 
the sum c, which remains n — 2 years only, becomes 

c(l +■-)-, 
and so on ; the last sum, k, which is employed only one year, 
becomes simply 

Hi+r); 

we have, therefore, 

A = a{l + r)' + i{l + r)-i + c {I + r)-" .... +S(1 +r). 
By calculating the several terms of the second mumber separately, 
we obtain the jalue of A. 
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The operation is very much simphfied when 

a=ib = c=id ^k, 

for in this case we have 

^ = »(l+r)" + a(l + r)—+«(l+r)— .... + «(! +r); 
the second member of this equation forms a progression by quo- 
tients, of which the first term is a (1 + r), the lasf term a (1 + r)", 
the quotient i. ^ r, and the sum, consequently, 

MI + ■-)■+■-. (1 + p3^^. 

we have therefore in this case 

J ^ (1+ )[(l+r).-l] ^ 

Tl q 1 four questions corresponding to 

ih d w 1 the equation 

Jl= (I+r).. 
60 By g h e have been considering, we may 

r p I 1 sums due at stated intervals, 

C li d I lb wer discharges a debt with the 

i d p 1 ) d fF payments made at regular peri- 

od TI p J 1 by the borrower before the debt 

i 1 II 1 J be considered, as sujns advanced 

till d 1 d I arge of the debt, the value of 

wl 1 II d p d p he interval of time between the 

p J 1 ! 1 fie annuity. Thus, if we repre- 

s 1 Ij h fi payment, which will take place 

tl — J b f ! p on of the term of the annuity, 

r f d 1 m h ( I -{- r)"— ^ ; the second referred 

t 1 pi w h only « (1 -f- r)"- ^ ; the third, 

a ( -I- ) 1 h last, which amounts only to the 

V 1 f B I 1 1 d, the sum lent being represented 

by ,4 II b 1 1 1 d of the borrower, after w years, 

Jl ( -{- ) II 1 q i! to the amount of the several 

p y d 1 b h he lender; we have, therefore, 

Jl(l+ ) =a{ + ) + ( +r)-''+o(l+r)-J... + o, 
or taking the sum of llie progression, tviiicii constitutes the second 
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an equation, in which we may lake for the unknown quanlity, suc- 
cessively, ihe quanliry A, which I shall call the value of the annu- 
ity, because il is ihe sum, which it represents, the quantity a, 
which is the quota of liie annuity, the quanlily i; (vhich is the rate 
of interest, and lastly, the quanlity n, which denotes the term of 
the annuity. In order to find this last we must have recourse to 
logarithms. We first disengage (1 -}- r)", which gives 

then taking ihe logai-iihms, we have 

„Ul + .-)=lo-l{o-^r), 
whence 



1(1 + ' 

261. To give an instance of the applicalioii of the above for- 
mulas, I shall take ibe following qupslion , 

To find ukat sum must be paid annually to cancel in 12 years a 
debt of 100 doUs with the interest during thai itme, the rate of 
interest bang 5 per cent 

In this exTmple the quantities given ore 

A = 100, , = 12, r = Jj, 
and the annuity a is required to he found ; resolving the equation 

with reference to the letter a, we have 
„ - ^Mi+O" 

(l-f'-}"-!" 
The values of tl e letters A and n are (o I e s b 1 1 le I in iliis 
expression and t \ 11 b f d osl c ve e t n ll e fi t place 
10 calculate by tie I eip of logartl s tie quanl ty (1 + r)", 
which becomes (^ ) •* and 

{%l)^= ],795'56. 
By means of this value we obtain • 

— 100 ■ ^V- 1^79-^6 _ 5.1,79586 
" " 1 ,79586 — 1 "" 0,79586 ' ' 
and, determining the values of this last expression either directly 
or by means of logarithms, we find 

a = 11^826; 
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an annuity of 11,23 dells , therefore, is necessary to cancel in 12 
years a debt of 1(10 dolls , llje talc of iiilerest being 5 per cent, 

202. lam prp;entcd fjoni entering into furtlier details on this 
subject by the limits I ime piescribed myjelf in idis treatise ; I 
will merely add, ihereforc, that in order lo compare the values of 
different sums, as they concern tlie person, who pays or receives 
iheni, they must be reduced to the same epoch, that is, we mnst 
find what ibey would amount to ivhen referred to the same date. 
A banker, for instance, owes a sum a payable in n years ; as an 
equivalent he gives a note, the nominal value of which is repre- 
sented by h, and which is payable in p years, the first sum at the 

time the note is given, is worth only-p-x — «r* because it must be 
considered as the original value of a principal, which amounts to a 
at the expiration of n years ; the sum b, for the same reason, is 
worth at the lime the note is given . - _£ ■ ■- ; the difference 

a 6^ 

{l+rr [l+r)P 
represents, therefore, according as it is positive or negative, wiiat 
the banker ought to give or receive by way of balance ; if this bal- 
ance is not to he paid until after a number of years denoted by q, 
c representing its value at the time the exchange is made, it will 
amount at the expiration of this term, to 
c(l+r)<; 
SO that it will be equivalent to 

((r^,y-(r|7j7)(> + '> = «(' + '•)•--»(' +0"- 

The several sums, a, b, k, in art. 259., were reduced to 

the time of the payment of the sum ^, and in art. 2G0., each of the 
payments, as weil as the sum A, was referred to the time, when 
tile annuity was lo cease 

Questions relating to Interest and Annuities. 

1. A capital of 5000/, stands at 4 per cent, compound interest. 
What will it amount to in 40 years ? dns. 24005.103^, 

2. What will 3200/, anaount to at 3 per ceni. in 80 years ? 

Ans. 34050.84?. 



y Google 



186 Elements of Algebra. 

3. How long must a capital a remain at the interest p to become 
s iiiiicli as a capital a' at the interest p' for n years ? 
"' + » log P' - 



4. How long 
interest so 1 


must 
m y 


mOOl. remain at 5 per cent, compound 
b 1 / 4 per cent, for 


12yeai-s? 
5. Wl-.a 1 




1 6 years, nearly, 
f p 1 h 1 I iteresl p for n 


years is of q 1 
p'i 


1 


I [If } at the interest 


6. Wlia I 




f pill d at 4 per cent. 


thai 15 yea I 




) b q 1 1 i 4500i. al 6 per 


cent, for 9 y 




A 4221/., nearly. 


7. Wlia i 




f 1 [ 1 re years may 


be equal to p 


1 


J 1 P 



8. How 1 I 1 d 4 p nt. compound 
interest tlia } I b! 1 d 1 1 liat it may be 
tripled. 

Ans. It d bl lb 1 d 8 -s, and triples 

itself in bet ^ -^ J 

9. An u 1 I 0/ d d p f the amount a 
bond payabl 3 j b g Wt t did he take 
per cent, reckoning compound interest? 

Ans. 10 per cent., nearly. 

10. A capital of 800Z. increased in the space of 6 years to 
3600/. What did it gain per cent. ? 

Ans. 28J per cent., nearly. 

11. A person enjoys an annuity of 500/. for six years. How 
much ready money can a person give him for this annuity, calcu- 
lating 31 per cent.? Ans. 2C64/. Us. lOd. 

12. What is ibe present value of an annuity of 350/. assigned 
for 8 years at 4 per ceul. ? Ans. 2356/. 9s. 2d., nearly. 

13. A ctebl due at this present lime araounling to J200/. is to 
be discharged in seven yearly and equal payments. What is the 
amount of these payments if the interest be calculated at 4 per 
cent.? Ans. 200/,, nearly, 

14. A person wishes to obtain an annuity of 2000/. for 34580/. 
For how many years can this annuity be granted him, computing 
the interest at 4 per cent. ? Ana. About 30 years. 
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(Referred to Page QG,) 

In articles C6 and 75 I have interpreted the iicgativo solutions by 
the examination ol the equation uhich they immediately verify, is I 
had done before, and tins metliod ippeired to me aiivaya exact, as 
the object is merel) to show, that these solutions have a rational 
sense since they resolve questions analogous to the one proposed; 
but there are often several wojs of turmiug these questions, and the 
following which was communicitcd to me by RJ Franjais, a distin- 
guished geometer, ProfLssor it the School of j\rti(!ery of Maycnce, 
seemed to me more sunplo than tl it giien m these Elements. 

' He thmkb, that we ought ti lei\e out oi the enunciation of the 
question of art Gj the idea of the departure of the couriers, and to 
suppose them to 1 aie been triielhnjr frnm an indefinite lime; the 
question then would be stated thus Tiio louiicis travel the same 
rottle in the same dircttwn C ABC (pige 77) , aftir they have pro- 
ceeded, each a ceitain time, one foidi himsrlf in A ni the instant that 
the other is in B ; their distance and rate nf going are knuwii ; it is 
asked at what point of the route theij imtl crrcounler each other ? 

This enunciation leads to ihe same equation, as that of art, 65. ; 
but "the continuity of the motion being once established, the nega- 
tive solution admits of an explanation witlioul the necessity of chang- 
ing the direction of one of the couriea. Indeed, since their motion 
does not commence at the points A and B, but both, before arriving 
at these points, are supposed to have been going in the same manner 
for an indefinite time from O toward B, it is easy to conceive, that 
the courier, who at this point is in advance of the one at A, who 
travels slower, must at a certain time have been behind him and over- 
taken him before his arrival at the point A. The sign — then indi- 
cates {as in the application of Algebra to Geometry) that the distance 
AR' is to be taken in a direction opposite to AR, which is regarded 
as positive. The change to be made in the enunciation, to render 
the negative solution positive, is reduced to supposing, thai the two 
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couriers must have come together before their arrival at the point A, 
instead of its taking place afterward." 

Indeed, when we place the point R' between A and C, instead of 
putting it between A and B, wc find AB := BR' — AR', whence 
results the equation y — x :^ a, instead of le — y =^ n, which we 
first obtained ; and there is no need of changing the sign of c, the 

second equation remaining =- ^: -. 

M. Fran^ais applies not less happily these considerations to the 
case of art. 75., by substituting, for the couriers, moveable bodies, 
subjected to a continued motion commencing from an indefinite time. 
He enunciates the problem thus ; " Two moveable bodies are carried 
uniformly in a straight line CB (page 85) one in the direction BC, 
and the other in the direction CB with given velocities ; that, which is 
carried in the first direction, is found in B, a knotmi number of hours 
before the other has arrived at A ; it is asked, at what point of the 
indefinite straight line BC their meeting takes place ? 

•' The solution x = — 48"'i=- implies, that the two moveable bodies 
met at the point It, before that, which is ciirried from C towards B, 
had reached the point A, and that the second, which moves from B 
towards C, was at the point C, where he is found when the other is at 
the point A." 

The position assigned to the point R, verifies itself by observing, 
that there results from h JC = BC — AB — cd — a, instead of 
a -j- c rf, as first obtained (page 85,) and, consequently, 
X cd — a — x 
b~ ~ c 
an equation which gives x — 48. 

In this manner there is no change to be made in the direction of 
the motion ; indeed there is a difference in the circumstances of the 
problem, and as I said before, this proves, that there are several phy- 
sical questions corresponding to the same mathematical relations. 
But the enunciations, here given, have the advantage of not breaking 
the law of continuity, and this is derived from the consideration of 
lines, which represent in a manner the most simple and general, the 
circumstances of a change of sign in magnitudes. fSec the Elemen- 
tary Treatise of Trigonometry and Applicalion of Algebra to Gc' 
ometry.) 
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(Note referred to Page 203.^ 

It may be tliouglit, tliat in order to discover the roots of any equa- 
tion of the fourtli degree 

^'' + i'^^ + 5*' + '=- + '^0. 
it would be sufficient to compKro it uilh ihc product of article 1S3., 
obscrvi <g to put equal to oncii other llic qujutitici by which the same 
power of 3; is mtdiijilicd ; and it is in this r.iinner that most elemen- 
tary writers think to domonstralc, tint nn fqnatwn of any degree 
wkotever is the. pro'liict of as miintf simple _f actors, as there are units 
in the cxpomat of its degree. It will be fcoh by wliat follows, that 
the reasoning by which this is nltempted to be proved, is defective. 
We stated the pro|>n?'ition with qualificatiou in article 182., because it 
is necessary, in order to establish it unconditionally, to show that an 
equation of whatever deiirce has a root, real or imaginary, which is 
not easily done in an elementary work, and which hiippily is not 
necessary. Some remarks relating to this subject may be found in 
the Supplement. 

By forming the equations, 

-,a-~b — c — d — p, 
ab+fir,-}-ad + hc-\-l,d + c(I^q, 
— ahr, — abd — acd — bcd^r, 
abed—s, 
in order to deduce from tliem the vahie of the Ictlors, a, b, c, d, the 
roots of llie proposed equation, the calculation would be very compli- 
cated, if, i]i the deierminalion of the unkuoini quantities, a, b, t, d, 
we adopt the method of article ?S; hut if we multiply the first of the 
above equations by ffi, the second by «"', the third by a, and add these 
three products to the fourth, member to member, we shall have 

-a^^pa^J^qa'i + ra + s. 
from which wo derive, by simple transposition, 

a^+pa.<-l-^ja^ + ra + s=0. 
This equation contains only a, but it is entirely similar lo the one 
projTOsed. The dilliculiy of obtaining a, llierefore, is the same as that 
of obtaining!:. 

"Thus," says Castiilon (I\Iem. dc Berlin, annee 1789,) " it is 
shown in every work on algebra, that an equation of any degree we 
please, is formed of several simple binomials, but it is no*, so evident 
that an equation, formed by the multiplication of several simple bino- 
mials, can have such coefficients as we please," 

Mg 37 
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If, instead of multiplying the first three equations in a, h, c, d, hy 
a', a^, and a, respectively, we multiply tlifiiii by 6^, h'^, ami h, or by 
c\ c^, c, or d^, iPj d, and add die products to tlie Ibutth ciiiialion, we 
shall have in the first 

— fi* — j; P + gi^ -|- r/j + s, 
in the second 

-c*^p^^ + 9<^' + rc + s, 
in the third 

— d'i — p d-'i + <j <fi + r d -\- s; 

from whicli it follows, that we are conducted to tlie same equation in 
the case of a, in that of 6, &c. Indeed the quantities, a, b, c, d, being 
all disposed in the same manner in each equation, it i-i not to be sup- 
posed that one should be determined by a diflerent operation from 
that of the others; and, in general, if in the jni e-ti gallon of several 
unknown quantities, we are obliged (o emploj tor each the same rea- 
sonings, the same operations, and the "jame knonn quantities, all 
these quantities will necessarily be roots ol the name equdtion. 
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QUESTIONS FOR PRACTICE 



LACllOIX'S ALGEBRA. 



1. AMiiion, Art. IS. 

1 . Add die qiiandlles x -\- y z -{- 42 — 29 j; — yz — 9. 

Ans. 33 — 23 x. 

2. Add 147fi+20 5— a — i + 2a. 

Alls. 148 a + 22 6. 
2. Aiid na + Hub + Habc— II a + ab~ 11 abc. 

Ans. 12 a b. 

4. Add 43a — 27 c — 20ffl+ 7 e— 61 J — 21 a + bib 
+ 20c. 

Ans. 2 a — Ab. 

5. AdiU+ Crf-fa — 7f + S.i; — rt + 6<74-5e — 7* 

— lAd. 

Ann. a--c^d-\. X. 

6. Add 7fl6 c 4- G rt i + 5e— a6e-|-21a- + 9c— 27j:y 
+ 8ai-c + 10 37— 90; + 10i + 3lj: — 2ffS— c + 5iCj/ 

— «ic+33^. 

Ans. 13aic + 4tt6+ I3c+105+62j! — 22a^i/ — 60*. 

II. Subtraction, Art. 20. 

7. From 6 a' — 8 y + 3 

siibiract 2x -\-^y — 2. Ans.ix— 17 y + 5. 

8. From ^jxy — S 

subtract — 3^2^ -f- I... - Am. 8xy — 9. 

9. From Axy-^x -\- xy 
subtract 3 .r y -J- 2 -j- a; y. 

- ■'" ' Ans. 2xy — x — 2, 

10. From 5.r+*— S— 4^ 

subti-aa 6 X _ 10 + 4 6 ■— j;. Ans. 2 + x-~Qh. 
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Questions for Practice. 

. From MSa-f- 47afi~23rti(;+ I—a- 

subli-uct 09 a — ^lab—8abc — 2 + 4 X. 

Ans. '19rt-|-04ff6— 15«6c4-3 — 5^. 
, From 7 i — 8 c + 32fi K y— 43 i + 1 1 1 c + « 

subtract — 500 i — 22 « — 'SI x y — 1 c. 

Ans. 46ib-i-2na+ 110 c + 413^ y. 



Ill, Miihijiliealion, Art. 32. 

. Multiply I2axhy3a, Ans. 36a=a^. 

, Multiply 'Sxy — S-f-Saiysbyj^y, 

Ans. 3r'f-~Sxy + 2z^fz. 
. Multiply 12 ** — 4 )/3 by — 2 x^. 

Ans. — 24x^ + &x^,f 
. Multiply a^ + x^y + xif + fhy^ 



Ans. 



. Multiply a!^ + xy-{-if by a.^ — xy + y^. 

Ans. x^ -f x^ y^ + y*- 
. Multiply 3, 1^—2 a: (,4-5 by .r^-f- 2 a^ J/ ~ 3. 

Ans. 'ix'^ + Ax^y — 4x'^ — Ax'^y^-\- lO^y— 1 
. Multiply 3 *=* + 2 *= y^ + 3 y= \}y 2 ,-t= — 3 a^y^ + 5 y^, 
Ans. Ox" — Gx'^y^-l- 21.x=y^— G.T^j/' ^..-C^y^j^ \^f. 

IV. Division, Art. 46. 

. Divide 1 x'^y — 1 5 y^ — 5 j by 5 y. 

Ans. 2x^ — '6y~\. 
. Divide3a=— 15 + 0«-l-3;.by 3u. 

.^HS. U {- 2 H 

, Divide 6 a:^ — 9C by 3 a? — 6. 

^M. 2 x^ + 4 a:^ + 8 a: + 16. 
. Divide 48x^-— 76aa:* — 64a''x4- 105 a' by 2 a; — 3 a. 

.^n^. 24a;^ — 2 ax — 35 a^. 

V. Reduction of Fractions, Art, 50 and 52. 

. What is the greatest cotnmon measure of — j- ^ ^ ? 

Ans. c 4" ic. 
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Questions for Practice. 293 

25. Wlial is llie crealcst common measure of 7-~-- 

^ ^y + 'J 

Alts. x-\-l. 

26. Wliat is ilie greatest common divisor of-; --: ? 

Ans.a^~f. 

ji l,i 

27. Reduce- ^ — ^. ^-■, lo its lowest terms. 

Ans. a" — I/' gr. c. d. ami ^ — lowest terms. 

28. Reduce -^ — --^^^r .-, ' ■■ ,. ' .. ■ , - ; lo ils lowest terms. 

ai X + ~, a- X' + Zax-'-\-x^ 



. Reduce 7, ^', and a -\--— lo equivalent frficiioiis having 



^0, Reduce^i TTj and — ^T^ — to fraclions having a common 
denominator. 

■6* + 6n' iix-i-(ia ' " (ia:+Gu' 

31. Reduce ^j—:^, ,-,--, and - to fractions having a common de- 
nominator. 

Ans. - 



-4-4 -' """To*"' 



VI. Multiplication and Division of Fraclions, Art. 51. 



32. What is the product of-and —^—? 



Ans. -^- 
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294 Queslionsfor Practice. 

33. What is the product of ^, ^, and ~? 

^ns. 9 ax. 

34. What is the product of ?^P^'' aiid'^l'? 

.'In. 21^-!^ 
h-'-c + bc^ 

35. What is tlio quoiiciil of ^ divided iiy -~- ? 

Ann. II. 

36. Wlint is liie quotient of ^—f— dii-ided by -^ ? 

4* 

j:4 l/> 

37. What is tiiu quotient of -T| — -ft; — t-to divided by 

^. ^»- + ?- 

VII. Addition and Stthlrctclion of Fractiom, Art. 53, 

38. Add I + i=^ to 3 I + '^^^■ 

Ann. 4 ,r ^ ^ 

39. Add ?j5, ?i', and ^ii-' logellier. 

,, 1691+12 40. , I 

40. Add logelher 4 ic, ~, and 2 + =. 

Jills. — 7>-- or 3 X -J — 7^ . 
45 ' 4o 

41. From ^±^ subtract ^. ^«*. i^-^-i^zl\ 

b d bd 

42. From -^ subtract -^ . .^ns. -t^ . 

43. From 3 a; + t subtract x . 



Am.'ix+'^+-\if^. 
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(Questions for PracUce. 

Vm. Problems in Simple Equations, Art. 8 
n hx — 15 = 2ir-l-Clo find the value of x 



45. In 3 J/ — 2 + 24 ^ 31 lo find y. 








Au: 


,. 5 = 3. 


46. In the eq;iiilions ^iH + S -/ = 31 a 


,.q^ 


■+ 10» = 


192 10 find X and y. 







.■Jh*. (C = 1 9 and !/ ::i: 3. 

47. Oui of a cask of wine, wliicli had leaked awny one tliirdj 
21 gallons were drawn, and then heing gauged it was found to be 
half full: liovv much did it hold ? Ans. 120 gallons. 

48. What two numbers are those, wliose difference is 7 and 
sum 33? A,is. 13 and 20. 

49. What number Js thot from whicli if 5 be subtiacied, Uvo 
thirds of llie remainder will be 40 ? Am. 05. 

50. At a certain elecfioti 375 persons voted, and the candidate 
chosen had a majority of 91 votes : how many voted for each 
candidate ? Ans. 233 for one, and 142 foi the othei. 

51. A post is -] in the mud, ^ In ihc water, and 10 feet above 
the water ; what is its whole length ? Ans. 24 feet. 

52. A man arriving at Paiis, spent tlie first day J- of the money 
be brought with him, the second day J, and the third day i, after 
which he had only 20 crowns lelt : liow much did he have on 
arriving at Paris ? Ans. 120 crowns, 

53. A horse said to a mule, if I give you one of my sacks we 
shall be equally loaded, if I take one of yours I shall have twice as 
mucli as you : how many sacks had eaclii' 

Ans. The horse 7 and the mule 5. 

54. A man being asked how many crowns he had, replied, if 
you add together a half, a third, and a quarter of what I have, the 
sum will exceed the number of crowns I have by one : what was 
the number? Ans. 12. 

55. A privateer running at the rate of 10 miles an hour discov- 
ers a ship 18 miles off making way at the rate of 8 miles an hours: 
how many miles can the ship run before being overtaken .'' 

.^ns. 72 miles, or 9 hours. 
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296 Questions for Practice. 

5C. A hnre is 50 leaps beTore a grey-hound, and takes 4 leaps 
to the grey-!ioiind's 3; but two of tlie grey-iiound's leaps are as 
mucii as three of liie bare's: liow many ieaps must the grey-hoimd 
take to caiuii the hare? Jlits. 300. 

57. A person being asked his age, replied, that | of liis age 
mulitplied by -J^ of liis nge would give a product equal to bis age: 
wbal was bis age ? ^ns. 16. 

5S A pcr=on ii "j i lease fii <") \pnis, and being asked iiow 
much of It n IS ilitatl; p\fU(d, vicied, that two liiirds of the 
till e pibt \\ 1 t(]ud to foui I liiib of il e tune to come : what was 
the lirne paM ' ^'"Ins, 54 years. 

51 Th. le I. I fish ^^h . e 1 1 M> J s *) i[ s., bis bead weighs as 
mucli as 1 s lul M d 1 dl Ins bi.ih, aod his body weighs as much 
as hi. head and ml \\U t t= the wbok iiei^hi of the fish ? 

Am. T2 lbs. 

60 Then, is a ceitiin iiuiiihti, corsisting of two digits, the sum 
of which dibits la "i , and if be idded to llie number itself the 
digits wdl be imerted whit is ibc nuinbei ' Ans. 23. 

61 A peison loui d, upon beg nni j; the '.tiidy of bis profession, 
that 4 of his hie 1 ilheiln h fi pisttil before he commenced bis 
education, I undei a pin ilc ttai hei, J it a public sciiool, and four 
years at the unncisiij whitinsbs jj^ ' 

Ans. 31 years. 

62. To find a miniber such, llial whether it be divided into two 
or three equal parts, liie continued product of its parts shall be 
equal to the same qiiaoiiiy. Ans. G^, 

63. A person has two horses and a saddle worth 50?. : now if 
the saddle be put on the back of ilic first horse, it will make his 
value double thai of the second ; but if it be put on the back of the 
second, it will make his value triple ihnt of tlie first : what is the 
value of each horse.'' Ans. one SO?, and die other 40?. 

64. To divide i!ie number 90 into four such parts that if the 
first be increased by 2, the second diminished hy 2, the third 
multiplied by 2, and the fourili divided hy 2, the sum, difference, 
product, and quotient, shall e.xh equal the same quantity. 

Ans. The parts are 13, 22, 10, and 40. 

65. By his will a father disposed of his property as follows ; 
namely, to his oldest son he gave 100 dollars of the property, and 



y Google 



Questions for Practice. 297 

a tenth part of the residue ; to the second, 200 dollars and a tenth 
part of the residue ; lo a third, 300 dollars and a tenth part 
of the residue ; and so on lo the last, aKvajs increasing the 
sum first paid out hy JOO dollars. It appeared that the poriions of 
all the children were alike. Required (he value of the properly, 
the number of children, and the portion of each child. 

Arts. The estate was 8100 dollars, the children 9, and the por- 
tion of each 900 doliars. 

66. A and B have the same income ; A is extravagant and 
contracts an annual debt amouniing to ^ of his income j but B 
lives upon J of his ; at the end of 10 years, B lends A money 
enough to pay off his debts, and has 160/. to spare : what is their 
income ? Jins. 2801. 

67. A person passed y of his age in childhood, y\ in youth, ^ 
and 5 years besides in matrimony, at the end of which time he 
had a son, who died 4 years before his father, and reached ooly 
half his father's age ; at what age did tiie father die ? 

Atis. 84. 

68. A shepherd, driving a flock of sheep in rime of war, meets 
with a company of soldiers, who plunder him of half his flock and 
half a sheep over; and he receives the same treatment from a 

d 1 1 d f h \ each succeeding company 



d gl 
d 

) 1 pi 


n If 1 fl 
I 1 1 

dl lb 


k 1 t had left and half a sheep 
d 1 h d only 8 sheep left : hovr 
Am. 143. 


69 A p 

S fi 

pi d 1 1 


fif } 
If d f 1 

h h 


f 1 was married, being asked 

f he lime of their marriage, 

Id s his wife, but that now he 



was ly w Id 1 I ages -^ 

Arts. He was 45 and she 15. 

70. It is required to find two numbers such that the first added 
to half the second shall make 20, and the second added to one 
third the first shall also make 20. Arts. 12 and 16. 

71. Two travellers, distant 154 miles, set out at the same time 
to meet each other, (he one proceeding at the rate of 3 miles in 2 
hours, and the other at the rate of 5 miles in 4 hours : how long 
and how far did each travel before they met ? 

Ans, The time was 56 hours, the speces travelled 84 and 70 
miles. 
Ale. 38 
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398 questions for Practice. 

IX. Formation of Powers and Extraction of Roots. 

72. }Vhat is the square root of 9 a^ .' {Jrt. 122.) 

73. What is the square root of ^^ ? ^m. -2ll^ 

74. What is the square rooi ofa*+4a^x + 6«*a®-f4a3^-(- 
«*? (^r(. 124.) dns. a^ + 2 a X -^ x^. 

75. What is the square root ofa^ — 2ic^-j-gx^ — ^-| 

^ns. ar^ — a; + J. 

76. What is the third power of — Sx^fi {Art. 127.) 

Ans. — 512a:V- 

77. What is the fifth root of — 32 a-^ y^" ? [Srt. 129.) 

Am. —2xf. 

78. What is the fourth power of cc — a? (Art. 141.) 

.5ns. ic* — 4 a-^ a + 6 a^ fl^ — 4 x o^ + a*. 

79. What is the square of «** + 2 a a; + 3:" ? {Art. 145.) 

.3ns. o* + 4 fl^ a' -f- 6 a" j;= -f- 4 a a:^ + ^. 

80. What is the cube root of a!« — 6 a;' + 15 a^^ — 20 a;^ -f 
15i»— 6j;+ P (^ri. 155.) Am. x^ — 2x+l. 

gi. What is the fifth root of 32a;'> — 30 a;* + 80 a^ — 40 ar' 
+ 10a:— 1? .Sns. 2a:— 1, 
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